PREPRINT PDMI 17/2007

ON MARKOVIAN PERTURBATIONS OF THE GROUP OF SHIFTS ON THE REAL LINE

G. AMOSOV, A. BARANOV, V. KAPUSTIN

Abstract. We study perturbations (τ̃_t)_{t∈R} of the group of shifts (τ_t)_{t∈R} acting on L^2(R) by (τ_tf)(x) = f(x − t), such that τ̃_t − τ_t belongs to a certain Schatten–von Neumann class S_p with p ≥ 1, and the perturbations have the Markovian properties in the following sense: if f ≡ 0 on R_+, then, for t < 0, τ_tf = τ̃_tf. The problem is to describe possible spectral types of the unitary component of τ̃_t. Previously, we studied this problem for the isometric semigroup (τ̃_t|_L2_{(R+)})_{t≥0} using a special model in the Hardy space. It was shown that, for S_1-perturbations of the isometric semigroups, any singular spectral type may be obtained, whereas for S_p perturbations the perturbed semigroup (τ̃_t|_L2_{(R+)})_{t≥0} may have arbitary spectral type of the unitary component. For p > 1 the statement remains true for the unitary dilations (τ̃_t)_{t∈R}; however, in terms of our model the difference τ̃_t − τ_t cannot be in S_1.

Keywords. Group of shifts, Markovian perturbation, Schatten–von Neumann ideals, Hardy space, inner function.

The second author is supported by the RFBR, grant 06-01-00313, the third author is supported by the RFBR, grant 05-01-00925. 1

2 G. AMOSOV, A. BARANOV, V. KAPUSTIN

1. Introduction

Consider the unitary group (τ_t)_{t∈R} of shifts on the space L^2(R),

(τ_tf)(x) = f(x − t), f ∈ L^2(R),

which will be thought of as the unperturbed group. In this paper we are concerned with perturbations (τ̃_t) of the group (τ_t) satisfying the following properties:

– (τ̃_t) is a strongly continuous group of unitary operators on L^2(R); – the difference τ̃_t − τ_t belongs to a certain Schatten–von Neumann class S_p for every t ∈ R;

– the perturbation satisfies the so-called Markovian property, which means that the perturbed operators coincide with the unperturbed ones on the left semi-axis R_− as t < 0, i.e.,

(1) τ_tf = τ̃_tf if f = 0 on R_+, t < 0.

As usual, the Markovian property may be interpreted in the sense that “the past does not depend on the future”. Perturbations with this property (with p = 2) were investigated by the first author [3, 4, 5] in connection with the study of cocycle perturbations of the flow of Powers shifts [17, 10, 11].

We identify the spaces L^2(R_+) and L^2(R_−) with the subspaces of functions from L^2(R) identically equal to zero on the semiaxes R_− and R_+, respectively. As follows from the Markovian property, L^2(R_+) is invariant under the operators τ̃_t with t > 0. Therefore, one may consider the semigroup of isometric operators that are restrictions of (τ̃_t) to L^2(R_+), t > 0, which is also of our interest. The unitary group (τ̃_t) is the dilation of this isometric semigroup.

The central problem considered in this paper is to describe all possible spectral types of the perturbed unitary groups and isometric semigroups, which are determined by the spectral type of their generators or cogenerators. For p = 2 this problem was solved in [7, 8] where is was shown that any spectral type is possible. Moreover, for the case of singular spectral measures a model for such perturbations was provided. We will show that the same is true for any p > 1. However, for p = 1, it follows from the stability of the absolutely continuous spectrum that, for the cogenerators of the groups (τ_t) and (τ̃_t), their absolutely continuous parts are unitarily equivalent. Since the spectral measure of the cogenerator of the group (τ_t) is the Lebesgue measure of multiplicity 1 on the unit circle, for p = 1, our aim thus reduces to a description of all possible singular parts. We show that for the case of the semigroup (τ̃_t|_L2_{(R+)})_{t≥0} any singular spectral type can be realized.

The present paper is a continuation of [9], where the same problem was completely solved for the isometric semigroup (τ̃_t|_L2_{(R+)})_{t≥0}. To state the main result of [9], we introduce a model on the unit circle unitarily equivalent to the original one (see [9, Section 3]). The symbol L^2 (without specifying the measure) stands for the L^2-space with respect to the Lebesgue measure m on T normalized so that m(T) = 1. The cogenerator of the unperturbed unitary group is the operator U of multiplication by z in L^2. As is well known, U is the shift operator with respect to the orthonormal basis (z^n)_{n∈Z}, i.e., Uz^n = z^{n+1}. The Markovian property (1) for a perturbation Ũ of U, translated into the terms of the model on the unit circle, is equivalent to Ũf = Uf, f ∈ z̄H^2_−.

ON MARKOVIAN PERTURBATIONS OF THE GROUP OF SHIFTS 3

Hence Ũ acts as a shift along an orthonormal family (s_n) such that s_n = z^n for n < 0. Therefore, the orthogonal complement K of all functions (s_n) is a subspace of H^2 reducing Ũ. Since the restriction of Ũ to the closed linear span of all s_n is unitarily equivalent to U, the stability theorem mentioned above implies that in the case p = 1 the restriction of Ũ to K is a singular unitary operator. Our problem is thus reduced to the study of the spectral structure of the restriction of Ũ to K.

The restriction of Ũ to H^2 will be considered as a perturbation of S and denoted by S̃; Ũ may be regarded as a dilation of S̃.

Now we introduce a new parameter of our construction, namely, an inner function θ in the unit disk (a function θ ∈ H^2 is said to be inner if |θ| = 1 almost everywhere on T). The space K_θ is defined by

K_θ = H^2 ⊖ θH^2,

it will be taken as K. Then L^2 splits into the direct sum:

L^2 = H^2_− ⊕ K_θ ⊕ θH^2.

Our model is described as follows. The operators S̃, Ũ (which are thought of as perturbations of S, U) act on H^2 and L^2, respectively, and, by our assumptions, they have the following properties:

(i) S̃ is a diagonal operator with respect to the decomposition H^2 = K_θ ⊕ θH^2; (ii) S̃ acts on θH^2 as multiplication by z; (iii) the restriction of S̃ to K_θ is a unitary operator;

(iv) H^2 is an invariant subspace of Ũ, and S̃ is the restriction of Ũ to H^2; (v) H^2_− is invariant for Ũ^∗ (which is a consequence of (iv)), and on H^2_− the operator Ũ ∗ coincides with U ∗, i.e., with multiplication by z̄; equivalently, Ũ acts on z̄H2_− as multiplication by z;

(vi) Ũz̄ = αθ, where α is a constant with |α| = 1 (one can always make α = 1 by taking the inner function αθ in place of θ).

From conditions (i) – (iii) it follows that S̃ is an isometry; properties (iv) – (vi) imply that Ũ is a unitary operator. The subspace K_θ is reducing for Ũ. Properties of the restriction of Ũ to K_θ will be specified later; now we only mention that 1 is not an eigenvalue of Ũ|_{Kθ} .

On the orthogonal complement of K_θ, Ũ acts as a shift along the orthonormal family (s_n), where s_n = z^n if n < 0, and s_n = θz^n if n ≥ 0. Hence 1 does not belong to the point spectrum of Ũ, and one may consider the group of unitary operators for which Ũ is the cogenerator.

Elements of the group have the form φ_t(Ũ), where the function φ_t is defined by

(2) φ_t(z) = exp ( t z + 1 z − 1 ) , t ∈ R.

Note that φ_t ∈ H^∞ for t ≥ 0. The elements of the unperturbed groups are of the form φ_t(U).

Suppose that Ũ is a trace class perturbation of U, or, equivalently, S̃ is a trace class perturbation of S. From theorem about stability of the absolutely continuous spectrum it follows that the absolutely continuous parts of U and Ũ are unitarily

4 G. AMOSOV, A. BARANOV, V. KAPUSTIN

equivalent, hence the spectral measure of the unitary operator S̃|_{Kθ} must be singular relative to the Lebesgue measure.

Now we formulate the main results of [9] in terms of the model on the circle, which shows that any singular summand V may be obtained for trace class perturbations of the isometric semigroup of shifts.

Theorem 1.1. Let V be a singular unitary operator of multiplicity n ≤ ∞ such that 1 is not an eigenvalue of V , ε > 0. Then there exists an operator S̃ with the properties (i)–(iii) such that

a_1) the restriction of S̃ to K_θ is unitarily equivalent to V ; b_1) rank (S̃ − S) ≤ n; c_1) ||S̃ − S||_{S1} ≤ ε;

d_1) φ_t(S̃) − φ_t(S) ∈ S_1 for all t > 0.

One of the first results of the present paper is that the direct analog of this theorem for the unitary dilations, where the operators S, S̃ are replaced by U, Ũ, respectively, is not true.

Theorem 1.2. If Ũ satisfies (i) – (vi), then φ_t(Ũ) − φ_t(U) cannot be in S_1 for any t unless θ is identically equal to a unimodular constant.

However, the statement of Theorem 1.1 remains true for all classes S_p with p > 1.

Theorem 1.3. Assume that V is a singular unitary operator of multiplicity n ≤ ∞ such that 1 is not an eigenvalue of V . Fix ε > 0.

There exist operators S̃, Ũ satisfying (i) – (vi) and such that a_2) the restriction of Ũ to K_θ is unitarily equivalent to V ; b_2) rank (Ũ − U) ≤ n + 1; c_2) ||Ũ − U||_{S1} ≤ ε;

d_2) φ_t(Ũ) − φ_t(U) ∈ S_p for all p > 1.

As an immediate consequence of Theorems 1.1, 1.3, we obtain the following result for perturbations of the group of shifts on the real line.

Theorem 1.4. Let (τ_t), t ∈ R, be the group of shifts on L^2(R), (τ_tf)(x) = f(x − t), and let V an arbitrary singular unitary operator with the only restriction that 1 does not belong to the point spectrum of V . Then there exists a unitary group (τ̃_t), t ∈ R, such that

– (τ̃_t) is a Markovian perturbation of the group (τ_t); – the cogenerator of the group (τ̃_t) is unitarily equivalent to U ⊕ V ; – τ̃_t − τ_t ∈ S_p for any p > 1, t ∈ R;

– for t > 0, the restrictions to L^2(R_+) of the operators τ̃_t − τ_t belong to the trace class S_1.

A certain analog of Theorem 1.3 holds without the assumption that the unitary operator V is singular.

Theorem 1.5. Let V be a unitary operator such that 1 is not an eigenvalue of V . Then there exists a construction satisfying (i) – (vi), for which the restriction of Ũ to K_θ is unitarily equivalent to V and φ_t(Ũ) − φ_t(U) ∈ S_p for all p > 1.

ON MARKOVIAN PERTURBATIONS OF THE GROUP OF SHIFTS 5

For the class S_2, analogs of Theorems 1.1, 1.3 were obtained in [7, 8]. The new results in this paper are obtained for more narrow classes, i.e., S_p with p < 2, and especially with p = 1. In [6, 7] the construction of the operator V was connected with the triangulation studied by Ahern and Clark [2]. Instead, we use Clark’s construction [12], which allows us to isometrically identify the space K_θ with an L^2-space on the unit circle.

The paper is organized as follows. In Section 2 we recall the main properties of the construction introduced in [9]. Also we use an equivalent model on the real line instead of the unit circle described in Section 3. In Section 4 we discuss the structure of the unitary dilation Ũ of the isometry S̃ and show that in the matrix representation of operators for the decomposition L^2 = H^2_− ⊕ K_θ ⊕ θH^2 the crucial role is played by the entry H^2_− → θH^2. In Section 5 Parfenov’s results [15] about embeddings of the Paley–Wiener space of entire functions to weighted L^2-spaces on the real line are used to prove Theorems 1.2, 1.3 and 1.5.

2. The spaces K_θ and the model construction

In this section we recall the details of the construction of the model satisfying (i) – (vi) starting from a singular measure μ on the unit circle T and an inner function θ associated with μ (see [9, Sections 4-5]).

Let μ be a measure on T singular relative to the Lebesgue measure m. Define the function θ by (3) 1 + θ(z) 1 − θ(z) = ∫ T 1 + ξ̄z 1 − ξ̄z dμ(ξ), z ∈ D.

The measure μ is concentrated on the set where angular boundary limits of θ exist and are equal to 1. For u ∈ L^2(μ) set

(4) (Ωu)(z) = (1 − θ(z)) ∫ T u(ξ)dμ(ξ) 1 − ξ̄z . It is well known [12] that Ω is a unitary operator from L^2(μ) to K_θ. Moreover, angular boundary values of the function Ωu exist and coincide with u μ-almost everywhere [16]. Analogs of these results for the spaces of vector-valued functions may be found in [14].

In this section V is the operator of multiplication by the independent variable ξ on L^2(μ). Then, for h = Ωu, u ∈ L^2(μ), we have

(ΩV Ω^∗h)(z) − zh(z) = (1 − θ(z)) ∫ T ξu(ξ)dμ(ξ).

Since ∫ T ξu(ξ)dμ(ξ) = (u, ξ̄)_L2_{(μ)} = (h, Ωξ̄)_{Kθ} , we obtain

ΩV Ω^∗h = zh + (h, g)(1 − θ), h ∈ K_θ,

where g = Ωξ̄. Recall that S denotes the shift operator on H^2, and define the operator S̃ on H2 by

(5) S̃ = S + (·, g)(1 − θ).

The operator S̃ differs from the multiplication by z by a rank-one operator S̃ − S = (·, g)(1 − θ), and ‖S̃ − S‖ ≤ 2 √ μ(T). Thus, the operator S̃ has the properties (i)

6 G. AMOSOV, A. BARANOV, V. KAPUSTIN

– (iii) and the restriction of S̃ to K_θ is unitarily equivalent to the operator V of multiplication by the independent variable on the space L^2(μ). Thus, S̃ is unitarily equivalent to S ⊕ V .

In what follows we work with measures μ satisfying (6) ∫ T dμ(ξ) |1 − ξ|^2

< ∞,

which, in particular, means that 1 is not an eigenvalue of V . Then θ(1) is well defined in the snce of nontangential boundary values and^{1−θ(1)θ}_{1−z} ∈ K_θ; namely (7) ‖ ‖1 − θ(1)θ 1 − z ‖ ‖^2 2 ≤ 4 ∫ T dμ(ξ) |1 − ξ|^2 . Define the operator Ũ on L^2,

(8) Ũ = U + (·, g)(1 − θ) − (·, z̄)(1 − θ(1)θ).

Then Ũ has the properties (iv) – (vi) and is unitarily equivalent to U ⊕ V .

Now we express the difference φ_t(S̃) − φ_t(S) in terms of μ and θ. On θH^2 the operator S̃ coincides with S, hence φ(S̃) coincides with φ(S). Thus, we need to study the restriction of φ(S̃) − φ(S) to K_θ, which makes natural a consideration of the operator X : L^2(μ) → H^2, X = (φ(S̃) − φ(S))Ω, with Ω defined by (4). Take u ∈ L^2(μ). Then

(Xu)(z) = (1 − θ(z)) ∫ T φ_t(ξ) − φ_t(z) ξ − z ξu(ξ)dμ(ξ).

Consider the integral operator K : L^2(μ) → H^2,

(Ku)(z) = ∫ T φ_t(ξ) − φ_t(z) ξ − z u(ξ)dμ(ξ).

If K ∈ S_p, then X ∈ S_p as well, and we obviously have ‖φ_t(S̃) − φ_T (S)‖_{Sp} = ‖X‖_{Sp} ≤ 2 · ‖K‖_{Sp} .

It is almost immediate that K ∈ S_2 if and only if μ satisfies (6) (see [9] for details). In [9] an analogous condition sufficient for the inclusion K ∈ S_1 was found: if, for some q > 8, (9) ∫ T dμ(ξ) |1 − ξ|^q

< ∞,

then K ∈ S_1. Since μ({1}) = 0, we can always multiply μ by a weight to achieve (9), and this proves Theorem 1.1 for the case of multiplicity 1. It should be mentioned that recently we were able to show that (9) implies K ∈ S_1 already for any q > 3. However, the proof in [9] is simple and elementary, and also leads to the required result.

Consider the case of multiplicity N, 1 < N ≤ ∞, that is, the case when V is the direct sum of operators of multiplication by z in spaces L^2(μ_n), 1 ≤ n ≤ N. Let θ_n

ON MARKOVIAN PERTURBATIONS OF THE GROUP OF SHIFTS 7

be defined by (3) with μ = μ_n. Multiplying, if necessary, by positive weights, we may assume that ∑ n (∫ T dμ_n(ξ) |1 − ξ|^2

)_{1/2} < ∞;

in this case the product ∏ n θ_n converges (may be, up to some constant factors) to an inner function θ. Define the operator S̃ on H^2 by

(10) S̃ = S + ∑ n (·, θ̂_ng_n) θ̂_n · (1 − θ_n),

Then the operator S̃ is diagonal with respect to the decomposition H^2 = ∑ ⊕θ̂_nK_{θn} ⊕ θH^2. Indeed, on each subspace θ̂_nK_{θn} , S̃ is a unitary transplantation of multiplication by z on L^2(μ_n): take f = Ω_nu ∈ K_{θn} ; then, by a direct computation, V (θ̂_nf) = θ̂_nΩ_n(zu) ∈ θ̂_nK_{θn} ; on θH2, S̃ coincides with S.

A condition sufficient for the inclusion φ_t(S̃) − φ_t(S) ∈ S_1 is that

(11) ∑ n (∫ T dμ_n(ξ) |1 − ξ|^q

)_{1/2}

for some q > 8, and for the trace class norm of φ_t(S̃) − φ_t(S) we have

(12) ‖φ_t(S̃) − φ_t(S)‖_{S1} ≤ M_q · t · ∑ n (∫ T dμ_n(ξ) |1 − ξ|^q

)_{1/2} .

3. Some formulas for the model on the real line

When we study unitary groups, sometimes it is more convenient to work on the real line instead of the unit circle. We will then work with an analog of the construction presented in Section 2, where we considered the space L^2 = L^2(T, m). The space K_θ is the orthogonal difference of two spaces, H^2 and θH^2, that are invariant under the shift operator S. Now we describe the function model on the real line and its connection with the model on the unit circle. For the model on the real line, the model space is L^2(R) with the usual Lebesgue measure.

The unitary equivalence between the two models is established by the unitary operator sending a function u ∈ L^2(R) to the function f ∈ L^2, f(z) =^{2i√π}_{1−z} u(i^{1+z}_{1−z} ). The inverse operator acts from L^2 to L^2(R) and takes a function f ∈ L^2 to the function on the real line, whose value at a point x ∈ R is^{1√}_{π(x+i)} f(^{x−i}_{x+i} ). This operator sends H^2 to the Hardy space H^2(C_+) in the upper half-plane, H^2_− to H^2(C_−), and θH^2 to ΘH^2(C_+), where Θ is the transplantation of the inner function θ to the upper half-plane, Θ(s) = θ(^{s−i}_{s+i} ).

With a measure μ on T we associate a measure ν on R by

(13) dμ(ξ) = dν(x) π(1 + x^2) ,

8 G. AMOSOV, A. BARANOV, V. KAPUSTIN

where ξ =^{x−i}_{x+i} . The Lebesgue measure on R then corresponds to the measure m on T. If an inner function θ in the unit disk is determined by the relation 1 + θ(z) 1 − θ(z) = ∫ T 1 + ξ̄z 1 − ξ̄z dμ(ξ),

then for ν and Θ after the substitution z =^{s−i}_{s+i} we obtain

(14)

1 − Θ(s) 1 + Θ(s) = 2 πi ∫ R ( 1 x − s − x x^2 + 1 ) dν(x).

For measures μ and ν related by (13), condition (6) is equivalent to ν(R) < ∞;

in this case the limit Θ(∞) = lim_{y→+∞} Θ(iy) ∈ T is well defined, 1 − Θ(∞)Θ ∈ L^2(R) and, similarly to (7), ‖1 − Θ(∞)Θ‖_L2_{(R)} = |1 − Θ(∞)| √ ν(R) ≤ 2 √ ν(R).

Starting with a family of measures (ν_n) on the real line, construct inner functions (Θ_n) according to (14), where n runs over either the set N or its finite segment 1, . . . , N. Like on the model on the circle, for a natural number n we define

Θ̂_n =^{n−1} ∏ k=1 Θ_k(∞)Θ_k.

If the measures ν_n satisfy ∑ n ( ν_n(R)

)_{1/2}

< ∞,

then the series ∑ n Θ̂_n(1 − Θ_n(∞)Θ_n)

converges in the norm of the space L^2(R). The partial sums have the form 1 − Θ̂_n. Hence the limit function can be written as 1 − Θ, where Θ is an inner function with Θ(∞) = 1, and Θ coincides with the product of the functions Θ_n up to a multiplicative unimodular constant.

4. The structure of unitary dilations Now we return back to the unitary dilation Ũ of the operator S̃ defined by (10) in the general case of singular unitary operator V . For the particular case of multiplicity 1, Ũ was defined by formula (8). Here we assume that the measures μ_n satisfy condition (9) for some q > 8, as in Section 2. The function θ was constructed there; it coincides with the product of all θ_n multiplied by unimodular constants, so that we have^{1−θ}_{1−z} ∈ L^2.

Define the operator Ũ on L^2 by Ũ = U + ∑ n (·, θ̂_ng_n)θ̂_n · (1 − θ_n) − (·, z̄)(1 − θ).

It is easy to check properties (iv) – (vi). The expression ∑ n (∫ T dμ_n(ξ) |1−ξ|^2

)_{1/2} can be made small, and then properties a_2), b_2), c_2) required in Theorem 1.3 follow from

ON MARKOVIAN PERTURBATIONS OF THE GROUP OF SHIFTS 9

the construction. Thus, to prove the theorem, it remains to find a condition on the measures μ_n analogous to (9) and sufficient for the property d_2).

To prove Theorems 1.2 and 1.3, we need to investigate whether φ_t(Ũ) − φ_t(U) may belong to the classes S_p. Considering the matrix of φ_t(Ũ) − φ_t(U) with respect to the decomposition L^2 = H^2_− ⊕ K_θ ⊕ θH^2 one can show that all entries but one may belong to S_1. Indeed, for the matrix block K_θ ⊕ θH^2 → K_θ ⊕ θH^2 the statement follows from Theorem 1.1, namely, estimate (12) provides sufficient conditions for the restriction to H^2 of the difference φ_t(Ũ) − φ_t(U) to belong to the trace class. If we consider the adjoint operators, we see that the same conditions of Theorem 1.1 imply that the block H^2_− ⊕ K_θ → H^2_− ⊕ K_θ is of trace class. By construction, the entry H^2 → H^2_− is zero. Thus, the remaining entry is that corresponding to the operator H^2_− → θH^2. Futhermore, on the space φ̄_tH^2_− both operators φ_t(Ũ), φ_t(U) act as multiplication by φ_t, hence φ_t(Ũ) − φ_t(U) = 0 on φ̄_tH^2_−. It remains to consider the action of φ_t(Ũ) − φ_t(U) on the subspace φ̄_tH^2 ⊖ H^2 = φ̄_tK_{φt} .

Let Q : φ̄_tK_{φt} → H^2 be the restriction of φ_t(Ũ) − φ_t(U) to φ̄_tK_{φt} .

Lemma 4.1. For v ∈ K_{φt} we have Q(φ̄_tv) = −(1 − θ)v.

Proof. For u ∈ H^2_−, we have

(15) P_+φ_t(Ũ)u = θ · P_+(φ_tu), P_−φ_t(Ũ)u = P_−(φ_tu).

which is actually true for any function φ ∈ H^∞ in place of φ_t. Indeed, it is easy to check this property for functions φ(z) = z^n, n > 0, if the elements of the basis z^m, m < 0, are taken as u; therefore, by linearity and ∗-weak continuity, it holds for all φ ∈ H^∞ as well.

Since φ_t(U)u = φ_tu, it follows from (15) that ( φ_t(Ũ) − φ_t(U) ) u = (θ − 1) · P_+(φ_tu), u ∈ H^2_−,

and it remains to plug u = φ̄_tv. □

Here it is convenient to pass to the model on the real line, see Section 3. From the subspace K_{φt} on the unit circle we obtain the space H^2(C_+) ⊖ e^{itz}H^2(C_+) on the real line, which after multiplication by the function e^{itz/2} becomes the Paley–Wiener space PW_{t/2}. Recall that the space PW_a, a > 0, consists of all entire functions of exponential type at most a, whose restrictions to L^2(R) are square summable.

By Lemma 4.1, to decide whether the operator Q may belong to a class S_p, we need to answer the following question: for which inner functions Θ does the operator f → (1−Θ)f on H^2(C_+)⊖e^{itz}H^2(C_+) belong to the class S_p? Clearly, this is equivalent to the fact that the embedding of the Paley–Wiener space PW_{t/2} into the L^2-space on R with the weight |1 − Θ|^2 belongs to S_p. Now it is natural to use the following known result.

Theorem 4.2. (O.G. Parfenov, [15]) The operator of embedding of the Paley–Wiener space PW_a (for any fixed a > 0) into the L^2-space with a weight w on the real line belongs to the class S_p, p > 0, if and only if

(16) ∑ k (∫_{k+1} k w(x)dx

)p/2 < ∞.

10 G. AMOSOV, A. BARANOV, V. KAPUSTIN

5. Applications of the Parfenov’s criterion Our aim now is to find conditions on the measure ν such that for the inner function Θ related to ν by (14) the weight w = |1 − Θ|^2 satisfies (16). Obviously, for p = 2 this is equivalent to 1 − Θ ∈ H^2(C_+), just like in [6, 7]. We show now that for p = 1 this is impossible, and this will complete the proof of Theorem 1.2.

Proof of Theorem 1.2. It suffices to prove that relation (16) cannot be fulfilled for the weight w = |1 − Θ|^2 with p = 1. From (16) and the Cauchy inequality we obtain ∫ R |1 − Θ(t)| dt ≤ ∑ k∈Z ( ∫_{k+1} k |1 − Θ(t)|^2 dt

)_{1/2} < ∞.

We conclude that 1 − Θ is in the Hardy space H^1, which yields ∫ R ( 1 − Θ(t) ) dt = 0.

However, the last relation is impossible since Re (1 − Θ) > 0 almost everywhere on R. □

Now let μ be a singular measure on T such that ∫ T dμ(ξ) |1 − ξ|^q < ∞ for some q ∈ N, q > 2, which in terms of the measure ν on R associated with μ (13) looks like

(17) ∫ R (1 + |t|)^{q−2}dν(t) < ∞.

Construct θ by (3) and set Θ(s) = θ

(_{s−i} s+i ) ; or, equivalently, use relation (14) to construct Θ by ν.

Lemma 5.1. If ν satisfies (17) and Θ is connected with ν by (14), then Θ satisfies Parfenov’s condition

(18) ∑ k∈Z ( ∫_{k+1} k |1 − Θ(∞)Θ(t)|^2dt

)_{p/2} < ∞ with p > q^′ =^q_{q−1} .

Proof. Recall that for u ∈ L^2(μ), the operator Ω,

(Ωu)(z) = (1 − θ(z)) ∫ T u(ξ)dμ(ξ) 1 − ξ̄z , is unitary from L^2(μ) onto K_θ. It follows from the inclusion (1 − ξ)^{−q} ∈ L^1(μ) that for each function f ∈ K_θ its derivative of order q − 1, f^{(q−1)}, has a finite radial limit at 1 (for related results see [13]). It is easy to show that the functional f^{(q−1)}(1) on K_θ is essentially of the form

f^{(q−1)}(1) = ∫ T ( 1 − θ(1)θ(ξ) 1 − ξ

)_q

f(ξ) dm(ξ)

and we conclude that ∫ T | |1 − θ(1)θ(ξ) 1 − ξ | |^{2q}dm(ξ) < ∞.

ON MARKOVIAN PERTURBATIONS OF THE GROUP OF SHIFTS 11

(Strictly speaking, the function

(_{1−θ(1)θ(ξ)} 1−ξ )_q

is not in K_θ, but the norm of its projection onto θH^2 is smaller, than for the projection to K_θ.) Changing the variables to the real line we get

C := ∫ R |1 − Θ(∞)Θ(t)|^{2q}(|t| + 1)^{2q−2}dt < ∞.

By the Hölder inequality,

∫_{k+1} k |1 − Θ(∞)Θ(t)|^2dt ≤ ≤ ( ∫_{k+1} k |1 − Θ(∞)Θ(t)|^{2q}(|t| + 1)^{2q−2}dt

)_{1/q}( ∫_{k+1} k dt (|t| + 1)^2

)_{1/q}′

≤ C^{1/q} (|k| + 1)^{2/q′} . Let p > q^′. We obtain ∑ k∈Z ( ∫_{k+1} k |1 − Θ(∞)Θ(t)|^2dt

)_{p/2} ≤ C^{p/2q} ∑ k∈Z 1 (|k| + 1)^{p/q′}

< ∞,

and (18) follows. □ Proof of Theorem 1.3. As in the proof of Theorem 1.1, take measures μ_n on the unit circle such that V is unitarily equivalent to the direct sum of the operators of multiplication by z in the spaces L^2(μ_n). Multiplying the measures by appropriate weights, we get measures satisfying

(19) ∑ n ( ∫ T dμ_n(ξ) |1 − ξ|^q

)_{1/q} < ∞ for all q > 2. Then (12) is fulfilled, and, similarly to the proof of Theorem 1.1, the question is reduced to whether the operator Q may belong to the classes S_p. This is conveniently reformulated in terms of the Paley–Wiener spaces PW_t. To complete the proof, we will show that the embedding operator of PW_t into the L^2-space on R with the weight |1 − Θ(∞)Θ|^2 belongs to S_p, p > 1, for any t > 0.

In terms of measures ν_n, for a fixed q, relation (19) may be rewritten as

(20) ∑ n ( ∫ R (1 + |t|)^{q−2} dν_n(t)

)_{1/q} < ∞.

Consider the class H_{2,p} of functions from L^2(R), for which the norm

‖f‖_{2,p} = ( ∑ k (∫_{k+1} k |f(x)|^2dx

)p/2)^{1/p}

is finite, where p > q^′ =^q_{q−1} . It follows from (18) and (20) that the series ∑ n Θ̃_n(1 − Θ_n(∞)Θ_n) converges in H_{2,p}-norm. Hence the limit function 1 − Θ belongs to H_{2,p} .

12 G. AMOSOV, A. BARANOV, V. KAPUSTIN

Since this is true for all q > 2, we obtain ∑ k (∫_{k+1} k |1 − Θ(∞)Θ(x)|^2dx

)p/2 < ∞ whenever 1 < p < 2, as required. □

Proof of Theorem 1.4. The statement immediately follows from the proof of Theorem 1.3 after passing to the model of the groups of shifts on the real line. Indeed, for the construction presented in the proof of Theorem 1.3, the differences of the elements of the semigroups on the space H_+ are of trace class, as required. □

Proof of Theorem 1.5. We give a brief sketch of the proof. Take a unitary operator V . Since 1 is not its eigenvalue, V may be represented as a direct sum of unitary operators V_n, whose spectra are separated from the point 1. Since the functions φ_t are smooth outside of any neighborhood of the point 1, the operators V_n may be slightly perturbed so that the resulting operators V^′_n will be unitary with singular spectral measures, and the differences φ_t(V_n) − φ_t(V^′_n) will be in S_p for all p > 1 with arbitrarily small norms for 1 ≤ t ≤ 2. It remains to apply the procedure from the proof of theorem 1.3 to the direct sum of the operators V^′_n. □

Список литературы

[1] P.R. Ahern, D.N. Clark, Radial limits and invariant subspaces, Amer. J. Math. 92 (1970), 332-342.

[2] P.R. Ahern, D.N. Clark, On functions orthogonal to invariant subspaces, Acta. Math. 124 (1970), 3-4, 191-204.

[3] G.G. Amosov, Cocycle perturbation of quasifree algebraic K-flows leads to required asymptotic dynamics of associated completely positive semigroup, Infin. Dimen. Anal. Quantum Probab. Rel. Top. 3 (2000), 237-246.

[4] G.G. Amosov, On cocycle conjugacy of quasifree endomorphism semigroups on the CAR algebra, J. Math. Sci. 105 (2001), 6, 2496-2503.

[5] G.G. Amosov, On Markovian cocycle perturbations in classical and quantum probability, Internat. J. Math. Math. Sci. 54 (2003), 3443-3467.

[6] G.G. Amosov, A.D. Baranov, On perturbations of the group of shifts on the line by unitary cocycles, Proc. Amer. Math. Soc. 132 (2004), 11, 3269-3273.

[7] G.G. Amosov, A.D. Baranov, Dilations of contraction cocycles and cocycle perturbations of the translation group of the line, Matem. zametki 79 (2006), 1, 3-18; English transl.: Math. Notes 79 (2006), 1, 3-17.

[8] G.G. Amosov, A.D. Baranov, Dilations of contraction cocycles and cocycle perturbations of the translation group of the line, II, Matem. zametki 79 (2006), 5, 779-780; English transl.: Math. Notes 79 (2006), 5, 719-720.

[9] G.G. Amosov, A.D. Baranov, V.V. Kapustin, On perturbations of the isometric semigroup of shifts on the semiaxis, Preprint, St. Petersburg Steklov Mathematical Institute (POMI), 2007.

[10] W. Arveson, Continuous analogues of Fock space, Mem. Amer. Math. Soc., 80 (1989), 1-66. [11] A.V. Bulinskii, Algebraic K-flows and semiflows of Powers shifts, Uspekhi Mat. Nauk 51 (1996), 2, 145-146.

[12] D.N. Clark, One-dimensional perturbations of restricted shifts, J. Anal. Math. 25 (1972), 169- 191.

[13] W. S. Cohn, On fractional derivatives and star invariant subspaces, Michigan Math. J. 34 (1987), 391-406.

[14] V. Kapustin, A. Poltoratski, Boundary convergence of vector-valued pseudocontinuable functions, J. Funct. Anal. 238, 1, 313-326.

ON MARKOVIAN PERTURBATIONS OF THE GROUP OF SHIFTS 13

[15] O.G. Parfenov, Весовые оценки преобразования Фурье, Zap. Nauchn. Sem. S.-Peterburg.

Otdel. Mat. Inst. Steklov. (POMI) 222 (1995), 151-162; English transl. J. Math. Sci. 87 (1997), 5, 3878-3885.

[16] A.G. Poltoratskii, Boundary behavior of pseudocontinuable functions, Algebra and Analysis 5 (1993), 2, 189-210.

[17] R.T. Powers, An index theory for semigroups of *-endomorphisms of B(H) and II_1 factor, Canad. J. Math. 40 (1988), 86-114.