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IIycts G — He o06s3aTenbHO paciienuMas peIyKTHUBHAs anrebpandeckas
CPYIna HAJ KOMMYTATUBHBIM KoabloM R ¢ 1. [l mobou mapabonmde-
cxon noarpynnel P B G onpexemum snemeHTapHyio noarpynny Ep(R) kak
noarpynny B G(R), mopox qeHHyo yHunoTeHTHEIME pagukatamu Up(R) u
Up-(R) moarpynnsl P # OpOTUBOMOMONKHON K HEM MapabOJMIecKON MO
rpynner P, Mel I0Ka3bIBaEM, ITO €CJIU JOKATHHO B TOMOJOT NN 3APUCKOT0
G comepXuUT pacIenuMBIl TOp paHra > 2, To noarpynna Fp(R) ue 3aBu-
cut oT BeIGOpa P u, B 9acTHOCTH, HOpMaIbHA B (.
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1 Bseagenue

Ha nporsxenum gassOu craTthw (G — peIyKTUBHASA ANTeOpAMIecKas CPYTNa HAJ KOMMY-
TATUBHBIM KOJBIOM R ¢ eqmHuUmIen.

Monsarue saemenmapnoti nodepynnet By, (R) monxuon aunenson rpynst GL, (R) 66110 BBE-
neno Baccou [12] (o 5TOro B HEABHOM BU e OHO UCIOJIB30BAIOCH Y ANTXEIOM [IPY U3y I€HUN
romoTonuieckux TurnoB CW-KOMILIEKCOB) U JIErVIO B OCHOBY IIOCTPOEHUS AIreOpamdecKon
K-teopun. B gactrOCTH, HeCTAOWTBHEIN K1-QYHKTOP ONpPENeIaeTcsa Kak (GaKTOp-IpyTIma
GL,(R)/En(R), a Ky — Kak SAp0O HEKOTOPOrO LEHTpaIbHOro paciumpenus E,(R). B
OTIpeECHNN DJIEMEHTAPHON TTOATPYIIE yIaCTBYeT (PUKCHpOBAHHLIA 6azuc monyas R, Ho,
coruacuo Teopeme Cycauna [5], B cayuae, korga R kommyrarusso, a n > 3, E,(R) He 3a-
BUCUT OT BHIOOpa Gasuca, uHade ropops, Hopmanbha B GL,(R). O6cyxkaeHue pasimaHbIX
METOI0B JOKA3aTEIbCTBA STOTO PEe3yJbTaTa MOXKHO HauTu B padorax Basmaosa m Cremna-
HOBa [23, 31].

Cx0aHBIM 06pa30M, SIEMEHTAPHAS TOATPYTIa ObLIA OTPEIEIeHA, [T MPOU3BOTLHBIX PAC-
MIENUMEIX TIOMYTTPOCTHLIX Py HAL R Kak moArpymna, Imopox IeHHAS BCEMI SIEMEHTAPHEIMEI
KODHEBBIMU YHUIIOTEHTAMU T () WiIm, ITO TO XKe camoe, R-ToYkaMu yHUIIOTEHTHOrO pa-
IUKAIa HEKOTOPOU OOPENeBCKON MOoArpynnbl B B G v yHUIIOTEHTHOTO PAJUKAJIA IIPOTUBO-
HOJIOXKHOU GopeneBckon moarpynnsl B~ (cM., HanpuMmep, [7, 21]). AHATOrMYHO OMUCAHHOMY
Berme caydao G = GL, OKasBIBAETCA, ITO €CIM PAHT HENPUBOIMMBIX KOMIOHEHT CACTEMEI
kopHern (G XOTs OBl 2, BJIeMEHTApHAsA MOACPYITA He 3aBUCUT OT BHIOOpPA GOPETEBCKOU IO~
CPYIIHL, TO €cThb HopMauabHa B G(R). s OpTOroOHAIBHON U CUMILIEK TUIECKON IPYIIIEL 3TO
6bw10 gokaszano CycauubiM u Komnenko [6, 2] u Py-an Jlu [20], a 414 01pou3BOIBHON IPYIIIEL
IMepamnte — AGe [7] B caydae JoxkambHOro Koibua u Tamgmenm [25] B obmem caydae (cM.
Takxe [8]). YnpoueHHOe T0Ka3aTeILCTBO COAEPKATCI B pabore Xaspara u Basmrosa [17].
HopmarbHOCTE BaeMeHTapHON MOATPYTILL B CKPYIeHHEIX rpynmax [llesamne 6bu1a 1oka3aHa,
Cynsyxu [24] u Baxom u Basunosem [10].

A K1accMIecKux TPYI UMEIOTCA TAKXKE BAPDUAHTEL OMPENeJeHUA DIEeMEHTAPHON TIO0I-
CPYIIEL ¢ UCHOAB30BAHIEM UHBOIIOLUYU U “GopMeHHOro napamerpa’ (YHUTAPHBIE CPYIIIBL
Baka), B 5TOM ciydae HOpMaJIbHOCTH nokaszaHa Bacepmrennom u Xou O [30] u Baxom n
BasunoBsiM [11]; cM. TakXKe CTATHIO MEPBOT'O aBTOPA I/ CIyUasd “HEYETHHIX” YHUTAPHBIX
rpynn [3]. Pasymeercs, e Bce kmaccudeckuwe rpynnbl Baka sBIAIOTCS IPYIIIAMUA TOYEK
PEIyKTUBHLIX IPYIIOBEIX CXEM, OJHAKO C TOYKHU 3PEHUA METONOB >TU PAGOTEHI ABIAIOTCA
OpAMBIM 0600IIEHNEM YIIOMSAHYTHIX BHIIIE.

[ HepaCIIEMMMBIX TOYTHA TPOCTEIX CPYMI HAJ TOJeM k 9acTO paCcCMATPUBACTCA Cle-
IYIOIMN aHAJIOr DJIEMEHTAPHON MOATDYIbI, KOTOPHIU OBl BBegeH Turtcom [26]. WmenHo,
on onpegemut rpynmy G (k) (B opurmrane GY)) Kak HOATPYTIY, HOPOXK IEHHYIO k-TOIKAMH
YHATOTEHTHLIX PAIUKAIOB 8Cer mapabommaecknx noarpynn B G, onpenenenubx wag k. [Ipm
TaKoOM ONpeneIeHny ee HOpMATbHOCTE oueuna. OkaswBaerca, rpynma G (k) nouru Bee-
rga (cM. [26]) TPOEKTUBHO MPOCTA, W OMUCAHNE HOPMATLHEIX moarpynn B G(k) cBoguresa kK
serauncaennio daxropa G(k) /G (k) (xoTopeii aeaserca ananorom Ki-dynkropa). Ussect-
nasa mpobaema Kresepa—Turca 3akmodaeTca B TOM, 9TOOLI BLIACHUTE, ABIACTCA JU DTOT
(aKTOp TPUBUAILHBEIM [IA OJHOCBA3HOW rpymnbl (. [[1a YMCAOBLIX MOTEH 3TO TOKA3ZAHO
1A TPYIII BCeX THIOB, KpoMe > E§Y, HO B 00IIeM Clydae OTBET OTPUIATEIbHBIN [aKe i
rpynn tuna A; (konrpupumep Iliaronosa), cm. [4].

CxogHBIM 06pa30oM, B CIydae HEPACIIENMMBIX KIACCHYEeCKWX TPYMN Hal KOoabmamu Ba-
cepurrens ([28, 29]) ompeenut sIeMeHTAPHYIO HOATPYINY KaK MOATPYIILY, HOPOXK IEHHYIO
écemu TpaHCBeKIuAMUu Juxiaepa—3urens—/lukcona. HopManrbHOCTBH mpu >TOM Takxke Ode-
BHUIHA, OMHAKO Bacepmrenn nokaseBaeT, 9T0 SIEMEHTAPHAS IO AT PYIINA MOPOXK JACTCA TPAHC-
BEKIIMAMH CIENUATLHOrO Buga. 1o cymecTBy, oH GuKCHpyeT TapaboanIecKyo MOArPyIITy
Tuna P; ¥ paccCMaTpUBAET TOYKHU €€ YHUITOTEHTHOrO PAIUKATIA U YHUTOTEHTHOTO PAIAKATA
IPOTUBOMOIOKHON MO ATPYIIIEL.



OTO eCTECTBEHHBIM 00PA30M MPUBOIUT HAC K CICAYIOMIEMY OIIPEIETCHNO DIeMEeHTAPHON
OOArPYHIILI, 0OOOIIAIOIEMY BCE BHIIIEYIOMAHYTHIE.

IMycte P — mapabonuveckas noarpynna pegykrusaon rpynnst G vag R, Up — ee yuu-
MOTEHTHBIN pagukaa. Tak kak (G ABIAETCA PEIYKTUBHOU T'PyNnon Ham ahpPUHHOU CXeMOU
Spec R, rpynma P o6ragaet nekotopoit moarpynmot Jleru Lp ([16], Exp. XXVI Cor. 2.32).
IIpu »ToM cymecTByeT eaMHCTBEHHAA mapadoandeckas noarpynmna P~ rpymmer G, npoTu-
Bomosoxuas P oraocurensuo Lp (To ects Takas, uro P~ N P = Lp, cm. Exp. XXVI Th.
4.3.2).

Omnpenemum asaemenmapnyio nodepynny Ep(R), coorsercrByitomyio P, Kak mogrpymnwy
B G(R), mopoxgernyio (B abcrpaktaoM cmeicae) Up(R) u Up- (R).

3ameTum, uTo ecmu L'y — npyras noarpynma Jleeu mapaGomuaeckon nogrpynmst P, To
L'> u Lp conpsxensr mocpeacTsoMm HexkoToporo atemenTa u € Up(R) (Exp. XXVI Cor. 1.8),
nostomy rpymna Ep(R) He 3aBucuT OT BBIGOpA MOACPYIHBL JIeBM WM, COOTBETCTBEHHO,
MPOTUBOMOIOKHOU moArpynnel P~. Mel mOKaxeM, 9TO NPU HEKOTOPHIX €CTECTBEHHBIX
orpanudeHusnx Ep(R) He 3aBucuT u OT BBIOOpa caMou mapaboiumdeckon noarpynnsl P um,
B YaCTHOCTH, ABIAETCA HOpMauabHOU monarpymnmon G(R).

HamoMHuMM, 9TO OCHOBHBIM WHBAPUAHTOM PACIICTUMON PEIYKTUBHOU rpynnsl G HAL al-
re6Gpandecku 3aMKHYTHIM moseM (uwiu koabioMm, Exp. XXII) asasgerca ee cucreMa KOpHER
$ oTHOCHUTENIBLHO MPOU3BOIHLHOIO PACIIENMMOr0 MakcuMaabHOro Topa 1. Kaxnas mapabo-
JUYecKas MOArPyna P pacmenumMon rpynnsl ¢ TOYHOCTHIO IO CONPSAXKEHHOCTH XapaKTepu-
syerca ceoum Tumom J C II, rae I1 — mpomspoabHas cucteMa mpocThix Kopuen B ®. Kuac-
cudeckoe 0000IIEHNE DTUX MOHATUN HA, CIy9Iadl HepaCIIenuMON PEeIyKTUBHOU T'PYIINEI HAL
anre6pandecKn HE3AMKHYTHIM moseM k (mim JokaasHbIM KonbioM, Exp. XXVI §7) cocrout
B 3aMeHe CUCTeMBI KopHern ® Ha OoTHOCHUTENIBbHYIO cuctemy KopHen p® B cMbicie Bopemnsa—
Turca [1, 27], 1 cOOTBETCTBYOIIEN A JANTALNYN IIOHATUSA TUIA NaPaOOIAIeCKON IOATDYIIIEL
(cm. Takxke maparpad 2).

B ca1yuae mpoM3BOILHOM PeIyKTURHOM rpynnsl G HaL KOabIoM R, o6o3maxmm uepes G4
COOTBETCTBYIOILIYIO IPUCOEINHEHHYIO aarebpantieckyo rpynmy. Mul HazbiBaeM mapabonn-
geckyto moarpymnmy P B G empozo cobemeennoti, eciu qiist 106000 MaKCUMAIBHOTO UIAIA
M B R npoexunsa napaboan<decKon IOArpynsl Pr,, Ha KaXIBIA COMHOXUTENb (F;, yIaCTBY-
IOIIAU B PA3IOXKEHUN G‘}{L = [I; G nonynpocrou rpymmst G%dM B IPOU3BENEHNE IPOCTHIX
anrebpanvIecKux IPYII, ABIACTCA cOOCTBeHHON noarpynmnon G;. B Tepmunomoruu Bopensa—
Turca (Exp. XXVI §7) 5T0 ycaoBue >KBUBAJEHTHO CACAYIOMIEMY: THUI MapabOJMIeCcKOn
noarpynnetl Pg,, rpynnet Gg,, UMeeT HETPUBUAILHOE MEPECedeHNe ¢ KaX JOU HEIPUBOIU-
MOH KOMIIOHEHTOH OTHOCHTEIBLHOU CUCTeMEL KOpHen G R, .

OCHOBHBIM PE3yJbTATOM HACTOAMIEN PAOOTHL ABIAETCA CACAYIOMAS TEOPEMA.

Teopema 1. Ilpednososrcum, umo das 4106020 maxcumaspno2o udeasa M xoavya R sce
HENPUB0IUMbBIE KOMNOKEHMBL OMHOCUMEALHOT cucmembl Kopret epynnvt GR,, umeom pane
zoma 6b1 2. Toeda Ep(R) we zasucum om evibopa cmpozo cobemeennoti napabosuveckoti
nodepynnot P. B wacmuocmu, E(R) = Ep(R) #nopmasvua 6 G(R).

3amedanue 1. YCroBme, 9TO BCE HEMPUBOAUMEIE KOMIIOHEHTH OTHOCATEIBHON CHCTEMBI
KopHen rpynnsl G g,, UMEIOT PAHT XOTs Obl 2, DKBUBAJIEHTHO CYIIECTBOBAHUIO PACIIETNMBIX
TOPOB PAHra 2 B IPOCTHIX COMHOXKHMTEIAX IPUCOSIUHEHHOM rpymmsl Gl .
3ameuanue 2. Ilo cymectsy, Teopema yTeepxgaer, aro ecau P u P’ — cTporo co6cTBen-
HBIE Tapabonudeckue IOArpynnsl B (7, TO B crexyommx asyx caydasx Ep (R) = Ep(R):

e xorga P u P’ — (0KaabHO) COMPAKEHHBIE TApA0OIUIECKUE IO [IDYIIIIE;

e xorga P < P’ — BioxXeHHBbIE MapabOImIecKue TOATPYIIIIEL.
Bo BTOpOM Cayuae ycIoBme Ha PAHTM HEMPUBOIUMBIX KOMITHOHEHT OTHOCHTEILHBLIX CHCTEM
KOpHe# MOXHO onycTuThb (Jlemma 12).

KuarodeBbiM MOMEHTOM B JOKA3aTeIbCTBE TeopeMmbl 1 ABIAETCA NPUMEHEHUE AHAIOTA
aemmbl Keuwtena—Cycauna (Jlemma 17), koropas, 0o CymecTBy, CBOAUT 33434y K CJIy9alo

2B nampHeRmIeM BCE CCHUIKM, HAYMHAMMECS ¢ EXp., ABIAIOTCA cChuikamu Ha SGA 3 [16].



JIOKAIBHOrO Kombla R. Kp-aHATOT DTOW JEeMMBI BO3HUK B pemreHun Ksuwitena [22] mpo-
6remer Ceppa, a Ki-Bepcus, KOTOPOH momb3yeMcs Mbl, npegnoxkena Cycmmusiv [5]. Hapg
JIOKAJIBHBIM KOJIBIIOM YTBEDKIEHIE TEOPEMBI CIIPABENINBO axKe 6e3 OrPAHWYEHUs HA PAHD
OTHOCUTEIBHOU CUCTEMBI KOPHEU U IIPOBEPAETCA CPABHUTEIBHO HECJIOXKHO OIArogaps Teo-
peMe 0 JOKATBHOU COMPAXKEHHOCTH MUHUMAIBHEIX mapabomudeckux moarpynn (Exp. XXVI
§5).

OCHOBHBIM TEXHUYIECKUM IPUEMOM FBISAETCS UCIONB30BAHNE OTHOCUTEIBHBIX KOPHEBBIX
noarpynn rpynnsl GG. Umenno, B maparpadax 3—4 MbL OIpeIenseM Cucmemy 0mHocumesb-
#biz Kopuet ¢ p rpynnst G 10 OTHOLMIEHWIO K MIPOU3BOILHOU Napaboaundeckon noarpymnmne P,
060011as KIACCHIECKOe OIPEIeNeHne OTHOCUTENbHBIX KopHen Bopeas u Turca [1], ynoms-
HyTOe BhIIIe. B oTiimdue 0T KaaccuIeckoro ciydas, ® p He 0013aTENBHO ABMIAETCA CUCTEMON
kopuen. [lasee, ¢ MOMOIIBIO CTPOrO IIOCKOTO CIYCKA [T KaXKIOT'0 OTHOCUTEABLHOIO KOPHS
A € ®p mu crpoum (maparpad 4, Teopema 2) HekoTOpBIM HpOeKTUBHBIN R-Monyns V4 u
3aMKHYTO€ BJIOXKEHUE IPYIIIOBLIX CXeM

Xa: W(Vy) — G,

rone W(V4) — addunnas rpynmosas cxema, COOTBETCTBYROmaa V. SaemeHTH X 4(v),
A€ ®p, v € Vy, rpynnst G(R) ABIAIOTCA AHATOTAME IEMEHTAPHBIX KOPHEBLIX YHUIIOTEH-
TOB B PACIIENMMBIX IPYMNNaX. B 9aCTHOCTH, OHW TIOPOXKIAIOT IEMEHTAPHYIO MOATPYIITY
Ep(R) u yzoBIeTBOPAIOT KOMMYTAIMOHHBIM COOTHOIIEHUAM, OO0OIAIOMM KOMMY TalluOH-
uyio popmyay lesamre (Jlemmer 9, 10):

[(Xa(w), Xpw)] = ] Xiatjp(Napij(v,u)),

i,j>0

rae Napij @ Va x VB — Vija4jB — HEKOTOpBIE NMOJMHOMUATLHBEIE OTOODaXKeHUs, OJHO-
POJHBLIE CTENEHU § MO MEPBOMY apPTyMEHTY W CTENEeHW j 1O BTOpOMYy. Ilpu ompemeneHHBIX
YCIOBHUAX TOMyHatommecs “KodduuneHTHbIe 0TOOpaxeHna’ N4 pij CIOPBEKTUBHEL, ITO CO-
OTBETCTBYET 0OPATUMOCTHU KOX(PPUIMEHTOB B PACIIEINMOM CJIy<ae.

AsTopsr BEpaxaioT 6aarogapaocts Hukoaato Agexcanaposudy BaBuiaoBy 3a Hemsmen-
HO€ BHUMAHWE U BCECTOPOHHIOIO MO IEPKKY.

2 JlokanbHbIe OCHAIIEHUA U MapaboiniecKue Mo Arpy bl

IMycts G — penykTuBHas aiarebpamdeckas rpymnna Hajg R. HamoMmuuwm, 9T0 ochauwenuem
(épinglage, Exp. XXIII Déf 1.1) rpynnsr G nasbiBaeTcs Ha60p &, COCTOAMNN U3 KOPHEBBIX
marEerx R = (X, XY, ®, ®V 1) ¢ pukcupoBaHHLIM 6a3MCOM MPOCTHIX KopHeit 11, pacimenu-
Moro mMakcuMaiabHoro Topa T B G, wsomopdusma X*(T) ~ X, rge X*(T') — pemerka xa-
pakTepos T, u BEIOOpA I KaxK 10T0 npocmoz2o Kopua « € Il msomoppusma x4 : Gy — X,
HA COOTBETCTBYIOIIYIO KOPHEBYIO moarpynmy. OCHAIEHre OJHO3HAYHO MPONOIKAETCA IO
cucmemvr lllesanne, T.e. HAOOPA M3OMOPPU3IMOB T, 11 Bcex kKopHen a € P, mia xoro-
POT0 BBIMOMHAIOTCSA KOMMyTanuonusie opmyast [Mlesamne. I'pynna G, 111 KOTOPOU MOXKHO
BEIOPATH OCHAINEHUE, HA3BIBACTCI PaACULENUMOTL.

Ecan B pacmenumoi rpymie G BHIOPaHE! 1Ba OcHameHHs £ u £, TO CyIIeCTBYeT eIuH-
CTBEHHLIN BHYTPEHHAN aBTOMOP(U3M L DTOU I'PYIIILI, KOTOPLIN JOKAJILHO B fpgc-Tomoaorum
OH IEPEBOIUT OJHO OCHAaIeHne B apyroe. Todunee, ( nepesoaut 1T B T’, u cymecTsyioT fpqc-
nokpertue | [ Spec S, — Spec R, anementst g, € G(S,) u mzomopduamst y,: R — R’ (npn
sToM mpeamoxaraercs, 910 7, (II) = II') Takne, uro Hang S, MOPQU3M ¢ IPEICTABIACTCA B
BHJ€ COIPSKEHNS IPH IOMOIIY ¢, & H30MOPdU3M

Xs, ~XN(T,,) ~ X" (T,) ~ Xs,,

MHIYIUPOBAHHEIN L, COBHAJACT C 'y;l, MLOTy = a:’w(a) s Beex @ € @ (em. Exp. XXIV,
Lemme 1.5). fcmo, uro ecam Spec S, u SpecS, mepecekatorca (r.e. S, Qr S, # 0),



TO Y, = %Y. Takum 06pasoM, MHOXKECTBO m30MOphuU3MOB {7,} He 3aBUCAT OT BHIGOPA
TOKPHITHA; 6yAeM HA3BIBATE WX CKACUBAOUSUMY CUMMEMPuamy Mexty £ u &' .

IIycte P — napa6omuueckas noarpynna (Exp. XXVI Déf. 1.1) B pacmenumon rpymmne
G. Ocuamenune £ HA3BLIBACTCA cosmecmumbim ¢ P, eciu cymecTByeT Takoe mapaboandeckoe
muOxkecTBO Kopaen U, [T C ¥ C &, uro P nopoxaeHa (B arre6pandeckoM cmuicae) Topom T’
1 KOpHeBBIMU moarpymnaMu X, v € W. IIpu 5TOM, B 9aCTHOCTH, YHUIOTEHTHLIA PaJUKaJI
Up rpymner P nopoxaen X,, a € U\ —U. Eciu B P BrIGpana HekoTopas moarpymmna Jlesn
Lp, TO ocHamenue Ha3BIBACTCA cosmecmumbim ¢ napoti P v Lp, eciu rpynna Lp nopoxgena
TuX,, ac¥N—T, 10 ecTh ABIACTCA SAUHCTBEHHON OATPynnon Jlesu B P, comepxaiien
top T (Exp. XXVI Prop. 1.12).

Ecnn B G BoGpans! asa ocHamerus £ u ', coBMecTMBIE ¢ P, TO 2IeMEHTH g,,, OCyIIe-
CTBILSIIONIME [IEPEXO] OT OJHOrO K npyromy, Jexar B P(S,) (Exp. XXVI Prop. 1.15). Eciu
STHU OCHAIIEHU, CBEPX TOr'0, COBMECTUMBI C HEKOTOPOU noarpynmon Jlesu Lp, TO saeMeHTEL

g, mexar B Lp(S,) (Exp. XXVI Cor. 1.8).

[Ipeamonoxum Teneps, 9To G — Npou3BoOabHAA (T.€. He 06A3aTEILHO PACIICINMAA) Pe-
IyKTUBHASA anrebpandeckas rpynmna. Torga G pacuienuMa JOKATHLHO B 3TATLHON, 8 3HAYUT,
u B fpqc-ronoaorun (Exp. XXII Cor. 2.3).

IMycts P — nmapaboaudeckas noarpymnmna B G. Toraa mokaiasso B fpqe-Tomomorun MoxHO
BuIOpaTh ocHamenue (@, copmectumoe ¢ P (Exp. XXVI Lemme 1.14). Tak kax G saBasercs
peaykTuBHOU rpynnou Hang agpduaHOU cxemou Spec R, rpynma P o6magaeT HEKOTOPOU IO I~
rpymnnon Jlesu Lp (Exp. XXVI Cor. 2.3). U3 Toro, 9To JOKATILHO B 3TAILHOU TOMOJOTUN
Lp comepXuT MakCUMaNbLHBIA TOP Tpymmbl (G, caeqyeT, 9TO JOKaabHO B fpgc-Tomomorun
MOXKHO BBIOpaTh ocHamenue (¢, coBmectumoe ¢ P u Lp.

JoKkasvubim ocrauenuem GyIeM HA3BIBATL HAOOP JAHHBIX T, COCTOMIINN U3 adPUHHOrO
oTkpuITOro noamuoxkectsa U, C Spec R, ero cTporo miockoro adp@uHHOrO paCIIUpEeHus
Spec S; — U, Hag koropbiM (G paciienisiercs, u ocHaineHus £, rpynns Gg_.

PaccmoTpum xaTeropuio, 00HeKTaMu KOTOPOU ABMAKTCA JOKATBHBIE OCHAILIICHUS, 8 MOP-
usmaMu Mexay AByMs oObekTaMu — TpadoBbie U30MOPPUIMEI COOTBETCTBYIOMIUX WA~
rpamm Jdwumakuna D,. Takum ob6pasom, paccMaTpuBaeMas KATErOPUS SABIACTCA CUMMEMPU-
weckum epynnoudom Sym({D;}), onpeneseHHEIM CEMENCTBOM BCex auarpaMM [[bIHKuHA J0-
KAJTBHBLIX PACIIETLICHUN.

[Ba ob6bekTa T W ¢ 3aMalOT ABa OCHAIIEHUA rpynnsl (s gs,; COOTBETCTBEHHO, OMpPe-
IeJEeHbI CKICUBAOIIME CUMMETpun u3 R, B R,, KOTOPBIE MHAYIUPYIOT TpadOBLIE U30MOD-
dusmbr quarpamm Aoiakunaa D, u D,. Ounpegenum ckaeusatowut epynnoud I' kax mon-
rpynnoung B Sym({D;}), mOpoXIeHHBIN BCEMU CKJIECMBAIOMUAMY U30MOpdu3Mamu. [pymmy
aBTOMOpPU3MOB 06bekTa D, B rpynnouge I' 6yxem ob6o3uaaTs uepes ['; Takum o6pasom,
I, — mexoropas moarpynna B Aut (D;). Hampumep, B cayuae, xorga R = k — moae, a
S; = K, rae K/k — pacumpenne I'anya, I'; coBmagaer ¢ o6pazom rpynmst anya Gal(K/k)
OTHOCUTEJBHO *-genctsus [27].

PaccmorpuM kakon-uuby b KIaCC U30MOPMHOCTH & JTOKAIBHBIX OCHAIECHUN, U OIIPene-
JEM OTKpPEITOe moaMHOXKecTBO Uy kKak ob6beaunenne scex U, mo 7 € . Hecnoxso BHIETH,
uaro Ug o6pasyror pasbuenne Spec R; B YaCTHOCTHU, OHU ABJAIOTCA OTKPBITO-3AMKHYTHIMI
adpuuaabiMu ogcxemamu. [lockoabky Spec R KBa3UKOMIAKTEH, KOTAIECTBO KIACCOB M30-
MopduocTH KoHedHO. Tak uro MoxHO 3amucars Ug = Spec Re, mpudem R ~ [ Re.

Herpynuo Bugets, uro Ep(R) ~ [] Epp, (Re) s mo60u mapabOIniecKOU MOATPYIIIEL
3

P, mosTOoMy GOMBIIMHCTBO BOMPOCOB TPO JEMEHTAPHYO MOATPYIILY CBOAUTCI K CAYHAIO,
KOr'la IPYIIOUL COCTOUT U3 OJHOI'O KJIACCA M30MOP(MHOCTH.

[Jagum Temepb COOTBETCTBYIOIIEE OMPENeNeHNe TUIA, MapabOIMnIecKOu MOArpynnsl P.
PaccmoTpum nokanbHBIE OocHameHus 7, coBMectuMmble ¢ P. Kaxpaa rpymna Ps_ o aBma-
eTCA CTAHIAPTHOUN MapaboIMIecKOn MOACPYIIION, COOTBETCTRYIOMIEN HEKOTOPOMY MOAMHO-
xkectBy J,. C Il Takomy, uT0o Pg, MOpOXKJe€HA COOTBETCTBYIOMNM TOPOM T, M KOPHEBEIMU
MOArPYIIAME, OTBEYAIOMIAMY KOPHAM, B PA3JI0XKEHNE KOTOPLIX MPOCTHIE KOPHU u3 J, BXO-



IAT C HEOTPUIATENbHBIMU KOd(pduimentamu. Habop Bcex J, MHBAPUAHTEH OTHOCUTEIHHO
neuctua ' (B 9aCTHOCTH, KAXKIO€ MHOXKECTBO J, MHBAPUAHTHO OTHOCUTEALHO [';). Oue-
BUIHO, €r0 MOXHO €IUHCTBEHHBIM OOPa30M [OONPENeIUTh I/ JO0ro JOKAJILHOIO OCHA-
menus 7 (He 0643aTeabHO COBMECTUMOrO ¢ P) ¢ coXpaHeHMeM CBONCTBA UHBAPUAHTHOCTH.
Monyuennrn Hadop {J;} Oygem HaswBaTh munom P.

Mocrosuusie cxemer D, HAL S; MOXHO CKJIEUTDH BIOJb CKICUBAIOIINX U30MOPMU3MOB U
[MOJIYYNTh CKPYUIEHHYIO MOCTOSHHYIO cxeMy Han R, KoTopas Ha3bIBaeTCA cremots JvinKuna
(cm. Exp XXIV § 3). AHamoru4so, OTKPBITO-3aMKHYTEHE HOACXeMBI J, HaX S, MOXKHO
CKJIEUTDH U MOMYyYIUTh OTKPHITO-3AMKHYTYIO mojacxeMy B cxeme [[biakuna, koTopas B SGA 3
1 Ha3BIBAETCA TUIIOM IIapabOJMYecKOu HOoArpynnel. Ham, oxmako, OyayT 6Gosee ymoOHBL
U3JI0KEHHBIE BHIIIE TEOPETUKO-MHOXKECTBEHHBIE TOHITHA.

B cayuae, korga R JOKaThbHOE KOJBIO, CPEAM TUIIOB MAapabOJMUIeCKUX MOATPYNI Cy-
IECTBYET HAUOOJBLIINN 10 BKIOYEHUIO, OTBEIAIONINE MUKUMAALHOT TapadOJnIecKOn Mo I-

rpymnne (Exp. XXVI Cor. 5.7).

3 OTHOCHUTenbHBIE KOPHU

Ha nporsxenun nannoro naparpaga ® — npusenennas cucreMa KOpHEH B [-MEPHOM €BKJIU-
JOBOM IIPOCTPAHCTBE CO CKAIAPHBIM IpousBegeHueM ( , ) 1 PUKCUPOBAHHOU CUCTEMON IIPO-
creix kopuen II = {ay,...,q;} (B ciygae, korga ® menpusoguma, Hymepamms caegyer [14]).
M=ur oToxgecTBIgeM daeMeHTH [ ¢ BepmuHAMEU COOTBETCTBYIOMIEN AUATPAMMEI [HIHKUHA,
D.

3apukcupyem HekoTopoe moamuoxkectro J C II. Iyctes A — moxcucrema ®, mopo-
wnernas 11\ J. Kax e kopeub o € ¢ euHCTBEHHBIM 00pa30M IPEACTABIAETCS B BUIE

a= Z my ().

1<r<l

Mg a € ®\ A Mb1 momaraem

ay = Z m,(a)a,.
1<r<l,
ar€J

Mg 6y 1emM Ha3LIBATH JUHEMHYO KOMOWHAIWIO ¢ TIPOCTHIX KOpHen u3 J wabsonom (“shape”
B [9]), ecin cymecTByer kopens a € & \ A rmakon, uro ay = a. Taxum obpasom, o —
KOpEHb IabI0HA (] .

Jemma 1. IIyemv o, 3,7 € ® makosvr, umo a + B + v asasemcsa xoprem, u cpedu o, 3,y
wem npomusonosodcuuiz. Toeda no kpaiinet mepe dse uz cymm a+ 3, a+vy, B+ asaa0mes
KOPHAMI.

Proof. Moxuo cantarh, uto cucrema ® mempusoauma. IMomoxum § = a + [ + 7. Tak kak
(6,a+B+7) = (4,d) > 0, oguo u3 npoussenenun (9, a), (4, 5), (J,7) ABaseTcs MOIOKATENb-
HBEIM, TIyCTh 5T0 (0, ). Torma 6 — a = B + v asaserca kopuem. [Hanee, ecu (a, 8+ ) < 0,
TO oHO u3 mpoussegeHun (o, (), (a,7y) TOXE OTPUIATENBLHO, & 3HAYUT, & + [ Wi « + 7
asasiercs kopHeM. Ecam xke (o, 8 +7v) >0, to (6,86+7) = (o, B+v)+ (B +v,8+7) >0,
oTKyzxa ogHO u3 upoussenenuu (4, ), (d,7) moaoxurensHo, To ectb § — [ wim § — y —
KODEHb.

O

Jlemma 2. ITycmo a,b,c — maxue wabaoubl, umo a + b = c. Tozda daa 406020 KopHa v
WabAONA C CYUWECMBYM MAKOT KOpenb & wabAona a U maKxot Kopenb S wabaona b, umo

a+p8=r.



Proof. N3 pasenctBa a + b = ¢ crexyer, 9TO MAGIOHEL @, b, ¢ ABIAIOTCA JTUHEUHBIMUA KOM-
OMHAIUAMY TPOCTHLIX KOPHEN W3 OJHOU HEMPUBOIMMOU KOMIOHEHTHI P, MO3TOMY MOXKHO
CcIMTaTh, 9TO cucrema P mempmpogmma. MBI MOXKEM IPENCTABATL Y B BAAE CYMMBI 7y =
ap+ Bo+ A + ...+ A\, roe ag — KopeHb mabioHa a, 3y — KopeHb mabaoHa b, A\; € A.
IIposenem unaykumio mo n. Basza n = 0 oueBugna. Ecau (v, ap) > 0 wm (v, 8o) > 0, ToO
Y — Qo WA, COOTBETCTBEHHO, ¥ — [y ABIAETCA KOPHEM, CIENOBATEILHO, MBI MOXKEM B3ATh
a=uay B=v—a wm f = Py, a =7 — By. B nporusrom caygae u3 (y,vy) > 0 cie-
AyeT, 9TO CymeCTByeT Takoe \;, 9To (v, ;) > 0, To ectb 7/ = 7y — \; ABAAETCA KOPHEM.

Ilo mpexmonoxenmio nuaaykumu v = o' + §', roe @/ — HEKOTOPEIN KOPEeHb MAGJIOHA G, &
B’ — mexoTope KOpeHb mabmora b. OcTaerca 3aMeTuTh, 9T0 mo Jlemme 1 oaHa U3 cyMM
o' + )\, B+ \; aBrgeTca KopHeM. O

IIycts ' — moarpynma Aut (D), J — noamuoxkecTro I, ”HBAPUAHTHOE OTHOCUTEILHO
neuctsusa I'. Bymem cunrarts, uto I' TpuBmanbuo meucTyeT Ha Z. Torga abeneBa rpymma
Map - (J, Z) Bcex ['-sxBuBapuanTHBIX OTOOpaXKeHul u3 J B Z ABIAETCA CBOOOLHON abeIeBOn
CPYIION, PAHT KOTOPOU COBIALAET C YUCIOM OpOUT, HA KOTOpPBIE pacnagaercs J. Omupene-
JIIM Ha perieTke KopHen Z ® suxennoe orobpaxkeHue

m=mnyr: Z® — Map(J,Z)

CIeIYIOMUM OOPa30M: BEKTOD ¥ MEPEBOAUTCS B OTOOpaKEHNe, KOTOPOe OTIPABIAET a; € J
B CyMMY KO3(PUIIEHTOB v IPU IPOCTHIX KOPHAX (;, 00PA3YIOLIUX OPOUTY (v; OTHOCUTEILHO
T.

Muoxectso m(®)\ {0} Oy zem HaseIBATE MHOHCECMBOM (WIK CUCTIEMOT) OMHOCUMEALHBIL
Kopuet u obo3HadaTh depe3 ®;r. Panzom rank ® ;- MHOXKECTBA OTHOCHTEIBLHBEIX KOPHEH
OyneM Has3wBATHL panr rpynnsl Map (J,Z).

3amMeTuM Cpa3y, uTO B CIydae, Korga R — moxamsHOE KOmblo, $ — cucrema xopHen
peaykTuBHOU anrebpamdeckon rpynnsl G, J — TUN MUHAMAJIBHOU MapabOIMIecKOUN IO -
rpynmnel, a I’ — rpynna aBToMopdu3MoB 060BEKTa CKICHBAIOIIEro rpynnonga, To ¢ yr o6pa-
3yer B JeMCTBUTEILHOCTHU CUCTEMY KOPHEeH (BO3MOXKHO, HEIpPUBEJeHHYIO, T.e. Tuma BCY).
Ecau rpynna G momympocTa, pair 3TOM CUCTEMEl KOPHEH PABEH PAHTY MAKCUMAJILHOTO PAC-
mwenumoro Topa B G. Hoapo6uoctu cm. B Exp. XXVI § 7 win (8 caywae mons) [1, § 5]. B
obmeM crydae, ofHako, ® j1 cucTeMoll KOpHEH HE ABIAETCA, I HAM NPUIETCA IIEPEOIpere-
JIUTHh HEKOTOPLIE CTAHIAPTHEIE MOHATHAA, OTHOCAIINECA K CACTEMAM KOPHEN.

flcro, 4o mobou orHOCHTENbHBIN KOpeHb A € ® ;1 equHCTBEHHBIM 06Pa30M IIPELCTA-
BJIAETCA B BUJE TUHEHHON KOMOMHAIMY OTHOCUTENLHEIX KOpHen, Bxoqamux B 7 (I1). Yposuenm
lev(A) orrOCUTEIBHOTNO KOPHA A OyneM Ha3BIBATH CYyMMY KOX(MDMUIMEHTOB B €0 PA3JI0Ke-
HUW.

OrHocurensub KOpeHb A € @ jp OyneM HA3HIBATD N0A0HCUMEAbHbIM (COOTBETCTBEHHO,
OMPUYAMEAbHbIM), €CITU OH MPEICTABIACTCA B BULE IUHENHON KoMOuHanuy saemenTos 7 (1)
C HEOTPULATEILHEIME (COOTBETCTBEHHO, HEMOIOKUTEAbHBIMY) KoddduuueHnTamMu. Muoxe-
CTBa MOJOKUTEMLHBIX U OTPULATEILHEIX OTHOCUTEALHEIX KOPHEN Oy IyT 0003HAYATHCA CI);,F
u <I>;,F coorBercTBenno. OQueBnano, A € (I)ir TOrJa M TOMBKO Torga, korga m ' (A) C &%,
u, B 9acTHOCTH, ;1 = @}:F U <I>;,F.

3amMeTuMm, 9TO T'pPynna aBTOMOPGU3MOB [ IEHCTBYyeT MepecTAHOBKAMM HA MHOXKECTBE
HEeNMPUBOIUMEIX KOMIOHEHT cuctembl ®. Ecau »To mencTsme aBiseTcs TpaH3WTUBHEIM, CH-
CTeMy OTHOCUTEIbHBIX KopHenl ®;p Oygem HasweBaTh Henpusodumot. HerpyaHo Buzers,
9TO JTH6AA CUCTEMa OTHOCUTEMbLHBIX KOPHEH ABJIAETCA NU3BIOHKTHBIM OOBLEIVMHEHUEM He-
OPUBOUMBIX CUCTEM OTHOCUTEMBLHBLIX KODHEU — CBOUX HENPUEOOUMBIT KOMNOHEHI.

fcuo, uro ecm «;,; € J, To w(a;) = w(ey ) TOrZa W TOIBKO TOrAA, KOTAA ( 1
«j mepeBogsATCa ApYr B apyra saeMmerTtom I'. Kpowme toro, m|a = 0, TO ecTb 3HadYeHHe
7 Ha KopHe o € ® coBmagaeT CO 3HAYEHUEM 7T HA COOTBETCTBYIOLIEM Inabuaone, m(q) =
m(ay). Ecmu T' — TpuBnambHasg rpymna, TO OTHOCATEIbHLIE KOPHUA HAXOIATCA B OYEBUTHOM
B3AMMHOO[HO3HAYHOM COOTBETCTBUU C MIA0JOHAMHI OTHOCUTEIBLHO J.



Jemma 3. Hycmv «,8 € ®. Toeda n(a) = w(B) moeda u moavko mozda, Kozda cyue-
cmeyem saemenm I, nepesodawut ay 6 3.

Proof. Cnyuan, korga I' — TpuBmambHas rpymnma, odesuieH. /lamee, HETPYIHO BUIETH, ITO
cucreMy xopHen ® MOXHO CUMTATHL HempuBoguMoun. Kpome TOro, I qoKa3aTeqbCTBA MBI
MOKEM 3aMEeHUTh MOAMHOXKECTBO J Ha moboe nmogmuoxkectso J' C I, oTimgaromeecs OT
HEro Ha O0bEeIMHEHNe HEeCKOMBKUX OnHodteMeHTHHIX [-opbut B II. Toraa B caygae & = Dy,
[ > 4, MOXHO CIMTATH, 9TO MHOXECTBO J COCTOUT POBHO U3 OMHOU OPOUTHI, U yTBEPK ICHUE
HETOCPEACTBEHHO 0YeBUIHO. Paccmorpum ocrasimecsa caydan & = A;, [ > 1, u & = Eg.
Herpyauo BugeTs, 9To B caydae & = A; MHOXKECTRO MIA0JIOHOB OTHOCUTENLHO [-uHBApU-
AHTHOTO MHOXKECTBA J HAXOAWTCA BO B3AMMHOOTHO3HAYHOM COOTBETCTBUU C KODHAMU HE-
koTopou cucrembl Kopaen ® = A,,, m < [, mpuiem gencrsume I’ Ha >TOM MHOXKECTBE
oroxaecrisiercs ¢ geucrsueM Aut (D'), rge D' — nuarpavma [bIHKMHA 5TON CUCTEMEL
ITosTomy moxHO cunrars, uro J = II. Torga @ jr MOXHO OTOXIECTBUTH C OTHOCUTEILHON
CUCTEeMOU KOpHe:! B cMEICIe Bopena—TuTca HEKOTOPOU KBA3UPACIIEIMMON aIre6panaecKon
CPYNIEL TUNA Ay, HaJ MOTEeM, HO>TOMY Hallle yTBepX IeHne creayeT u3 obimen teopun [1, 27].
Awnanoruuno, eciu & = Eg u J O {a1,a6} U {as, a5} cogepxur gse HeTpPUBHAILHBIE
I'-op6uThl, TO MBI MOXEM cuuTaTh, 9TO J = II, u cHOBa ® ;1 MOXKHO OTOXIECTBUTH C OT-
HOCHUTENBLHOU CHCTEMON KOPHE! KBa3HPACIIENNMON Ipynnsl B cmbicae Bopeas—Turca. Ecan
xe J COCTONT M3 eqVHCTBEHHON HeTpuBMAIbHOU ['-0p6uThl, TO ecThb J = {a1,a} wm
J = {as,as}, yrBepxkgeHNe 0YEBUIHO — NOCTATOUYHO 3aMETUTb, UTO B Fg HET KODHA C
ko dunmentamMu 0 1 2 Tpu TPOCTHIX KOPHAX (3 U Q5. O

Jlemma 4. ITyemp A,B,C € ®;1r u A+ B = C. Toeda das awbozo xopua v € ' (C)
cywecmeyiom maxue xopru o € 1 (A), B € m71(B), wmo a+ B =1.

Proof. Ecau rpynna apromoppusMos I’ TpuBuaibHa, TO OTHOCHTEILHEIE KOPHI COBIIAJAI0T
¢ mabIOHAME, U Y TBEPK JEHUE TIPAMO caeayeT us Jlemmur 2. B mpoTusHOM Ciyvae, 049€BUIHO,
IOCTATOYHO HAUTU TakKue MabIoHH a,b, ¢, ato m(a) = A, 7(b) = B, n(¢c) =C ua+b =
c. Iamee, mepenecs, ecau HEOOXOIUMO, HEKOTOphe u3 kopHen A, B,C B Opyrywo dYacTb
paBeuctBa A + B = C, moxHO cuutath, uro A, B,C € <I>'J"F. Kak u B mokasarenncrse
JleMMBL 3, MBI MOXKEM CIHTATb, ITO CHCTEMA KODHEH ® HeIpUBOIMMA, I MCKIOMHTD U3
muOXKecTBa J oguodaemenTHbe [-opoutsl. [losTomy cayaan & = Dy, [ > 4, cHOBa 04YeBUIEH.
[lna moKa3aTenbCTBA OCTAMBHEIX CAYYAEeB OO03HAYNM Yepe3 0 HETPUBUAILHLIN DJIEMEHT [ .

B cryuae ® = A;, cHOBa aHAMIOTMYHO JOKA3ATEALCTBY JIEMMEL 3, MOXKHO CIMTATD, ITO
J =TI, T0o ecTb MAGJIOHEI COBIALAIOT C KOPHAMM, ¥ CUCTEMAa OTHOCUTEILHEIX KOPHEH ABJIA-
€TCsA OTHOCUTEJILHON CUCTEMON KOPHEH B cMbIciae Bopers—Turca HeKoTOpon KBa3upaciuen-
MOH airebpanmdecKkon IPYIIILL HAL HoaeM, [ ABrserca o6pa3oM COOTBETCTBYIOMIEN IPYIIILL
Tanya oTHOCHTENBHO *-AenicTBus [1, 27]. Tak Kax MBI MOXeM IpeHeGpedsb OTHODIEMEeHTHON
OpOUTON, JOCTATOYHO PACCMOTPETh ciydan, korga [ = 2n werno. Torga ®;r = BC,.
NssecTHO [1], 4TO B 5TOM CIydae IH0OOU 2IeMeHT rpynnsl Bemns ® ;- MoxkeT GBITH TOIHAT
10 BJeMeHTa Ipynnel Bemns @, mosToMy MBI MOXKEM CIATAThL, 9TO ONUH U3 KopHen A, B,
cKaxeM, A, ABIAETCA NPOCTHIM KOpHeM cucteMsl Py, To ectb A = (), Win yIBOCHHBIM
KOPOTKUM MPOCTHIM KOPHeM, TO ecTb A = m(ay, + api1). lyets a € 71 (B), v € 77 1(C),
J' =TI\ 7=1(A). Torma aj = v;, mosromy mo JleMme 3 MOKHO CIMTATHL, UTO Qrjr = 7.’
Herpynno Bugers, uro Torga m(a) + A = w(y) Breder a + a; = v wm a + o(q;) = v B
epBOM CIy4ae, U & + Oy + Qpq1 = 7Y BO BTOPOM.

Mycts Tenepy & = Eg, u a,B,7 € T — raxme kopru, uro w(a) = A, n(8) = B
u w(y) = C. Ecan wabmossr oy, By, 77 HE CONEPKAT B PABIOKEHUM IO IPOCTHIM KOP-
HAM KOd>(punmenTon, 60oapmux 1, TO 3ama4a cBOAUTCA K caydalo ® = As, pazobpanHOMYy
Boiie. B mporumBHOM ciydae az,as € J u, He ymauaas obmmuoctu, ms(y) = 2. Torma
ms(y) = 2 wmm ms(y) = 1. Ecim J = {a3, a5}, TO, Kak HETPYIHO BUAETD, JOKA3ATEILCTBO
3aBEPIIAETCSA IIPUMEHEHUEM 0 K OTHOMY M3 MIAGIOHOB (v, (37, MOATOMY IPENIOMOKAM, ITO
J = {Oél, Qagz, a5, Oéﬁ}.

Ilo caygaro J = {a3,as} MoxHO cumrats, 4o ay + By = vy, rae J' = {as,as}.
Ecin ms(y) = 2, o mi(y) = mg(y) = 1. Ecim B pasioxeHun oqHOro u3 KOpHEN a, f3



OPUCYTCTBYET Kod(pUIueHT > 2, To, He ymamuas obmHocTa, ma(a) = 2, ms(a) = 1, or-
xyfa mi(e) = 1w ms(B8) =0, ms(8) = 1. Torga mi(B) = 0 m mg(a) + me(B) = me(7),
tak 4ro a; + B = 7. Hpu ms(a) = ms(a) = ms(B) = ms(8) = 1 caegyer Bocmombzo-
Barbea caydaeM J = {aq,as}. OcraBmmica caygan mg(y) = 2, ms(y) = 1 pasbupaercs
AHAJIOTUIHO. O

Jlemma 5. Ecau omuocumenvubiii Kopeuwb A € ® ;1 codeprcumcesn 8 nenpusodumoti xomno-
HeWme parea > 2, mo cywecmsyom maxue nexoasuneapuvie B,C € ®5r, wumo A = B+C.
Ecau ® = G2, mo B,C moscno svibpamv max, wmo B —C & ®r.

Proof. Mur MOXeM TpeamnoaaraTh, 9To cucteMa kopuen ¢ menpusoanma. PacecMoTpum cHa-
gamna crydan, korga ¢ = Go. Tak kak rank ®;r > 2, B aTom cayuae ® = & ;1 u oTHOCH-
TEJLHBLIE KOPHM COBIAJAIOT ¢ OOLIMHLIME. TaK KAk JI000A KOPEHDb MEPEBOIMTCA DIEMEHTOM
rpynmsl Bewis B mpocTon, MOXKHO CIUTATh, 9T0 A — mpocTou koperb B (2. Torga crexyer
mOJOXKUTL B = oy + as, C = —ae B caydae, korga A = ay — KOPOTKUE TPOCTOU KOPEHb,
u B =3a; + 2a2, C = —(3a1 + az2) B cayuae, korga A = as — IIUHHEBIL OPOCTOU KOPEHb.
IMepengem k cayaaio ¢ # Go. MoxHO cuuTaTh, YT0 A — MOJTOKUTEIHHBIA OTHOCUTEIbHBIN
KOPeHb, TO ecTb L (A) C &+,

Ipeamonoxum cuagana, yro A = kn(a,), rae o, € II — mpocron kopesns, k > 0.
IMycts ag € I — Gamxanmui K «, Ha guarpamme [[BIHKUHA KOPEeHb U3 Apyroun ['-opOuTHI,
conepxarmeitca B J. JIerko BugeTh, 9TO A1 M0OOG0T0 KOpHA o € L (A) cymecTByeT KopeHs
B € m Y ag) Taxou, aTo (a, ) < 0 m, cregoBaTersHO, o + 3 € ®. [lecTBUTETHHO, AT
aoboro a € m H(A) mer umeem mg(a) = 0 MO ompeereHUI0 T, HOATOMY B KadecTse [3
MOXKHO B3fATb CyMMY MPOCTBIX KOPHEH, OoOpasyiommx Ha amarpamme [[BIHKWHA OEmodKy,
COCNUHSAIOIIYIO (ry W OJUKAWIIAA K HEMY MPOCTOU KOPEHb, BXOMAIIUN B PA3IOKEHUE ( C
HEeHyJMeBBIM KO(pPUIUEHTOM. Temeph MOXHO pacCMOTPETh OTHOCUTEIBHBEIE KOpHU B =
m(a+ B) u C = n(—p). Tak xkax 7(a) = kn(a,), a 7(—fF) comepxur B pasnoxenun 7(ay),
BEIOPAHHEIE OTHOCUTEILHEIE KOPHU HEKOJIMHEAPHEL.

PaccmoTpum Teneps cayuai, korga A # kr(a,.). Maa mo6oro kopas a € 7~ L(A) cyme-
CTByeT TaKOU HAOOP MPOCTHIX KOpHEn [, ..., 3, € I, uto a = f1 +...+ By, u muas aro6oro
1 <i<ncymma f;+...+ F; apasercs kopaeMm. [lycTsb { — HaMMEHBIIEE BO3MOXKHOE 3HATE-
HUIe WHIEKCa, LA KOTOPOTO fBit1,..., n € A. Torma f; € Jum(Bi+ ...+ Bio1 + Bi) = A.
Monoxum B = w(B1 + ... + fi—1) u C = w(f;). OrHocurensusie kopuu B u C' Hekoa-
JIMHEAPHBI, HOCKOIbKY B MPOTUBHOM CilIydae Mbl umean Obt A = kn(f;) mas mexoToporo

k> 0. (]

4 OTHOCUTENbHBbIE KOPHEBHIE IIO/TPYIIThI

B sroMm maparpade MbI MpeAmosaraeM, 9TO CKICUBAIINA TPYIION COCTOUT U3 OJHOTO
KJ1acca msomoppHocTn; P — dukcupoBanHas mapaboamdeckas noarpynna G tuma {J;}.
Torga orobpaxenus 7, : X*(T;) — Map (J,,Z) cornacoBansl APyr ¢ APYTOM, UTO MO3BO-
JISIET OTOXK JeCTBATH MHOXKECTBA OTHOCUTEIbHBIX KOpHen ® ;1 mexny cobou. Iloxyuennoe
MHOXKeCTBO OyaeT o003HaUYaThLCA uepe3 Pp.

Ilycte ¥ — ynunomenmuoe 3aMKHYymMOE MOIMHOKECTBO OTHOCUTEILHBIX KODHEW, T.€.
IO IMHOXKECTBO, COMEPKAIIEE BMECTE C JTIOOBIMU IBYMS OTHOCUTEIBHBIMU KOPHAMEI UX CYMMY
(ecau OHA TOXKE ABAAETCSI OTHOCUTEJIBHBLIM KOPHEM) U HE COAEPKAIIee ABYX KOLIMHEAPHBIX
PO TUBOHAIPABICHHEIX O THOCHTEIBHEIX KopHer. Torma mpoo6pas 71 (V) — yrumoTenTHO®
3aMKHYTOE IOJAMHOXECTBO B P.

3adukcupyem B P mekoropyio nogrpynny Jlesu Lp. flcHo, uTo JOKanbHBEIE OCHAIIEHUS
T, coBmectumbie ¢ P u Lp, o6pasyior mokpeitue Spec R. [las 10060ro TaKOro T ONpeneinmM
Uy, kak noarpynmy B (g, , MOPOXKIEHHYIO BCEMHU KOPHEBBIME Hoarpynmamu X, 00 & €
7 1(¥). TlockomeKy mms MOOBIX ABYX OCHAIIEHWE T, 0, COBMECTUMBLIX ¢ Lp, mepexom oT
OMHOTO K APYTOMY OCYIIECTBIAETCS JOKAJIBHO MOCPEICTBOM COIPSIKEHUA HIEMEHTOM Lp,
Uy r nepexoaut B Uy . IlosTomy Uy, CKIenBarTCsa B HEKOTOPYIO NIOOATLHYIO MO PYIITY
Uy rpynns G.



B wactaocTn, onpenenentr noarpymmst U gy, rae (A) o3HAMaeT TOJMHOXKECTBO, COCTO-
Allee W3 BCEX TOMOKUTETBHBIX KPATHBIX A OTHOCUTETLHLIX KOpHEH. JIerko BUAETH, ITO
U(i4) vHOpMambra B U(4) ara mo6oro i > 1.

[l KOHEIHOTIOPOXK AEHHOTO MPOEKTUBHOrO R-Moxayas V dyuxTop S — V ®p.S npencra-
BuM addurnon rpymnmoson cxemon W (V') = Spec Sym™(V*), roe V* — IBOUCTBEHHBIN MO-
ayab, Sym* — cumMerpuieckas anrebpa. Takum o6paszom, mopdusm crem W (V) — W(V3)
sagaerca srementoM Sym* (Vi) @ g Va. Ecmn srot srement gexut B Sym? (Vi) @ g Va, 6ynem
Ha3BIBATL MOPDU3M 00Hopodnbim cTenenu d. B wacTtaocT, MOpQu3MEL cTeneHn 1 JuHeNHEL.

Teopema 2. /[as 8cex omuocumenpbniz Kopretii A € ®p cywecmeyom npoexmusnvie mo-
dyau V5 nad R u 3amKknymbie 840HCEHUA CXEM

Xa: WVy) -G

maxue, wmo npu neperode na Ka#cAoe A0KasbHOE ochawenue T, cosmecmumoe ¢ P u Lp,
Mmodyau Va4 Qg S, cmanosames c60600nbimu, a omobpaxcenus X o4 npunumaem 6ud (nocae

HEKOMOPo20 66100Pa 6aA3UCA €1, ..., €k, 6 V4 Qr Sr)
ka
XA(elal-i—...-i—ekAakA):Ha:%.(aj)- H r5(ps,, (a1, ... ar,)), (1)
j=1 i>2 w(B)=iA

ede v; — ece xopwu uz ' (A), a wascdvii pgﬁ ABAACTNCA 00HOPOOHBIM MHOSOUACHOM CTNE-
newu i (npoussedenue bepemca 8 M0O0M HUKCUPOBAHHOM TLOPATKE, COBMECTUMOM C YPOB-
nem).

Kpome mozo, nocmpoenubie omobpaxcenus 064a0aom caedyiouumi c60tUcmeam:

1. X4(0) = 1;

2. [as waxcdozo asemenma g € Lp sbinoaneno mosxcdecmso

9Xa@)g" = [ Xiale),a@)),

i>1
ede <p§,A: W(Va) — W(Via) 0dnopodno cmenenu i;
3. Buinoaneno moxcdecmeso
Xa(@)Xa(w) = Xa(v+w) H Xa(gh(v,w))
i>1
2de qiy: W(Va) Xspeer W(Va) = W(Va ®Va) — W(V;a) 0dnopodno cmenenu i.

Proof. Haj nokaapHBIM OCHAIEHWEM T ompegeanM V4 , Kax Sf*‘, rae k4 — YHCIO KOpHER
m 7 1(A), 1 paccMOTpPUM MOPDUIMEL CXeM

YA7T: W(VAJ') - UA77'7

3aJaHHBIE IO (POPMYTIe

YA,T(elal oo tep,ak,) = Hx‘Yj (aj)7
J

rae y; — BCe KOpHU u3 T ' (A) B HekoTOpOM mopagke. KowmmyTanmonnas dopmy.ta le-
BaJlIe IIOKA3BIBAET, YTO HAL Spec.S; mi1sf Y4 , BHIIOJHEHEl aHAJOIM yTBepxKIeHun 1 m 3
TEOpeMBI, a Takxke yrBepxaeHus 2 nisa siaemeHToB (Lp),, aexamux B Tope T win KopHe-
BbIX noarpynnax. [lockoabky Han S, Goabiuas kaerka (), miorHa B Lp u mopoxgaercs B
abCTPAKTHOM CMBICTE TOPOM ¥ KOPHEBBIMU MOATPYNINAMU, YTBEPK IEHUE 2 BLITIOIHEHO [
Bcex saemeHToB (Lp),.



[Manee, mas n10OBIX IBYX DJEMEHTOB IMOKPBITUSA UMEET MECTO PABEHCTBO

LJT(YA,T(U)) = YA,J(QDA,J,T('U)) mod U(2A)7

rie Paer: Var®@rSe — Vi, ®r S; — JIUHENHbIE OTOOPAKEHIS; OUEBUIHO, OHH Y IOBJIE-
TBOPSIIOT COOTHOIIEHHIO 1-KONMKIA, TAK ITO IPK MOMOIIY HUX MOXYIH V4 r CKIEMBAIOTCA
B MPOEKTUBHBEIN R-Monyas V4. DTO 03HAYAET, YTO CYIMIECTBYIOT JUHEUHBIE U30MOPQUIMEI
04r:Va®rS; — Va, Takue, 970 A5 r =04 50 (04,)7" . _

Tenepb uaIyKUMEN 10 j OyAeM HAXOIUTH TAKUE CEYCHU X,Jzt,r: Va,r — Ua,r, 910 BHI-
MOJHEHO COOTHOIICHUE

tor (X%, (v) = X7, (P4,0,7(v)  mod Ug(ji1)a),

npuIeM XZLT sagatorca popmyaon (1). Ilocae aToro oTobpaxkeHus Xﬁl,‘r C IOCTATOYHO
6oapmuM j, 6yayuu apOUHHBIMU, CKIEMBAIOTCA B MMIOOAJIBHO OMpeIeTeHHOe 0TOOpaKeHue
Xa: W(Va) — Uy, u Bce ero cBOMCTBA, NEPEIUCICHHBIC B TEOPEME, JEI'KO MOy Ia0TCs
CIIyCKOM 73 KOMMYTannoHHbIX (popmy.a lepasre. '

Urak, momoxum X}LT =Yy . lycts MBI yXe ompenemain Xi’r 7 XOTUM OIpPEeIeNnTh

i1
Xﬁ‘t . Byzem uckars ero B Buje

XA ) = X ()Y, (- (v),

rae Xr: Var — V{jy1)A,r ABIAETCA TOMMHOMAAIBHEIM ONHOPOAHBIM OTOOpaxeHueMm. Mer
XOTHUM, ITOOBI BHEIIOJIHAIOCH COOTHOIIIEHUE

LJT(X,];LT(U)Y(j+1)A7T(XT(U))) = X,J;;,g(SOA,J,T(U))Y(j+1)A7a(XJ(‘PA,J,T(U))) mod U(j12)a),
UHAYE TOBOPA,
LUT(Xi,r(v))_lXi,g(‘PA,JJ('U)) = Y(j+1)A,U(‘p(j+1)A,o,r(XT(v))_XU(‘PA,JJ(U))) mod U((j+2)A) .
O6o3namm 1epes Yy, (V) eIMHCTBEHHBIA 2MEeMeHT V(j11)4,0 @R Sr TAKOM, ITO

Lor (XA ()T XA (00 (1) = Vijtnyae(Wor (v) mod Ui a);

TOr'Ja IIPAMasA IPOBEPKA [TOKA3BIBAET, ITO

¢p‘r = P(j+1)A,p,0 © ¢a’r + ¢pa’ CPA s,

Tlonaras a,, = 0(].}‘_1)14 »© Yo7 © 04,7, TEPETINCHLIBAEM 2TO PABEHCTBO B BUJE

Qpr = Apo + aor-

ITocxonbky mo60e addUHHOE MOKPHITAE ANUKINIHO € KODMDDUINEHTAMHI B W(V(jﬂ) A), I
H' (Spec R,W(V(j41)4)) = 0, maugyTca Gpyskimum b, cO CBORCTBOM

ayr = by — b,.
_ -1
Teneps 10CTATOYHO MOMOKUTL X = 0(jy1)a,r © by 00, , m Torma

Yor = P+1)A0,7 © X1 — Xo ©PA,T) (2)

9TO U TpebyeTcs.

Ocranock moKa3aTh, YTO OTOOPAKEHUA X, MOXKHO BBIOPATH MOJMHOMUAILHBIMU OTHO-
ponubivu cremenn j + 1. U3 kommyTanunouusrx ¢gopmya lesasre cregyer, 9TO Y, ABIA-
IOTCS TOJUHOMUAIBHBIMY OAHOPOAHBIMEU cTerneru j + 1. Pacimupum 6asy no xoabiia MHOTO-
anenos R[Z1, ..., Zy,] m nonowum vz = e1 Zy + ...+ e, Zi, € So[Z1,- .., Zy,|*4. Hamgem
x-(vz) xax srement S;[Z1,...,7;,]Fi+04 n ocTaBuM B KaxIOM KO(DOUIEEHTE TOTLKO
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OQHOPOIHYIO KOMIOHEHTY CTENeHN § + 1; HOMyIMBIIMNCA DIeMeHT 0603Ha4nuM depes X\ (vz).
— / /
Temeps 4JIs1 IPOU3BOIBLHOTO U = €141 +. .. + €y, ay, moaaraeM x.(v) paBHBIM 06pasy X, (vz)
OpU FOMOMOP(U3ME CIIENUATA3 ALY
ST[Zl, e ,ZkA] — ST
Z1 I—)G,l,...,ZkA = Qg y -

Jlerko BUIETH, YTO MPU TAKOM ONPEIEJEHUN HYKHOE COOTHOIIeHUE (2) BCe ellle BBIMOJIHA-
ercsa. Teopema mokasaHa. O

JlemMma 6. Omobpasxcenue

Xg: W(@ Vi) — Uy
Aew

(wa)a = [ Xa(va),
A

2de npouzsedenue bepemcs 8 A1000M GUKCUPOBAHHOM NOPAIKE, COBMECTNUMOM € YPOBHEM,
ABAAEMCA UBOMOPPUIMOM CTEM.

Proof. YTBepxkIeHue Jerko MpOBEPAETCA HA KAXKIOM LIEHE MOKPHITUS C UCIOIB30BAHIEM
dopmyst (1), mocae 9ero HyKHBIM PE3YILTAT TOLYIAETCA CILYCKOM. o

Jlemma 7. IIpednoaosncum, umo das at06020 A € U 8 V1 sbibpana Koneunas nopoxrciaouasn
cucmema f{, ..., oy na > 1. Toada das moboz2o pacuupenus xoaey R — S epynna mouex
Ug(S) xax abemparmuas epynna nopoxcdena ecemu saemenmany suda X A(Ef7), € € S,
AeT, 1<i<ny.

Proof. Crenyet u3 nyukra 3 Teopemsr 2 u Jlemmer 6. O

Hauwnan ¢ macTosmero MOMEHTAa, 3apUKCAPYEM HA MHOXKECTBE OTHOCUTETBHBEIX KODP-
Hel HEKOTOPBIM MOPALOK, COBMECTUMEIN C ypOBHeM. Torma mia JOO0ro yHUIOTEHTHOI'O
3aMKHyTOro MEOkecTBa ¥ C ®p MBI MOXKEM ONPEIEINTHL HEKOTOPEIE TOMOMOP(MI3MEL

pw,a: Up — W(Va)
(“xopdduimenT” Ipu OTHOCUTEIHLHOM KOpHE A).

Jlemma 8. Jas awb6020 saemenma g € Ug(R) cywecmsyem g(X) € Ug(R[X]) co csoii-
emeamu g(0) =1 u g(1) =g.

Proof. Ecin g =[], Xa(va), monoxum g(X) =[], Xa(vaX). O

5 KommyTanumonubie popmyabl IlleBamie

Mur IpogOIKAEM CIUTATH, YTO CKACUBAOIIAU CPYIIOU] COCTOUT U3 OTHOTO KIACCA M30-
MOpPGHOCTH 1 YTO B napaboaudeckon noarpynmne P 3apukcupoBaHa HEKOTOPas MOACPYIIIA
JleBu Lp.

Mg mo6eix oTHOCHTENbHBIX KopHen A, B € ®p mbr o6o3navaeM uepes (A, B) yHumo-
TEHTHOE 3aMKHYTOE€ MHOXECTBO OTHOCUTEILHLIX KOPHEN, 00Pa30BaAHHOE BCEMU KOMOUHAIIA-
avu iA + jB, i,j > 0, npunagnexaimuvu Pp.

Jlemma 9. ITycms A, B — omuocumeavubie Kophu, npuuem mA # —kB das mobviz m, k >
1. Tozda xommymanm [Xa(Va), Xp(VB)| codepucumes 6 Uapy = [I XiarjB(Viayis),
i,j>0
u Kaxcdoe omobpaxcenue
Nagij : Vax Ve — Viayjp
(va,vB) = p(a,B)ia+iB([Xa(va), XB(vB)])

001OPOOHO CMENEH & NO NEPBOMY GPZYMEHMY U CMENEHY | O BMOPOMY.
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Proof. Tlonyuaercsa u3 kommyTamorHOn GopmMyas [llesasie B paciienuMon CATYAIAT CITyC-
koM pu nomomtu TeopeMsr 2. o

Jlemma 10. ITycmv A, B, A+ B € ®p, u A, B ne xoasuneapnvr. Tozda
1) ecau A— B & ®p, mo
Im Nap11 =Vais.

2) ecau A— B € Pp u ® # Ga, mo

Im Napi +1Im Na_popii+ Y, Im(Nappia(—v) =Vays,
veVE

ede ecau 2B ¢ ®p, cuumaem Im Na_pop 11 =0.

Proof. 1) Tlo Jlemme 4 ycioBue o3HadaeT, 9To 060 KopeHb v € 71 (A + B) mmeet mpes-
crarersme v = a+ 3, a € 71 (A), B € n7Y(B), rae a — f — me xoperb. Torga KoMMy-
taTop [Xa(eq), XB(es)], B3arom mo Monymo Uy, roe ¥ = (A, B) \ {A + B}, Ha xaxgoM
DJIEeMEHTe MOKPBITUA Sr uMeeT BUL Toyg(El), orkyza Im (Napii)r = Varp ® Sr; no-
ckoabky Im Nypyy sBAsteTCA moaMonyiteM V4, p, OHpeIeNeHHBIM HA L 0A30BBHIM KOJIBIOM,
uveeMm Im Nypi1 = Vasp.

2) MencTByA, KAK B MyHKTE 1), MBI MOXKEM TOLYIUTh, YTO HA KAKIOM DIEMEHTE TIOKPHI-
tua S, Monymb Im (Napgi1), cogepkutr e, rie ¥ — KOpOTKuil kopenb u3 7 ' (A + B).
Ecmm xe v — mmumned xopesb m3 7 (A + B), w3 mammx mpeamonoxenuin u Jlemvobr 4
crenyet cymectsopanue o € 7 1 (A — B), 8 € 77 1(B) Taxux, 9To 7 = a + 23. Hoabaysacs
nyaxroM 3 Teopemer 2, momydaem, uro kommyTaTop [Xa_p(eq), Xp(eg)] mo moaymo Uy,
rae ¥ = (A — B, B) \ {A + B}, Ha Kax/I0M dIeMeHTe MOKPHITUA S, UMeeT BUI

Tar2s(£1) - ] [a(D), 2 (us)l,  ug €5,
B'e2B

CnegoBaremsro, ey, € Im(Na_p B1,2)-(—,€3) + Im(Na_popi,1),. [anee, cymecrByeT
npencTraBICHUE €B B BUIE

eg=aifi+...+amfm, a;€Sr, fi€Vp.

Jlerxo BugeTn, aTo m1a moboro § € 7 1(A — B)
[Xa-B(es), Xp(es)] = [XAfB(ed),HXB(aifi) - Xop(w)] =
= [XA—B(GJ):HXB(aifi)] [Xa-B(es), Xop(w)] =

= [[[Xa-sles), Xp(aif ) [ [[Xp(aifi), [Xa—p(es), Xp(a; ;)]

i i<j
. [XA_B(ea),XQB('LU)] mod U\p
s mexoroporo w € (Vap), (Teopema 2, mykT 3). PackpbiBas KOMMYyTaTOpHI naee,
noay4aeM, IT0 (Na_g.B1,2)r(€5,€3) COTEPKUTC B
Z(NAfB,B,la)r(eda a;fi) +Im (Napi1)r +Im (Na—p2B,1,1)r =
i

Z(NA—B7B,172)T(G'?€67 fi) +Im (Napi1)r + Im (Na_B2B1,1)r-

i

CyMMupys BCe BBINIECKA3AHHOE, BUINUM, ITO €, MPUHALIEKNT

> Im(Na-pp12)-(— fi) +Im (Napi)r +Im (Na_p2p.11)r,
i

YTO U 3aBEpPHIaeT JOKA3ATETHCTBO. O
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Jlemma 11. IIpednosoxcum, wmo omuocumesvubiti Kopewv A € ®p codepacumces 8 nwenpu-
800umot Komnonenme parea > 2. Toeda das w6020 v € V4 cywecmsyiom ommocumens-
nvie xopwy B;, C; € ®p, ne xoasuneapuvie A, saemenmuvr v; € Vp,, u; € Veo,, u wucaa
ki,l; >0,n; >0 (1<i<m), maxue wmo das soboiz £, € R evinoaneno?

m

XA(£W2’U) = H Xp, (é‘kinnivi)Xci (nliui)-

i=1

Proof. Mer MoxeM cauTaTh, 4TO &,7 ABIAIOTCA CBOOOTHBIMU MEPEMEHHBIMU, TOPOXK JAI0-
IIIMHA KOJABIO MHOrOUTeHOB R[E,n], u paccmarpuBath R[E,n]-Touku dyHKTOpPOB X4, A €
®p, BMecTO R-TOYeK. YTBEPKAEHUE JEMMBI TOIAA TMOLYIAETCA COOTBETCTBYIOMEHN CIIEINA~
ausanuen € u 1.

ITo Jlemme 5 HaUIyTCA Takue HEKOLIMHEAPHBIE OTHOCUTENLHEIE KOpHU B, C € ®p, uTo
A = B+ C, npuuem eciu ® = G2, To B — C He ABIACTCA OTHOCUTEILHBIM KOpHeM. Toraa
no Jlemmam 9 u 10 (3ameTum, 9TO KOMMYyTaluOHHLIE (OPMYJILI OCTAIOTCA BEPHBLIMU HAJ
pacmmuperuem R[€,n] xoabma R) anement X 4(£n?v) cogepxutcsa B Tpyme, TOPOKICHHONR
DIEeMEHTaMEI

[XB(E- V), Xo(® - Vo)) m [[XiBicEn™  Vipe),
4,7>0,
(i,5)#(1,1)

a takxe, ecim B — C ABAsSeTCA OTHOCUTENBHBIM KOPHEM, 3JIEMEHTAMHA

[X-c(&-VB-0), Xoc (- Vao)l, [ Xi-cy2ic (€M% - Vip—cysaic),
4,7>0,
(4,3)#(1,1)
(XB_c(&-VB_c),Xc(n- Vo), HXi(B—O)-i-jC(finj Vis-c)+jc)
0,70,

(1,4)#(1,2)

1, ¢ yaeToM nyHKTa 3 TeopeMsr 2,

[ Xia(en™ - Via).

i>1

IMockomeky B u C He KOLIMHEAPHHBI, BCE BO3HUKAMOIINE OTHOCUTENbHBIE KODHU MO0 He
kommuHeapHsl A, 6o mvetor Bux (A, i > 1. CrezoBareapbHO, IOCTATOYHO MIPUMEHUTH
UHAYKOWIO 110 yOpiBaHuio k = lev(A). O

Ilycte P < P’ — nBe mapabomumveckue moarpynnul B G. 3amerum, 9To eciu Lpr —
noarpynna Jlesu P’, To P obaagaer noarpynnon Jlesu Lp rakon, aro Lp C Lp: (Exp.
XXVI Prop. 1.20). HycTs T — HEKOTOPOE JOKAIBHOE OCHAIeHue, coBMecTuMoe ¢ P u Lp,
n noarpymma P mmeer Tun J = J, C I, = II. Tak xaxk P C P’, ToxamsHOe OCHAIICHUE T
aBTomaruaecku cosmectumo ¢ P’ u Lps (cp. Exp. XXVI Prop. 1.4), u napabonudeckas
noarpynna P’ mmeer tun J' C J.

Jlemma 12. ITycms P < P’ — cmpoeo cobecmeenubie napaboauueckue nodepynnvi 6 G.
Tozda naiidemesa maxoe wucao k > 0, 3a8ucauee moavko om panza Pp, wmo das 4106020
omuocumenbno2o xKopua A € ®p u 06020 v € V4 cywecmsyiom omuocumesbubie KOPHU

3I\ALI UCIOJBb3YyEeM J3KCIIOHEHIIMAJBbHYI 3al0UCh MJIA 0603HaMeHU COIIpAXKEHUA B I'pyIne, T.e. z¥ osHavaeT

y_lxy.
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B;,Cij € ®p/, osemenmovr v; € Vp;, u;; € Vg
aobvir £, € R 8binoaneno

u wucaa ki, ng,l;; > 0, maxue wmo das

ij?

m;

. m o 11 Xei; (' uij)

Xalén™v) = HXBl- (&™) =t :
i1

B wacmunocmu, Ep(R) = Ep/(R).

Proof. Ilycre © C & — MHOXKECTBO MOJOKUTEILHEIX KOPHEH, COOTBETCTBYIOIIEe yHUIIO-
rerTHOMY pagukary Ups. flcro, uro ymumorentHomy paguxary U p/y- COOTBETCTBYeT
MHOXeCcTBO KopHen —@. Torma B o6osHavenusax npegwigyimero naparpada Up: = Uy,
Upy- = U_g, rre ¥ = 71(0) C ®f, — coOTBeTCTBYyIOmeEe MHOKECTBO OTHOCUTETHHEIX
KOpHeN.

3adukcupyeM Ha MHOXKECTBE IIOTOKNTeTLHEX KOopHel ® HeKoTOpLI IMOpAIOK, WHIY-
nupytommi #a $F, MOPAIOK, CONTACOBAHHEIA ¢ ypoBHeM. He yManaa OGIIHOCTH, MOXKHO
cumTath, uTo A € ®F.

Ecin A € ¥, o mo Jlemme 6 onpenereHsl HEKOTOPBIE OTOOPAKEHUA CXEM

/\B:p(b;”BoXA: W(Va) — W(VB), Ben‘b}ﬁ,’

rakue 910 X 4(u) = HBE(I)JFI Xg(Ap(u)) ma moboro u € Vy, rae npoussenenue 6epercsa B
BEIOpaHHOM mopsagke. 13 KgMMyTaLII/IOHHBIX dopmyr lepamre npr moMomy CIycka Creayer,
aro A, B € <I>];,, — OJHOPOHBIE MOJUHOMUAIBHBIE OTOOpakenus. CiaeqoBATeNIbHO, I
Bcex A € ¥ (u, anasornyso, qusa Beex A € (—¥) ) yTBepx JeHNre JeMMBI BEIIOIHEHO € u;; = 0,
1<i,j<m.

Paccmorpum crywan, xkorga A € ¥. MuoxecTBa npocTeix kKopHen J u J' MHBAPHAHTHEL
OTHOCUTEIBHO IPYHIEl aBTOMOPGI3MOB auarpaMmbl Jommkuna ['; = I') To ecTs mpeacra-
BJAIOT COO0U 00BeMHEHNA HEKOTOPLIX [-op6uT mpoctrix kKopuen. Ilpeanonoxum cHadasa,
4TO pasHOCTh J \ J' COCTONT M3 eIMHCTBEHHOU ['-OpOUTHI, COfepKaIell MPOCTON KOPEHb
a € I. Torga ¥ = &5\ N7 (a,), crerosaTersno, MOXKHO cauTaTh, aT0 A € &}, mveer g
A = nn(ay), n € Z. Tak kak P’ — cTporo co6CTBeHHAA MApabOIMIeCcKas MOArPYIIIa, TO
PaHr HEIPUBOIMMON KOMIOHEHTHI P p, comepxamen A, e mennmie 2. Torga mame yrsep-
xKaeHue npu k > 3 mpamo caenyer u3 Jemmer 11 (c 3amenon & ma £n) u npegbrgymero
cIydas, Tak Kak Jrboun kopeub B € ®p, He kowmnHeapHbn A, aBTOMATUYECKN CONEPKUTCA
BUU(-T)=op\ Zr(ay).

Teneps ecn J \ J' cocrout n3 Gonee geM ogHOU [-OpOUTEHI, TO HOKA3ATEIBCTBO JETKO
3aBEPIIAETCA 0 MHIYKIWA, YIATEIBAA, ITO LI J060ro [-mHBapmanTHOrO MEOKECTBa J'' C
IT rakoro, aro J' C J” C J, cymecTByeT cTporo co6cTBeHHAA APAOOIMIECKAA TOATPYIIITA
P rpynmt G, conepxkaman P n nveromas tun J” (Exp. XXVI Lemme 3.8). O

6 Jlemma KBumiena-CycamHa U JO0Ka3aTeJabCTBO OCHOB-
HOM TEOpPEeMBI

BBemem mexoTOpBIe MOMOJHUTENbHBIE 0O0O3HAvMeHusa. [laa mmeana I xombiia R MBI 0003HA-
qum wepes G(R,I) sgpo romomopduama penykuuu G(R) — G(R/I), uepes Uy (R,I) —
nepecedenne Uy (R) N G(R,I), gepes Ep(l) — moarpymnmy, mopoxaenuyio Up(R,I) u
Up-(R,I), a uepes Ep(R,I) — HopMmanbHoe 3ameikanue Ep(I) B Ep(R). Kpowme Toro,
I MaKCUMaabHOro ugeana M koabna R o6oznauuM depes Fpy roMoMoOpdusM JOKAIA3A-
muu G(R) — G(Rar).

JIlemma 13. Ameem mecmo pasencmeo Ep(R[X]) ~ Ep(R[X], XR[X]) X Ep(R).
Proof. T'pynna Ep(R[X], X R[X]) no onpexenennto HopmanbHa B Ep(R[X]) u nepecexaercs

¢ Ep(R) Toabko mo egunmie. Tak 4To ocranocs gokasars, 4To Up(R) u Up(R[X], X R[X])
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nopoxaoT Up(R[X]). MOXHO CIMUTATD, YTO CKICMBAIOLIAN MPYIIIONT COCTOUT U3 OJHOTO
ka1acca m3omopduoctu. Torga yTBepkaeHUe IpaMo caeayeT u3 JleMMer 7. o

Caeacrsue. Ep(R[X]) N G(R[X], XR[X]) = Ep(R[X], XR[X]).

Proof. Tlycts g(X) nexut B Ep(R[X])NG(R[X], X R[X]); npegcrasum ero B Buge g1 (X)ga,
rae g1(X) € Ep(R[X], XR[X]), g2 € Ep(R). Torga g» = ¢1(0)g2 = g(0) = 1. O

Jlemma 14. IIyemsw g(Z), h(Z) € G(R[Z]) maxoswur, wmo Fi(g(Z)) = Far(h(Z)) u g(0) =
h(0). Toz2da cywecmeyem s € R\ M maxot, umo g(sZ) = h(sZ).

Proof. [euctBuTensuo, ama A" aHATOTUYIHOE yTBEPXKIEHWE OUeBUAHO, a (G ABIAETCA 3a-
MKHYTOU mojacxemon A" i1 HeKOTOPOTro 7. O

Hauwunas ¢ HacTosmero MOMeHTa MBI IIPEANOIaraeM, ITO BBIIOJIHEHO ycaoBue Teopemsr 1.

Jlemma 15. Jas awoboeo g(Z) € Ep(Ry[Z], ZRm[Z]) cywecmsyom saemenmuvt h(Z) €
Ep(R[Z],ZR[Z]) w s € R\ M maxue, wmo Fyp(h(Z)) = g(sZ).

Proof. MoxHO cunTaTh, 9TO ckiIenBaromun rpynmnouns G (#ax R) coCTOMT U3 0HOTO KIacca
uzomopduOocTu. B camom merne, ecan 3amkHyTas Touka Spec R, coorsercrByoman M, me-
xur B komnorente Us = Spec Re, u mbl Hamwin anemert h/'(Z) € Ep(R¢[Z], ZR¢[Z]), oTo-
Opaxaromuncsa B g(sZ), MOXKHO B kadecTse h(Z) B3ATH aaeMeHT, pasubin h'(Z) wax Ug u 1
wan ] U,.
a3
Hoxazareascrso Jlemmer 13 nokasuisaet, uro Ep(Rp[Z]) nopox gaerca Ep(ZRyp[Z]) u

Ep(Ryr). CrenoBaTeqsHo, TOCTATOMHO paccMOTpeTs atemenTst ¢(Z) Buga g1g2(Z)g; b, rae
91 € Ep(Ry) n g2(Z) € Ep(ZRym[Z]). Tlonoxum S = R\ M. HerpyaHo BuneTs, 9To A5
m060ro s’ € S MOXKHO HANTH Takon »1eMeHT s € S, uTo go(sZ) nexut B Fiy (Ep(s'ZR[Z])).
OcTaeTcs [OKa3aTh, 9TO CyIIECTBYET HIEMEHT s’ € S, yIOBISTBOPSIIONIAN

91 Fu(Ep(s'ZR[Z)))g; " € Fu(Ep(R[Z), ZR[Z))).

B mencTBUTETREHOCTH MBI OyJeM NOKA3LIBATE, 9TO Ay Jrodoro s” € S cymecrsyer s’ € S
TaKOU, ITO

glFM(Ep(s’ZR[Z]))FM(EP(S/R[Z]))gl_l C FM(EP(s//ZR[Z]))FM(EP(S”R[Z]))_ (3)

Torga MOXHO CIATATH, 9TO g1 ABIAETCA MPOU3BOIBLHON 0Opasywomen Ep(Rar).

IIycts Ppin — MuHEMAThHAsA mapabonumdeckas noarpymnma rpynnsl Gr,,, COxepkalia-
sca B Pr,,, ®p,,, — COOTBETCTBYIOIIAA CUCTEMa OTHOCUTEILHLIX KOpHen. W3 Jlemmsbr 12
crexyet, ato rpynna Ep(Ry) = Ep,  (Ry) cosmanaer ¢ Ep,, (Ra), mosToMy BO3bMeEM
g1 = Xa(v) maa mexoropeix A € ®p ., v € Vy. U3z Jlemmer 12 Taxxe ciegyer, 9TO
X 4(tv) € Fy(Ep(R)) mna mexoroporo t = t(gy) € S.

Ilo Jlemme 7 rpynna Far(Ep(s'R[Z])) coors. Fuy(Ep(s'ZR[Z])) nopoxnaercs sneMeH-
ramu hy Buga Xc(€s'Fa(ec,)) coors. Xc(Es'ZFu(ec,)), rae C € ®p, £ € R[Z] n
DIEMEHTHL ec,; 00Pa3ylT MOPOXKAAIIY0 cucTeMy Moayad Vo ® R[Z] wan R[Z]. Yrobet
nokazath Qopmyry (3), M0cTATOIHO MOKa3aTh, ITO gi1hog; - € Far(Ep(s”R[Z])) coors.
glhogl_1 c FM(Ep(s”ZR[Z]))FM(EP(SNR[Z])) s Beex obpasyrommx hg ¢ £ = 1, Tak xax
YTBEPKIEHNE [ IPOU3BOJLHON 0OPa3yIoIIen IOy IaeTCa IMOACTAHOBKON Z +— £Z.

Monoxkue B Jemme 12 £ = 1, n = s’ coors. £ = Z, n = s, a rakxe s' = (s")
s mexkoroporo s € S MBI MOXeM mpencTaBuTh ho B BuAe (KOHETHOTO) MPOM3BEICHUSA
srementos h Buga X g(s” u) coors. Xp(s"” Zu)ll: Pi(s"wi) rpe Be ®p ue Ve@Ry|[Z],
D; € ®p_ .., w; € Vp, ® Ry[Z]. fcHO, 9TO IOCTATOYHO PACCMATPUBATH TOJBKO DIEMEHTHI
h Buga Xpg(s"'u) coors. Xp(s"'Zu). Kax u Beime, no Jlemme 12 h € Fy(Ep(R[Z])) cooTs.
Fy(Ep(ZR[Z])), ecin 8" memuresa Ha Hekoropoe r = r(h) € S.

[anee, B ciydae, korga mB # —kA mus moboix m, k > 1, Jlemma 9, oueBugHO, BIeder
gi1hgt € Fu(Ep(s”R[Z])) coots. gihgy ' € Fau(Ep(s” ZR[Z))), ecma 8" memurcs wa s” u
TOCTATOYHO OOJBINYIO CTeneHsb ¢t u r. Pazbepem cayuan, Korga A u B KOIITHEAPHEL.

k
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ITo mpegnomoxenuto Teopembr 1 paHr KaKAOM HENPUBOAUMON KOMIOHEHTHI ®p .  He
menee 2. Torga mo Jlemme 11 s mo6oro u € Ve ® Ry[Z] cymiecTByoT OTHOCUTEILHBIE
kopuu By,...,Bp,,C1,...,Cp, € ®p . , He kownmuneapusie B (a 3uauur, u A), s1eMeHTHI

v; € Vg, ® Ry[Z], u; € Vo, ® Ry[Z], w aucaa ki, l; > 0,n; >0 (1<i<m), rakue 910
Xp(nPu) = [ [ Xp, (65w Yo: (0 wi)
i=1

st mo6bIx €, n € Ry [Z]. Honoxum £ = s1 cOOTB. ZS1, ) = Sa, Te 004 dIEMeHTa S, Sg € S
IeIATCA Ha JOCTATOYHO OOJBINIWE CTEmeHW t u s, a Takxke HA Takoe IUCI0 p € S, 9TO
pu;, pv; € R[Z] ana moboro 1 < i < m. Torga eciu s € S merurcs Ha $153, mo Jlemmanm 9
u 12 MBI kak pas moxyunm gihg; ' € Fyr(Ep(s”R[Z]))fEr"RIZD) = Fy(Ep(s”R[Z]))
coots. gihgy' € Fy(Ep(s” ZR[Z])) P (Er(s"RIZ))

O

JIemma 16. Jan awbozo g(X) € G(R[X]) maxoeo, wmo Far(g(X)) aencum 6 Ep(Rp[X]),
cywecmeyem s € R\ M maxoii, wmo g(aX)g(bX)™! € Ep(R[X]) das 6cex a,b € R maxuxz,
ymo a =b mod s.

Proof. Paccmorpum axement f(Z) = g(X(Y + 2))g(XY)™! € G(R[X,Y, Z]). 3amernm,
aro Fy(f(Z)) € Ep(Rm[X,Y,Z]) m f(0) = 1. To Cregcremo u3s Jlemmver 13 Fi(f(2))
nexut B Ep(Ry[X,Y, Z], ZRym[X,Y, Z]). Teneps mo Jlemme 15 cymecrsyioT snement h(Z)
us Ep(R[X,Y,Z],ZR[X,Y,Z]) u s1 ¢ M mrakue, uro Fy(h(Z)) = Fu(f(s12)). Tlo
Jlemme 14 cymecrByer so ¢ M rTaxon, 9to h(s2Z) = f(s1527Z). Iomoxum s = s;s92; Torga
g(X(Y + sZ))g(XY)™! nexur 8 Ep(R[X,Y, Z]), oTkyaa cnenumaiusaiueit nepeMeHHbX Y
U Z ¥ TMOJyYaeTCA HyKHOe YTBepXK IeHUe. O

Jlemma 17. ITycmoy g(X) € G(R[X]) obaadaem mem ceoticmeom, wmo g(0) € Ep(R) u
Fy(g(X)) € Ep(Rp[X]) das ecex maxcumanvnbiz udeasos M. Tozda g(X) € Ep(R[X]).

Proof. Mna mo6oro MakcumamsHOro uneana M BuibepeMm sy ¢ M xak B Jlemme 16. Ilo-
CKOMBbKY UIEANT, TOPOXKACHHLIN BCEMU S, HE COMEPKUTCA HU B KAKOM MAKCUMAILHOM UIe-
aJje, HAAeTCA pa3OueHne equHunLl 1 = Zi\; sa;ti. llpumenum tprok Abers: o6o3HAYIAM
uepes a; TaCTUIHYIO CyMMYy Zfi? sy;ti- Torga ajy1 = a; mod spry_;, 1 MBI IMeeM pa3-
JIOXKEHUE

N—-1
g(X) = ( H 9(a; X)g(a;41X) ") g(0),

rge Bce comHoxuTenn aexar B Ep(R[X]) mo BeiGopy spy. O

HokazaTeascTBo Teopemsr 1. IlycTs () — napaboaudeckas nogrpynmna G, OTIXYHAS OT
P. TIycts g € Eg(R); Hano poxasarsb, uTo g € Ep(R). MoxkHo cuurars, uto g € Ug(R).
Hanzxem g(X) € Ug(R[X]) kak B Jlemme 8. IIycTs Teneps M — KaKON-TO MAKCUMAJIbHBIN
unean. U3z SGA 3, Exp. XXVI, Cor. 5.2 u Cor. 5.7 caegyer, uro P comepxut Hax Ry
HEKOTOPYIO MUHUMAJIBHYIO Tapaboandeckyo P, () COIEPXKUT MUHUMAILHYIO mapabonu-
9eCKYI0 Qmin, IPUIEM OHU CONPsKeHbI HEKOTOpbIM drieMenToM h € Ep . (Rps). Tenepn

Fr(g(X)) nexnr B Ug(Ra[X]) u a fortiori B Ug,,, (Ram[X]). Suaunrt, zFM(g(X))h_l, a
rem cambM 1 Fiyr(g(X)), nexur B rpynme Ep_. (Rap[X]), koTopas no Jlemme 12 coBnagaet

¢ Ep(Rp[X]). Tockoneky g(0) = 1, moxuo npumenuts Jlemmy 17 u momyuuts, 9to g(X)
aexut B Ep(R[X]). Teneps g = g(1), Tak uro g nexur B Ep(R), u Teopema goxkazana. [

7 Ilpumepsnr

1. Ilycte D — anrebpa Amsymanu mag R cremenu d. Torma rpynna G = GL,11(D)
ABIACTCA PEIYKTUBHOUW rpynmont tuna Ag.41)g—1 (Toumee, dpyrkrop S +— GL,11(D ® S)

16



OpeICTaBUM PeqyKTUBHOU rpynnosou cxemoun (7). Hoarpymma P, cocTosIas u3 BepXHETPe-
YTOJIBHBIX MATPUIL, ABIAETCS Hapaboandeckon noarpynnon tuna {d, 2d, ..., (r+1)d}; otHo-
CUTeJIbHBIE KOPHU 00pa3yoT cuctemy Kopueun A,.. Moayias V4, COOTBETCTBYIOMINUN OTHOCH-
TeJILHOMY KOPHIO A, MOXKHO 0TOX 1ecTBUTE ¢ D. IIpu sToM oTOOpaxenne Nei—e;ej—en11: DX
D — D conagaer ¢ ymaoxenueM B D. Daementapuas noarpymnmna Ep(R) coBnagaer ¢ moa-
rpynnon E,. (D), HOpOX IeHHON 3JeMEHTAPHLIMA MATDPUIIAME.

2. Ilycts V — OPOEKTUBHBIN MOIYJIb PAHra 2N, CHAGKEHHBIM HEOCOOOU KBAAPATUIHOU
dopmon (. Torga ma rpynme O(V,Q), cocrosamen u3 Bcex aBroMopdu3MoB V', coxpansio-
mux (), ompeneneHo orobpaxkenue [MKCOHA CO 3HAYMEHMEM B MOCTOSAHHOU cxeme (Z /27)g,
KOTOpOe B clIydae 2 € R* 0HO COBmagaeT ¢ ompepennTeneM npu oToxaecteierun (Z [27)g
¢ (u2)r (cm., mampuwmep, [18]). Ero sapo O1(V, Q) sapisercs perykTUBHOR CpyIION THIA
D,,. Ilpegnonoxum, aro V comepxut HAOGOP U3 r < N HOMAPHO OPTOrOHAJBHBIX rurepbHo-
aumaeckux map (e, fi),...,(er, fr) (970 3naunT, aro Q(e;) = Q(fi) = 0u Q(e; + f;) = dsj).
Torma moarpynma P, cocTOAIIaa u3 TpeoOpa30BaHUN, COXPAHAIOMNX (dhIar

(e1) < (e1, ea)...<{e1,...,e.),

ABJSETCS MAapaboJMIecKOr HOArpynnon tTuna {1,...,7}; OTHOCUTENIbHBIE KOPDHHA 00pPa3yioT
cucreMmy KopHen Tumna B,.. Moayas V4, COOTBETCTBYIOIINU OTHOCUTEILHOMY KODHIO A,
MOXKHO OTOXIECTBUTHL C R, eciu A IIVHHLIN, U ¢ OPTONOHATLHLIM [OTOJHEHNEM K TTOJIMO-
ayao {e1,...,ep, f1,-.., fr), ecim A koporkunn. Ecim A, B u A + B — OTHOCUTEILHBIE
KOpHU, TO oToOpaxenue N 4p11 BHIIVIAAUT TaK:

o (u,v) — +(Q(u+v) — Qu) — Q(v)), ectu A u B xopoTKue;
e (a,b) — *ab, eciu A u B naunube;

e (a,v) — *av, eciu A pnunHbg, 8 B KOPOTKUI.

Haxower, eciu A gaunnbm, a B kxopoTkuu, u A + 2B ABIAETCA OTHOCUTEILHEIM KOPHEM,
10 N4p12 nepeomut (a,v) B +a@Q(v). DaeMeHTapHAA TOATPYIINA COBIAIAET C IOATPYIIION,
MNOPOX JEHHOU TPAHCBEKIUAMY Duxaepa—3urens—IukcoHa.

3. Ilycrs S — kBagpaTuydHOE dTATBHOE pacimupenune R, T.e. ckpydeHHas ¢popMa aareOpsl
R x R. Torga ua S onpeneieHa MHBOJIIOIUA T — T, TOMYIAIOMAACT CKPYIMBAHIEM UHBOJIIO-
mun (a,b) — (b, a); MHOXKECTBO ee HEMOABMKHBIX 3IEMEHTOB coBmagaer ¢ R. OTobpaxenune
tr: S — R, £ — x + T, Ha3BIBaETCA 0MoOpatcenuem cieda.

IMycts V' — mpoexTuBHBIN S-MOy b paHra n + 1, CHAGXKEHHBIU HEOCOOOU DPMUTOBOU
dopmon H. Torga rpyuna U(V, H), cocrosmas u3 Bcex aBTOMOPGU3MOB V', COXpAHAIOMIUX
H, spnsercs pexykTupHO# rpymmon (man R) tuma 24, (wEzexc 2 o3HAMAET, UTO TPYIITHL
aBTOMOP()U3MOB 00BEKTOB CKICUBAOIIETO I'PYIIONA LA COCTOAT U3 ABYX daeMeHTOB). IIpen-

nonoXuM, 9T0 V' comepXuT Habop m3 r < 3 TOMAapHO OPTOTOHATHHBIX MUTEPOOTTIECKIX

nap (er, fi), ..., (er, fr) (9r0 3HaumT, uro H(e;,e;) = H(fi, f;) = 0 u H(e;, f;) = 0ij).
Toraa noarpynma P, cocrosias u3 IpeoOpa3oBaHul, COXPAHAIOIIMX (JIar

<61> S <61, €2> S <61,...,€r>,

ABJSETCS MapaboIuIecKon moarpymnon tuma {1,...,r,n —r + 1,...,n}; oTHOCUTEILHBIE
KopHU 06pasyioT cucremy kopuen tuna BC,. Mongyas V4, COOTBETCTBYOIIUN OTHOCUTE b
HOMY KOPHIO A, MOXHO OTOXIECTBUTHL C S, eciu A KOPOTKUM, C OPTOTOHAMBLHEIM OO~
HeHueM K (€1, ...,€p, f1,..., fr), €CIN A DKCTPAKOPOTKUM, U C AAPOM OTOODAKEHUA CIEA,
ecn A pmmapin. Ecmm A, B u A + B — OTHOCUTEIbHEIE KOPHM, TO OTOOpakeHne NApi1
BBIDVISTUT TaK:

e (u,v) — +H(u,v), ecitu A u B 5KCTpakopoTKue;

e (a,b) — *ab, eciu A, B u A+ B xoporkue;
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a,v) — Fav, ectu A xopoTkuu, a B 3KCTPaKOPOTKUY;
a,b) — +(ab — ba), ectu A u B xoporkue, a A + B mpiunHBI;
b)

e (a,b) — *ab, ecim A mauaHLI, a B KOPOTKUM;

(
(
(
(

u,v) — £(H(u,v) — H(v,u)), ectn A = B 5KCTPaKOPOTKUN.
Ecmu A+ 2B sBaseTcsa OTHOCATEIBLHEIM KOPHEM, TO 0TOOpaxenune N gAp12 BEINVIAIAT TAK:
e (a,b) — =+bab, ecmu A nruHHBIA, a B KOpOTKMi;

e (a,v) — fao(H (v,v)), rge 0 — HEKOTOPOE PUKCUPOBAHHOE CEUEHUE K OTOOPAKEHUIO
crena, ecan A kopoTkui, a B 5KCTPaKOPOTKHM.

4. HamomumM, 9TO aarebpa HA3LIBACTCA GAbMEPHAMUBHOT, €CIN JIOOLIE ee IBA DIEMEHTA,
HNOPOXKJAIOT ACCOUUATUBHYIO Tomaare6py. Aazebpoii Ksau manm xombioM R HasbBaeTcs
anbTepHaTUBHAA anredpa C ¢ 1, cHaOKeHHA UHBOIIOIUEH & +— I, TPUIeM TPeOyeTCs, ITOOkI
C' ABAANACH TPOEKTUBHEIM R-MOIyJeM NOCTOAHHOTO paHra 8, a oToOpakenue xopmvt n(x) =
Zr = T UpUHUMAJIO 3HaUYeHUsI B R U ABIAIOCH Heocobou kBagparwanou dopmou Ha C.
Ha C Torga ompemeneno Taxxe orobpaxkenue caede t(x) = x + T co 3HadeHusmu B R
(mericrBuTenbHO, t(x) = n(z + 1) — n(z) — 1).

ITo anre6pe Koau C' u 06paTUMBIM CKATIAPAM Y1, Yo U Y3 MOXKHO MMOCTPOUTH KyOUIECKYIO
noppauoBy anre6py J = Hs(C,v1,7v2,7¥3), COCTOAILYIO U3 DIEMEHTOB BUIA

1. =
&1 C3 Y1 V3C2
—1_ -
Y2 MCs 3 gl (4)
—1 —
C2 Y3 Y21 &s
rae ¢y, ¢z, c3 — smemenTsl C, a &1, &, &3 — ckamapul. B wactHOoCTH, Ha J OompemereHa

nopma — Kybudeckoe otobpaxkenune N : J — R; nopma mMarTpunsl (4) 3aMucChBaeTCA KaK

&6 — v "&in(er) — v séen(ea) — v 'méan(es) + t(ereacs)

(mocmenHee craraeMoe He 3aBUCUT OT CIOCOOA PACCTAaHOBKEU CKOOOK). IloapoGHOCTH CM.,
Hanpumep, B [19] wiwm [13].
IMomoxum

1 0 0 0 00 0 0O
ee=(0 0 0], e=]|0 1 0 n es=|0 0 O
0 0 0 0 0 0 0 01

3ameTnm, 9TO €1, €3, €3 — MONAPHO OPTOTOHATLHEIE HIEMIOTEHTH B .J, qaiomme B cymme 1.
Yepes cfij], e c € Cm 1 < i # j <3, 6ygem 0603HaIaTh MaTpuiy Buga (4) ¢ ameMeHTOM
;¢ B no3utmy (i, j) U HyJIMHI B IO3UIMAX, OTINIHLIX OT (i, j) u (j, 7).

DyukTop

S—{geGL(J®S)|N(gx) =N(z) pnascexz € J®S,SCS'}

IpeJCcTaBUM MOJIynpocTou rpymmosou cxemou G tuma FEg. IMoarpymma P, cocrosimas u3
BCEX MPeoOpa3OBaHNl, COXPAHAOIIMIX (aar

0<

O O ¥

0 0 0
0 0] < 0] <,
0 0 0

O % ¥
O ¥ *

ABJSETCS MAPabOMMIecKon noarpymnmon tuna {ag, s} (cp. [15, Table 1]). 3amerum, o
IepBOe HETPUBUAILHOE HPOCTPAHCTBO (PIara HATAHYTO HA MAEMIOTEHT €1, a BTOPOE CO-
BHagaeT co caaraeMeM Jy(es) pasaoxkenusa [upca, mOMIyIeHHONO IO UIEMIOTEHTY e3 (T.e.
C MHOXECTBOM DJIEMEHTOB J, aHHYJIUPYEMbIX YMHOXEHUEM Ha, €3).
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OTHOCHTENBHBIE KODHE O6Pa3yoT CUCTEMY KOpHeR Tuma As, B 0603HaveHnsax [14] &p =
{£(e1 — €2),+(e2 — e3),+(e1 — €3)} . Moayas V4, COOTBETCTBYIOMINI OTHOCUTEILHOMY
kopuio A, MoxuO oroxaectButs ¢ C. Ilpu sTom srement X., ., (c) aBrseTca “anre6Gpan-

. v )
YeCKOU TPAHCBEKINEN Tﬁlc[ij]’ej, a orobpaxenme N, ;.. 11: C X C — C copnamaer

¢ ymHoxernuem B C' (manpumep, [13, (v)]). Daemenrtapras noarpynna Ep(R) coBmazaer c
[OACPYIION, MOPOXKAEHHON BCEMU aIre6panvecKuMi TPAHCBEKIMAMI.
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