pdmi preprint — 17/2006

The Einsteinian gauge approach and the stress field of non-singular screw dislocation in the second order approximation

C. MALYSHEV

Steklov Institute of Mathematics (St. Petersburg Department), Fontanka 27, St. Petersburg 191023

E-mail: malyshev@pdmi.ras.ru

Abstract

The stress field of non-singular screw dislocation is investigated in the second order approximation by means of the translational gauge approach of the Einstein-type. The stresses of second order around the screw dislocation are classically known for the hollow circular cylinder with traction-free external and internal boundaries. The inner boundary surrounds the dislocation’s core, which is not captured by the conventional solution. The present gauge approach enables the classically known quadratic stresses be continued inside the core. The corresponding gauge equation is chosen in the Hilbert–Einstein form. The gauge equation plays a role of non-conventional incompatibility law, and the stress function method is used for its solution. The modified stress potential is obtained as a sum of two parts: conventional, say, ‘background’ and a short-ranged gauge contribution. The latter just causes additional stresses localized within the dislocation’s core. The asymptotic properties of the resulting stresses are studied. Since the gauge contributions are short-ranged, the background stress field dominates at the distances sufficiently large with respect to the core. The outer cylinder’s boundary is traction-free. At sufficiently moderate distances, the second order stresses acquire regular continuation within the core region, and the cut-off at the core is absent. Expressions for the asymptotically far stresses provide us self-consistently with new length parameters of the unconventional origin. These lengths are given by means of the elastic moduli and could characterize an exteriority of the dislocation core.

1 Introduction

Translationally-gauge model based on the Hilbert–Einstein gauge Lagrangian has been proposed in [1] for description of solid continua with static dislocations. The group of translations of three-dimensional Euclidean space T (3) ≈ R^3 is the gauge group in [1]. In linear approximation, the approach [1] gave a modification of the ordinary screw and edge dislocations of theoretical elasticity: two gauge defects presented eventually in [1] are missing the axial singularities inherent to the classical dislocations. The present paper is concerned with the non-singular screw dislocation obtained in [1] and is devoted to investigation of its stress field in the second order approximation.

The approach [1] is governed by the non-homogeneous Einstein-type gauge equation which has initially been written in [1] as driven by the elastic stress tensor. In linear approximation, this equation results in two, so-called, modified stress potentials which coincide, at small distances, with the Prandtl and Airy stress functions of the ordinary dislocation theory though are decaying at infinity. Therefore, the modified stress potentials provide opportunity to improve the short-distance stresses of conventional dislocations. Indeed, let the classical dislocations be considered as background (i.e., pre-imposed) sources of distortion. If so, their stresses can be smoothed out near the defect lines by means of superpositions with the stresses due to the modified potentials. Appropriate improvement to the gauge equation straightforwardly requires its driving source to be written as difference of two stresses: actual stress tensor minus a background one [1].

Two solutions obtained in [1] in the superposed form are characterized by compact core regions, where singularities of the classical screw and edge dislocations are smoothed out. In other words, the gauge approach [1] “generates” a length scale in the continuous description. Outside the core, the background stresses become dominating sufficiently far from the dislocation lines, while the stress components tend to zero within the core regions. In fact, the stress component σ_{ϕz} of the screw dislocation, and σ_{ρρ}, σ_{ρϕ} of the edge dislocation are reproduced in [1] at sufficiently large distances; however, the stresses σ_{ϕϕ} and σ_{zz} of the modified edge defect [1] behave unconventionally.

It should be reminded that the linear gauge approach [2], which precedes [1], also results in the modified screw dislocation. However, the solution [2] is based on the gauge-invariant Lagrangian, which differs from that in [1] since is quadratic in T (3)-gauge field strength. This Lagrangian has been initially proposed in [3], [4] in the framework of T (3)×⊃ SO(3)-gauge approach to defects in solids. The modified screw dislocation was reproduced also in [6] for quadratic gauge Lagrangian of a structure more general than in [2]^1. A common technical idea behind the gauging in [1], [2], [6] requires the driving sources of the gauge equations to be written as the differences of two stresses. As a result, additional gauge contributions to the stress fields enable smoothening, within compact core regions, of the classical singularities of the ordinary dislocations. At sufficiently large distances, the modified defects reproduce the ordinary ones, while transition to a non-singular behavior occurs within the cores.

Before than in [2], the same non-singular screw dislocation has already been obtained in [8] in the framework of non-local elasticity. More information on the singularity-less dislo-

1A gauge approach close to ours has been proposed in [5], [6]. It is based on the translational gauge Lagrangian L_T written as a general combination of the terms quadratic in the torsion components. For special choice of its parameters, L_T is equivalent either to the Hilbert-Einstein Lagrangian [1], or to the Maxwell-type Lagrangian considered in [2]. On the other hand, after [7] it is known that extensions of the Hilbert–Einstein Lagrangian by the terms quadratic in the torsion (and curvature) lead to more general Lagrangians, and, finally, to the most general eight-parameter three-dimensional Lagrangian.

cations obtainable by means of the non-local elasticity can be found in [9]. Besides, a range of other related investigations devoted to elimination of the axial singularities has to be pointed out. For instance, the first strain gradient elasticity is adopted in [10], [11], [12], [13], [15] to produce the corresponding non-singular solutions. See [14] for overview of the nanoscopics of the dislocations and disclinations (including the behavior near interfaces) in the gradient elasticity. Non-singular solutions for the dislocations in the framework of the generalized elasticity and generalized micropolar elasticity of the Helmholtz type are discussed in [16]. The non-local elasticity and the second strain gradient elasticity are investigated, respectively, in [17] and [18] in a more involved, so-called, bi-Helmholtz form. The gradient elasticity as well as the non-local elasticity based models enable to smooth out the conventional linear solutions for dislocations (and disclinations), and they demonstrate the core regions characterized by the corresponding length parameters.

Conventional, i.e., non-gauge attempts [19], [20], [21], [22] are known to go beyond the linear elasticity in description of the screw and edge dislocations in crystals. However, in these approaches (of second order, in fact) it is still impossible to reach the axes of the line defects due to a failure of the traditional elasticity. For instance, the second order stresses have been found by means of the stress function method in [19], [21], and by the displacement function approach in [20]. These fields are valid within a hollow cylinder with the outer radius, say, ρ_e and the inner one ρ_c . Arbitrary constants in these models are fixed in the final answers by the traction-free boundary conditions: σ_{ρρ} | | ρ=ρ_e

= 0, σ_{ρρ} | | ρ=ρ_c

= 0, where σ_{ρρ} is the radial stress component. Besides, vanishing of the stress σ_{zz} averaged over bulk’s cross-section is also used for avoiding arbitrariness of the constants. A narrow vicinity of the defect axes corresponding to the segment [0, ρ_c ] ∋ ρ drops out from the consideration due to the cut-off at the inner boundary. It is natural to treat the radius ρ_c (which is classically free) as a boundary of the core region discussed in [1], [2], [6].

Relevance of second order effects in theoretical elasticity for physics of imperfections in crystals, namely for modelling dislocations, is discussed in [23]. Thus, it clearly would be interesting to investigate the model proposed in [1] in the second order also. This is just the problem to be studied in the present paper. However, its formal consistency is of main interest here.

As to the gauge approaches, it has already been attempted in [24] to follow [3] in order to obtain the second order stresses around the screw dislocation. To this purpose, the quadratic T (3)-gauge Lagrangian [3] is used in [24]. However, according to [1], the translational Lagrangian [3], [4] does not allow the modified stress potential to behave as the Airy stress function of the edge dislocation. Therefore, it is inappropriate to use the same Lagrangian to describe the second order stresses of the screw dislocation: the Kröner ansatz for the screw dislocation in the quadratic approximation is just of the same structure as for the edge dislocation in the first order. Besides, the elastic energy is taken in [24] incompletely in comparison with that of non-gauge approaches [19], [20], [21]. Therefore, the experience of [24] looks unsatisfactory.

The present paper demonstrates that the second order consideration can be carried out for the gauge model [1] along the line of [19], [20], [21]. In what follows, a straight screw dislocation in infinite circular cylinder constitutes the background defect, and its stress field is taken up to the second order terms found in [21]. Similarly to the linear approach, the Einstein-type gauge equation is again responsible for additional stresses of the short-ranged character. The second order solution considered below depends on the arbitrary constants which are adjusted differently than in [20], [21]. For instance, the traction-free condition is imposed only for the outer cylinder’s surface. Instead, vanishing of certain combinations in the short-distance expansion of the second order stresses is required. It is appropriate to relate the occurence of the short-ranged contributions to the existence of the core region – just like this is naturally adopted for the corresponding solutions of the first order [1], [2], [6]. Therefore, the cut-off around the defect’s axis is avoided, and the stress field is continued inside the core. At sufficiently large distances, the modified stresses of the second order reproduce the conventional stress field around the screw dislocation. At the same time, new length scales of the “gauge” origin are provided by expressions for the asymptotically far stresses. These lengths are given by means of the elastic parameters and could characterize an exterior structure of the dislocation core.

In the present paper we do not discuss in specific details such a complicated field as description of the core structures of the crystal dislocations. Instead, only a list (inevitably incomplete) of further references is proposed: for instance, one should be referred to [25], [26], [27], [28] for the first attempts to incorporate discreteness for description of the core structures; for the non-linear elasticity, crystallography, etc., one should be addressed to [29], [30], [31], [32], [33]. For theory and experiment concerning the dislocation core structures and for their influence on the physics of solids, one should be referred to [34], [35].

The paper is written in six sections. Section 1 is introductory (see also [1], [2], [6] for the motives and for more refs.). Section 2 outlines the Einstein-type gauge equation. Section 3 is devoted to specification of the gauge equation, and a perturbative scheme is set up. Solution to the gauge equation, which describes the modified stress potential of the second order, is obtained in Section 4. The corresponding stress fields and their asymptotic behavior are investigated in Section 5. Discussion in Section 6 concludes the paper. Details of the calculation are placed in Appendices A and B. The present paper constitutes an improved (concerning the large distance behavior of the resulting stresses) version of [36]. Notice, that bold-faced letters are reserved for second rank tensors, and appropriate indices can easily be restored.

2 The Einstein-type gauge equation

The Einstein-type gauge equation is only outlined in the present section, while for more differential–geometric details one should refer to [33], [37], [38]. As to generalities of theoretical elasticity, the Eulerian picture is chosen in the present approach instead of the Lagrangian one accepted in [1]. Initial and final states of the dislocated body can be referred to the (curvilinear) coordinate systems, say, {x^i} and {x^a}, respectively. The corresponding squared length elements are expressed as g_{ij}dx^idx^j or η_{ab}dx^adx^b with respect to {x^i} or {x^a}, accordingly (throughout the paper up and down indices repeated imply summation). Let us define the frame components e^a_i by means of the relation ∂_i = e^a_i∂_a (here and below the partial derivatives ∂/∂x^i are denoted as ∂_i), and the co-frame components E^i_a are given by one-form dx^i = E^i_a dx^a. The components E^i_a and their duals e^a_i are orthogonal in the following sense: e^a_iE^i_b = δ^a_b , e^a_iE^j_a = δ^j_i . Thus, for the metric η_{ab} we get: η_{ab} = g_{ij}E^i_a E^j_b .

The Eulerian strain tensor is referred to the deformed (final) state, and it measures a deviation between the final and initial configurations [33]. Indeed, let us consider a mapping of initial state to the deformed one: x −→ ξ(x). Then the difference

η_{ab}dξ^adξ^b − g_{ij}dx^idx^j = 2e_{ab}dξ^adξ^b, (2.1)

where 2e_{ab} ≡ η_{ab} − g_{ab}, g_{ab} ≡ g_{ij}B^i_a B^j_b , (2.2) defines the Eulerian strain tensor (e)_{ab} ≡ e_{ab}. The metric tensor g_{ab} (2.2) is called the Cauchy deformation tensor. Here B^i_a are given by one-forms dx^i = B^i_a dξ^a as follows [33]:

B^i_a ≡

∂x^i ∂ξ^a

= E^i_a − E^i_b^{(η)}∇_a u^b , (2.3)

provided the displacement ξ − x is expanded as ξ^i − x^i = u^aE^i_a . The covariant derivative (η) ∇a in (2.3) is defined by the requirement that the components E^i_a are covariantly constant: (η) ∇a E^i_b ≡ ∂aE^i_b − { c ab } η E^i_c = 0 , (2.4)

where the notation { c ab } η implies the Christoffel symbol of second kind. The metric

η_{ab} = E^i_a E_{b i} is also covariantly constant provided (2.4) is fulfilled. In turn, Eq. (2.4) allows

to express { c ab } η through the metric η_{ab} as follows: { c ab } η = 1 2 η^{ce} (∂_aη_{be} + ∂_bη_{ae} − ∂_eη_{ab}) . (2.5)

To implement the gauging of the group T (3), we consider the co-frame components B^i_a as (“minimal”) extensions of (2.3) by means of so-called compensating fields:

B^i_a ≡

∂x^i ∂ξ^a

− φ^i_a = E^i_a − ( E^i_b^{(η)}∇_a u^b + φ^i_a ) . (2.6)

Here the entries φ^i_a play the role of translational gauge potentials which behave under the local transformations x^i −→ x^i + η^i(x) as follows:

∂x^i ∂ξ^a −→ ∂x^j ∂ξ^a ( δ^i_j +

∂η^i ∂x^j ) , φ^i_a −→ φ^i_a +

∂x^j ∂ξ^a

∂η^i ∂x^j . (2.7)

The shifts (2.7) ensure the gauge invariance of B^i_a (2.6) (and of (2.2), as well): the behavior of B^i_a at non-homogeneous transformations is the same as that of ∂x^i/∂ξ^a (2.3) at homogeneous (∂η^i/∂x^j ≡ 0) ones. Motivation of (2.6) should be traced back to T (3)×⊃ SO(3)-gauging and to the corresponding Cartan structure equations (see Refs. in [1]). We associate occurence of non-trivial core region for the screw dislocation in question (i.e., appearance of the shortranged stresses) with the gauge variables φ^i_a . Provided (2.6) takes place, the Eulerian strain (2.2) takes the form:

2e_{ab} =^{(η)}∇_a u_b + φ_{ab} +^{(η)}∇_b u_a + φ_{ba} −

(_{(η)} ∇a ub + φab

)(_{(η)} ∇b ua + φba ) , (2.8)

where the indices are lowered by means of the metric η_{ab}. When φ is zero, (2.8) is reduced to the conventionally-looking background strain tensor in the Eulerian picture [33].

Differential-geometrically, the framework of the present paper is the same as in [1], i.e., a viewpoint of so-called teleparallel description (see [39] for a quick remind) is adopted as a most suitable to describe the dislocations [37]. Let us consider the Riemann–Christoffel curvature tensor R_{abc}^d:

R_{abc}^d = ∂_a { d bc } g − ∂_b { d ac } g + { d ae } g { e bc } g − { d be } g { e ac } g , (2.9)

where the Christoffel symbols are calculated analogously to (2.5) but for the metric g_{ab} (2.2) (the subscript ‘g’) with B^i_a given by (2.6). The metric g_{ab} is covariantly constant, i.e., the

equation^{(g)}∇_a g_{bc} = 0 is fulfilled where the covariant derivative^{(g)}∇_a is defined similar to (2.4).

We obtain from^{(η)}∇_a η_{bc} = 0 the following relation between the Christoffel symbols [33]: { c ab } η − { c ab } g = 2e_{ab}^c , (2.10.1)

2e_{ab}^c ≡ g^{ce}

(_{(η)} ∇a ebe+^{(η)}∇b eae−^{(η)}∇e eab ) . (2.10.2)

where (2.2) and (2.5) are taken into account. We use (2.10.1) in (2.9) to obtain another representation for the curvature:

R_{abc}^d =^{(η)}R_{abc}^d − 2

(_{(η)} ∇a ebc^d −^{(η)}∇b eac^d + 2ebe^deac^e − 2eae^debc^e ) , (2.11)

where^{(η)}R_{abc}^d is the Riemann curvature calculated analogously to (2.9) but for the metric η_{ab}.

Now we are ready to write the Hilbert–Einstein gauge equation. Let us define the Einstein tensor G^{ef} ≡ 1 4 E^{eab}E^{fcd}R_{abcd}, where E^{abc} is the Levi–Civita tensor defined by means of the metric η_{ab} [33]. Then, the gauge equation proposed in Section 6 of Ref. [1] takes the form:

G^{ef} = (2s)^{−1} ( σ^{ef} − (σ_{bg})^{ef} ) . (2.12)

In the Eulerian approach, we assume that the geometry of the deformed state is Euclidean,

and so we equate^{(η)}R_{abc}^d to zero in (2.11). Therefore, using (2.10.2) and (2.11) to re-express G^{ef} , we obtain from (2.12):

−E^{eab}E^{fcd (η)}∇_a^{(η)}∇_c e_{bd} = (2s)^{−1} ( σ^{ef} − (σ_{bg})^{ef} ) + 2E^{eab}E^{fcd}e_{adl} e_{bc}^l . (2.13)

According to [1], the differential-geometric torsion is not considered as independent degree of freedom. It is just the Riemann–Christoffel curvature that is subjected to the Einstein-type gauge equation (2.12). If so, any attempt to take into account an independent contribution due to the torsion would imply that the framework of the teleparallel description should be abandoned (see the notes on the geometry in [1]). Therefore, it appears that the gauge equation (2.13) governs only the variables related to the metric tensor, i.e., the corresponding strains.

The variational derivation of (2.12) can be discussed along the line of [1]. Right-hand side of (2.12) is given by (2s)^{−1}(σ − σ_{bg}), where σ_{bg} implies the background stress tensor. The difference σ−σ_{bg}, i.e., just the deviation of the stress tensor of the model from σ_{bg}, plays the role of the driving source in the Einstein equation. The parameter s characterizes an energy scale intrinsic to the gauge field φ [1], and it makes right-hand side in (2.12) dimensionless.

In the present paper, σ_{bg} implies the stress field of the straight screw dislocation lying along an infinite cylindric body. Besides, both σ and σ_{bg} are assumed to respect the equilibrium equations:_{(η)}

∇a σ^{ab} = 0,^{(η)}∇a ( σ_{bg}

)_{ab}

= 0 . (2.14)

More detailed consideration of the gauge geometry behind the model in question should be done elsewhere. However, Refs. [40], [41] should be mentioned in addition to those listed in [1] since they contain useful indications concerning the translational gauge geometry. It is also appropriate to mention [42], where a topological picture is proposed which includes dislocations (through the torsion) and extra-matter (through the non-metricity; see also [43]). Besides, [44] provides a further development of the geometric approach to defects [7].

3 Specification of the gauge equation

3.1 The stress function method

We shall investigate the gauge equation (2.13) using the method of stress functions proposed in [19], [21] for solving the internal stress problems in incompatible elasticity. An exposition of [21] can be found in Ref. [33] devoted to a review of the dislocation problems in non-linear elasticity. Certain details omitted below can be restored with the help of [21] and [33].

We shall use the stress function approach in a successive approximation form. To this end, let us represent the strain and the stress tensors as the perturbative expressions:

e ≈^{(1)}e +^{(2)}e , σ ≈^{(1)}σ +^{(2)}σ , (3.1)

where^{(2)}e ,^{(2)}σ are of second order smallness in comparison with^{(1)}e ,^{(1)}σ . The representation (2.8) implies that each contribution in (3.1) consists of two parts: one is due to the background and another – of the non-conventional origin. Following [21], we shall investigate only the stress problem. To trace connection between the stresses of the non-conventional origin and the gauge potentials explicitly – this is outside the scope of the present paper. Substituting (3.1) into (2.13) and (2.14), we obtain two groups of equations:

(first order)

∇_a^{(1)}σ^{ab} = 0 , (3.2.1) ( Inc^{(1)}e

)_{ab} = (2s)^{−1} ( δ^{(1)}σ

)_{ab}

; (3.2.2)

(second order)

∇_a^{(2)}σ^{ab} = 0 , (3.3.1) ( Inc^{(2)}e

)_{ab} = (2s)^{−1} ( δ^{(2)}σ

)_{ab} +^{(1)}Q^{ab} . (3.3.2)

The following notations are used in (3.2) and (3.3): ( Inc^{(i)}e

)_{ab} ≡ −E^{acd}E^{bfe}∇_c ∇_f^{(i)}e_{de} , (3.4.1) ( δ^{(i)}σ

)_{ab} ≡^{(i)}σ^{ab} −

(_{(i)} σ_{bg}

)_{ab}

, (3.4.2)

(1) Q^{ab} ≡ 2 E^{acd}E^{bfe (1)}e_{cel}^{(1)}e_{df}^l , (3.4.3)

where i = 1, 2. Besides, ‘Inc ’ denotes the double curl incompatibility operator acting on

the tensor argument, and ∇_a implies the covariant derivative^{(η)}∇_a. Indices in (3.2)–(3.4) are raised and lowered by means of the metric η.

Equations (3.2.1) and (3.3.1) appear from the equilibrium equation (2.14) in the first and second orders, respectively. Analogously, (3.2.2) and (3.3.2) result from the gauge equation (2.13) and look similar to the conventional incompatibility conditions: see, for instance, Eqs.

(622) and (623) in [33]. However, there exists a distinction that is due the terms (2s)^{−1}δ^{(i)}σ in (3.2.2), (3.3.2). These terms are just responsible for the short-ranged behavior of the gauge

parts of the resulting stress functions. Besides,^{(1)}Q (3.4.3) is free from the torsion tensor since our gauge equation is expressed by means of the Riemann–Christoffel curvature only. These are the gauge equations (3.2.2) and (3.3.2) which play the role of non-conventional incompatibility conditions in the present approach, and the deviations (3.4.2) play the role of their driving sources.

The elastic energy potential is chosen in the Eulerian representation as follows [21]:

W (e) = jI^2_1 (e) + kI_2(e) + l^′I^3_1 (e) + m^′I_1(e) I_2(e) + n^′I_3(e) , (3.5)

where j = μ + λ/2, k = −2μ are the elastic moduli of second order (λ and μ are the Lamé constants), while l^′, m^′, n^′ are the elastic moduli of third order. Provided W (e) (3.5) is

chosen, the constitutive law relates^{(i)}e to^{(i)}σ as follows (see [21], [33] for the derivation): (1) e = C_1I_1

((1) σ ) η + C_4^{(1)}σ , (2) e = C_1I_1

((2) σ ) η + C_4^{(2)}σ +^{(1)}Ψ ,

(3.6)

where_{(1)} Ψ ≡ ( C_2I^2_1

((1) σ ) + C_3I_2

((1) σ )) η + C_5I_1

((1) σ ) (1)

σ + C_7I_3

((1) σ )((1) σ )_{−1} , (3.7)

and η is the metric. The functions I_m (m = 1, 2, 3) of a tensor argument, say, t are defined as follows:

I_1(t) ≡ tr (t) , I_2(t) ≡ 1 2 ( I^2_1 (t) − I_1(t^2) ) , I_3(t) ≡ det (t) . (3.8)

The Cayley–Hamilton theorem is to express the inverse

(_{(1)} σ )_{−1} in (3.7). The numerical coefficients in (3.6), (3.7) are:

C_1 ≡ − ν E , C_2 ≡ 1 E^2 ( 3ν(1 − ν) − 1 ) + 3L + M ,

C_3 ≡ 3 E^2 ( 1 − ν^2 ) + M , C_4 ≡

1 + ν E , C_5 ≡ 1 E^2 ( 3ν − 2 )( 1 + ν ) − M , C_7 ≡ − 1 E^2 ( 1 + ν

)_2

+ N ,

(3.9)

where ν = λ/(2(λ + μ)) is the Poisson ratio, and E = μ(3λ + 2μ)/(λ + μ) is the elastic modulus. Three linear relationships between the elastic parameters of third order l^′, m^′, n^′ in (3.5) and the corresponding parameters L, M, N in (3.9) can be found in [21] but not used in the present investigation.

Two pairs of equations, (3.2) and (3.3), are to be solved. The first equations in each pair should be fulfilled by means of the Kröner ansatz: (i) σ = Inc^{(i)}χ . (3.10)

Substituting the first and second equations (3.6) into (3.2.2) and (3.3.2), respectively, and

using (3.10), we obtain equations to determine the components of the stress potential^{(i)}χ (down indices):

ΔΔ^{(i)}χ_{ab} + a ( ∇_a∇_b − η_{ab}Δ ) ΔI_1

((i) χ ) + (( 1 − a ) ∇_a∇_b + a η_{ab}Δ ) ∇^c∇^{d (i)}χ_{cd} − − Δ ( ∇_a∇_c^{(i)}χ^c_b + ∇_b∇_c^{(i)}χ^c_a ) = κ^2 ( δ^{(i)}σ ) ab + 2μ^{(i)}S_{(ab)} , i = 1, 2 ,

(3.11)

where_{(1)}

S ab ≡ 0 ,^{(2)}S (ab) ≡ (1) Q_{(ab)} − ( Inc^{(1)}Ψ ) (ab)

, (3.12)

Δ implies the Laplacian, and δ^{(i)}σ is expressed by means of (3.4.2) and (3.10). Besides,^{(1)}Ψ is

given by (3.7), and^{(1)}Q_{(ab)} is expressed by means of (3.4.3). The curly brackets around the indices imply symmetrization. Throughout the paper we use the dimensionless parameters κ^2 ≡ μ/s and a [3], [4]: a ≡ λ 3λ + 2μ = 1 1 + ν^{−1}

, 1 − a =

2(λ + μ) 3λ + 2μ = 1 1 + ν

. (3.13)

3.2 The gauge equations in the first and second orders

Let us adjust (3.11) to the special problem in question. We replace the derivatives ∇_a by the partial derivatives ∂_a, where x^a are the Cartesian coordinates in the final state [21], [33], and assume ∂_3 ≡ 0. Conventional notations are adopted for those components of the stress potential which are non-trivial [37]:

μ^{(i)}ϕ ≡ ∂_2^{(i)}χ_{13} − ∂_1^{(i)}χ_{23} , i = 1, 2 ,

f ≡^{(2)}χ_{33} , p ≡ −∂^2_{11}^{(2)}χ_{22} − ∂^2_2^{(2)}χ_{11} + 2 ∂^2_{12}^{(2)}χ_{12} .

(3.14)

Other components of^{(i)}χ are zero. The background stress tensor σ_{bg} is also given by (3.10),

but the corresponding stress potential is labelled appropriately:^{(i)}χ_{bg}.

3.2.1 The first order

In the first order, only the component of the stress potential^{(1)}ϕ (3.14) is non-zero for the screw dislocation. The corresponding governing equation appears from (3.11) as follows:

Δ^{(1)}ϕ = κ^2

(^{(1)} ϕ −^{(1)}ϕ_{bg} ) , (3.15) where^{(1)}ϕ_{bg}≡ (−b/2π) log ρ is the background stress potential. It is appropriate [1] to reexpress (3.15):

(Δ − κ^2)

(^{(1)} ϕ −^{(1)}ϕ_{bg} ) = b δ^{(2)}(x) , (3.16)

where b implies the Burgers vector length. Remind that the Burgers vector is parallel to the line of the screw dislocation, and its length is the perturbative expansion parameter. Axial symmetry of the final state stimulates [21] to use the cylindric coordinates ρ, φ, z instead of x^a, a = 1, 2, 3 (ρ and φ are chosen in (x^1, x^2)-plane and z ≡ x_3). Then, we obtain from (3.16) the stress potential of the first order: (1) ϕ =^{(1)}ϕ_{bg} − f_S , f_S ≡ (b/2π)K_0(κρ) , (3.17)

where K_0 is the modified Bessel function [45].

Only the stress component σ_{ϕz} is non-trivial for the modified screw dislocation in the first order, and we express it using (3.10) and (3.14) [1]:

σ_{ϕz} = − μ ∂_ρ^{(1)}ϕ = bμ 2π ρ^{−1} ( 1 − κρK_1(κρ) ) . (3.18)

Equation (3.18) witnesses about existence of a core region at ρ^<_∼ κ^{−1} : the gauge correction to the classical long-ranged law 1/ρ is exponentially small outside this region. Inside it, the law 1/ρ is replaced by another non-singular one. More detailed information on the numerical behavior of (3.18) (including a treatment of κ^{−1} in terms of interatomic spacing) can be found in [2] and [6]. In the present paper, it is simply assumed that b = O(κ^{−1}). Solution (3.18) is in agreement with [2], [6] (the translational gauging), [8] (the non-local elasticity) and [10], [14], [15] (the strain gradient elasticity). This is because the Helmholtztype governing equations of the same type as (3.15) are essential in the approaches mentioned.

3.2.2 The second order

Taking into account the definitions (3.14), we obtain from (3.11) the gauge equations of the second order in the following form^2:

−∂^2_2 [ (1 − a)p + aΔf − κ^2(f − f_{bg}) ] = 2μ [ Q_{11} + ∂^2_2Ψ_{33} ] , −∂^2_{11} [ (1 − a)p + aΔf − κ^2(f − f_{bg}) ] = 2μ [ Q_{22} + ∂^2_{11}Ψ_{33} ] , ∂^2_{12} [ (1 − a)p + aΔf − κ^2(f − f_{bg}) ] = −2μ ∂^2_{12}Ψ_{33} ,

(3.19.1)

(1 − a)ΔΔf + aΔp − κ^2(p − p_{bg}) =

= 2μ [ Q_{33} − ∂^2_{12} ( Ψ_{12} + Ψ_{21} ) + ∂^2_{11}Ψ_{22} + ∂^2_2Ψ_{11} ] . (3.19.2)

Equations (3.19) describe the stress potentials of second order f and p (3.14). Besides, there

are equations to determine^{(2)}ϕ . But since^{(2)}ϕ_{bg} is zero in [21], we put consistently^{(2)}ϕ ≡ 0. Further, it is necessary to specialize the components of Q and Ψ, i.e., to express them

2Here and below, we use Q, Ψ, e without the superscript.

through the first order solution (3.17) by means of (3.4.3) and (3.7), respectively. Remind

that only the strains e_{13} and e_{23} are non-zero in the first order: e_{13} = 1 2 ∂_2^{(1)}ϕ , e_{23} = − 1 2 ∂_1^{(1)}ϕ .

Taking into account that ∂_3 = 0 and using (2.10.2) for e_{ab}^c, we obtain the following non-zero components of Q:

Q_{11} = Q_{22} = ( ∂_1e_{23} − ∂_2e_{13}

)_2 = ( Δ^{(1)}ϕ

)_2 4 , (3.20.1)

Q_{33} = 4 ( ∂_1e_{23} ∂_2e_{13} − ∂_2e_{23} ∂_1e_{13} ) + ( ∂_1e_{23} − ∂_2e_{13}

)_2

= ( ∂^2_{12}^{(1)}ϕ

)_2

− ∂^2_{11}^{(1)}ϕ ∂^2_2^{(1)}ϕ + ( Δ^{(1)}ϕ

)_2 4 . (3.20.2)

In turn, the corresponding components of Ψ are expressed standardly (see [21], [33]), and using (3.20.2) we obtain the combination we are interested in:

Q_{33} − 2∂^2_{12}Ψ_{12} + ∂^2_{11}Ψ_{22} + ∂^2_2Ψ_{11} =

= ΔΨ_{33} + ( 1 − 2μ^2C_7 ) Φ + ( Δ^{(1)}ϕ

)_2 4 , (3.21)

where

Ψ_{33} ≡ − μ^2 C_3 (( ∂_1^{(1)}ϕ

)_2 + ( ∂_2^{(1)}ϕ

)_2) , Φ ≡ ( ∂^2_{12}^{(1)}ϕ

)_2

− ∂^2_{11}^{(1)}ϕ ∂^2_2^{(1)}ϕ

(3.22)

in right-hand side of (3.21).

Equations (3.20), (3.21) differ from the analogous ones in [21], where the components Q_{11}, Q_{22} are zero, while Q_{33} appears without the term (∂_1e_{23} − ∂_2e_{13})^2. Indeed, properly defined Q includes a dependence on the differential-geometric torsion, and this just causes the disappearance of (∂_1e_{23} − ∂_2e_{13})^2. Remind that the conventional incompatibility law is formulated as the vanishing requirement of the Einstein tensor calculated by means of so-called Riemann–Cartan curvature [21]. The latter includes, apart from the Riemann– Christoffel part (2.9), a contribution due to the torsion tensor which is identified as the dislocation density. Therefore, the dislocation density contributes into the driving source of the incompatibility law. Thus, a distribution of dislocations must be postulated before going over to an explicit solution of the elastic problem. Instead, according to [1], a stress field due to the background defect is chosen first. Then, the gauge contribution to the elastic stress is determined by the gauge equation (2.13). Since the torsion is not considered as independent variable in the present investigation, the components Q_{11}, Q_{22}, Q_{33} acquire their form (3.20).

Equations (3.19) can be straightforwardly reduced to their classical version which is respected by the background stress potentials of second order f_{bg}, p_{bg}. Let us pass to the classically-looking Q_{11}, Q_{22}, Q_{12}:

Q_{11} = ∂^2_2Q^′ , Q_{22} = ∂^2_{11}Q^′ , Q_{12} = −∂^2_{12}Q^′ , (3.23)

where a specific numerical value of the constant Q^′ arises from a condition that a mean value of^{(2)}σ_{33} is zero [21], [33]. Then, equations which define f_{bg} and p_{bg} take in our notations the form (after the limit κ → 0):

ΔΔf_{bg} = k [ Δ(Ψ^{bg}_{33} + Q^′) + (1 − a) (1 − 2μ^2C_7) Φ_{bg} ] , (1 − a) p_{bg} + a Δf_{bg} = −2μ ( Ψ^{bg}_{33} + Q^′ ) , (3.24)

where Ψ^{bg}_{33} , Φ_{bg} are given by (3.22) provided^{(1)}ϕ is replaced by^{(1)}ϕ_{bg}. Besides, Eq. (3.21) (without the last term in right-hand side) was used, and we defined k ≡ 2μ 1 − 2a

= 2μ

1 + ν 1 − ν

(3.25)

in (3.24). The first and second equations (3.24) correspond, respectively, to Eqs. (657) and

(655) in [33], provided^{(2)}σ_{33} and F_{(2)} therein are identified as p_{bg} and −f_{bg}. As well, the sign at Q^′ is originally opposite [21].

Let us turn to (3.20). In the present approach, ( Δ^{(1)}ϕ

)_2

represents the square of the density distribution of the modified screw dislocation [1], [2], [6]: ( Δ^{(1)}ϕ

)_2 = ( b 2π κ^2 K_0(κρ)

)_2

. (3.26)

For sufficiently large κρ, K_0(κρ) decays exponentially, and ( Δ^{(1)}ϕ

)_2

(3.26) can approximately be replaced by zero. Therefore, Q_{11}, Q_{22}, and Q_{33} (3.20) take, also approximately, their conventionally appropriate form. Then, Eqs. (3.19) are in agreement with the classical situation, since three equations (3.19.1) are reducible to a single one similar to the second in

(3.24). However, Δ^{(1)}ϕ is not negligible at sufficiently moderate κρ, and Eqs. (3.19.1) require some care inside the core region ρ^<_∼ κ^{−1}. In other words, it might be in order to extend the geometric framework by means of the differential-geometric torsion. But this would imply that the teleparallel description chosen is no longer valid.

Instead, we shall establish an “effective” picture which should be viewed as still embraced by the teleparallel framework. However, this description is expected to incorporate certain features of approach extended differential-geometrically. Indeed, an independent non-trivial contribution due to the torsion would lead, in the first order, to the following equation instead of (3.15):

Δ^{(1)}ϕ_T = κ^2

(^{(1)} ϕ_T −^{(1)}ϕ_{bg} ) + T , (3.27)

where T is a suitable density caused by non-triviality of the torsion components, say, T^3_{12} =

−T^3_{21} (this is just appropriate for the screw dislocation along Oz, [37]). The notation^{(1)}ϕ_T implies the corresponding solution at given T . Being considered as independent source of incompatibility, the density T can be assigned to possess a series expansion near the defect’s axis with arbitrary numerical coefficients (to be eventually adjusted). As a result,

the solution^{(1)}ϕ_T itself can also acquire, in comparison with^{(1)}ϕ (3.17), certain modifications

near ρ = 0 (if so, attractive features of^{(1)}ϕ should be kept).

Bearing in mind that ( Δ^{(1)}ϕ

)_2

is transformed, at an extended treatment, into ( Δ^{(1)}ϕ_T

)_2 , let us it replace now by another “renormalized” density. Since details of such density can not be captured by the present approach, it is suggestive to choose it piece-wisely constant [36]: ( Δ^{(1)}ϕ

)_2 ∼ ( b πρ^2_∗

)_2

h_{[0, ρ∗]}(ρ) , (3.28)

where h_{[0, ρ∗]}(ρ) is equal to unity at ρ ∈ [0, ρ_∗] (i.e., within a disc bounded at some ρ = ρ_∗), and zero otherwise. It is crucial that (3.28) should not be treated as a relation to be iteratively improved. Provided (3.28) is used in Q_{11}, Q_{22} (3.20.1), the representations Q_{11} = ∂^2_2~g , Q_{22} = ∂^2_{11}~g , Q_{12} = −∂^2_{12}~g , analogous to (3.23), are valid with the corresponding “potential” ~g ≡ ~g(ρ) in the form:

~g = b^2 8π^2ρ^2_∗ (ρ2 ρ^2_∗ − 1 ) h_{[0, ρ∗]}(ρ) + C , (3.29)

where the constants C and ρ_∗ should be specified later. Both the functions, b 2π κ^2K_0(κρ) and b πρ^2_∗ h_{[0, ρ∗]}(ρ), exhibit a δ-like behavior provided, respectively, κ and 1/ρ_∗ are large

enough. Notice that these functions, being considered as the surface densities, are properly normalized. Therefore the replacement (3.28) looks better, provided its δ-like character is sharper.

Using (3.23) with ~g (3.29) instead of Q^′, we reduce (3.19) to the following couple of equations [36]:

(Δ − κ^2) ( Δ + κ^2 1 − 2a ) (f − f_{bg}) = k R , (3.30.1)

p = − a 1 − a

Δf − 2μ 1 − a

(Ψ_{33} + ~g) + κ^2 1 − a

(f − f_{bg}) , (3.30.2)

where f_{bg} respects the first equation in (3.24), and k is given by (3.25). The driving source in (3.30.1) is defined as follows:

R ≡ (Δ − κ^2) ( Ψ_{33} + ~g − Ψ^{bg}_{33} − Q^′ )

+ (1 − a) ( 1 − 2μ^2C_7 )( Φ − Φ_{bg} ) − 1 − a 4 ( Δ^{(1)}ϕ

)_2 , (3.31)

where Ψ_{33}, Φ, or Ψ^{bg}_{33} , Φ_{bg}, are given by (3.22) with^{(1)}ϕ or^{(1)}ϕ_{bg} substituted appropriately.

Besides, ( Δ^{(1)}ϕ

)_2 is kept in right-hand side of (3.31) only formally, as a symbol. The first equation (3.30.1) (would be called, after [17], [18], the non-homogeneous bi-Helmholtz equation^3) is just to be solved in what follows to determine the stress function f (3.14), while (3.30.2) is simply to express the resulting stress component σ_{zz} = p.

It can be realized that the governing equations (3.30) are essentially similar to those which should be expected for a consideration extended by means of the torsion (see also explanations in Section 5.3). Since their actual derivation incorporates (3.20), (3.21) (though being subjected to (3.28)), it is suggestive to treat the teleparallel framework as valid approximately. Although we do not pass (at a same footing with (3.28)) to another first order

3See [17], [18] for appropriate refs. and more examples of non-homogeneous bi-Helmholtz-type equations, which are crucial for the non-local elasticity and for the second strain gradient elasticity. A δ-driven differential equation analogous to (3.30.1) has already appeared also in [1] to describe a gauge modification of the edge dislocation.

solution, the similarity noticed is favored by the free parameter ρ_∗, which comes to play through (3.28). Indeed, arbitrariness due to ρ_∗ is reminiscent to a freedom at extension of the model by means of appropriate torsion density. Technical complexities, which might appear in a description based on (3.27), should be avoided now since deserve a separate studying. Therefore, the strategy based on (3.28) looks appropriate. Equations (3.30) lead, eventually, to a self-consistent stress tensor without an artificial cut-off around the core.

3.3 The driving source of the gauge equation

Before to solve (3.30.1), attention should be paid to its driving source R (3.31). It is convenient to consider R multiplied by ρ^2. Writing Φ and ΔΨ_{33} (see (3.22)) in the cylindrical coordinates, and keeping the same notation for the driving source after the multiplication, we obtain [36]:

R = ρ^2W (ρ) + 4∑ a=1 R_a , (3.32)

where

R_1 = ( c̃ + c(κρ)^2 )(( ∂_ρ^{(1)}ϕ

)_2 − ( ∂_ρ^{(1)}ϕ_{bg}

)_2) , R_2 = c̃ ρ Δ^{(1)}ϕ ∂_ρf_S − c̃ ρ ( Δ^{(1)}ϕ − Δ^{(1)}ϕ_{bg} ) ∂_ρ^{(1)}ϕ_{bg} ,

R_3 = 2c ρ^2 ∂_ρ ( Δ^{(1)}ϕ ) ∂_ρf_S − 2c ρ^2 ∂_ρ ( Δ^{(1)}ϕ − Δ^{(1)}ϕ_{bg} ) ∂_ρ^{(1)}ϕ_{bg} ,

R_4 = 2c ρ^2 (( Δ^{(1)}ϕ_{bg}

)_2 − ( Δ^{(1)}ϕ

)_2) .

(3.33)

The following notations are accepted in (3.32), (3.33):

c̃ ≡ (1 − a)(1 − 2μ^2C_7) − 4c , c ≡ μ^2C_3 ,

W (ρ) ≡

1 + a 4 ( Δ^{(1)}ϕ

)_2 − κ^2 ( ~g − Q^′ ) , (3.34)

where a and 1 − a are given by (3.13). Besides, we used (3.17) to write R_2 and R_3 (3.33).

Remind that the density Δ^{(1)}ϕ_{bg} is given, classically, by the Dirac delta-function. If so, at the same footing with (3.28), it seems inappropriate to account for the contributions due

to the difference Δ^{(1)}ϕ −Δ^{(1)}ϕ_{bg} in R_2, R_3 (3.33). Indeed, the non-homogeneous equation for the stress function f_{bg} is conventionally considered only for strictly positive ρ so that the

corresponding driving source is not influenced by Δ^{(1)}ϕ_{bg}. Therefore, the proposal to neglect

Δ^{(1)}ϕ −Δ^{(1)}ϕ_{bg} in (3.33) should be viewed as a “persistence” of the regularization allowed classically into the non-conventional approach.

We re-scale the radial coordinate κρ → z and obtain R in the following approximate form:

R ≈ z^2w(z) + 3∑ a=1 R_a , (3.35) where X^{−2} R_1 = ( c̃ + cz^2 ) K_1(z) ( K_1(z) − 2 z ) , X^{−2} R_2 ≈ −c̃zK_1(z)Δ_z ~ϕ ∼ 2c̃ z^2_∗ zK_1(z) ~h_{[0, z∗]}(z) ,

X^{−2} R_3 ≈ −2c z^2K_1(z) d dz ( Δ_z ~ϕ ) = −2c ( zK_1(z)

)_2 , (3.36)

and R_4 is neglected. The replacement (3.28) is taken into account in R_2 (3.36). We assume

that ~ϕ in (3.36) implies^{(1)}ϕ with removed multiple b 2π , and the factor X^2 ≡

(b κ 2π )_2 just points

out that we are concerned with the contributions quadratic in b. Besides, Δ_z is z^{−1} d dz ( z d dz ) , and K_0, K_1 are the modified Bessel functions [45]. The notation z^2 w(z) in (3.35) appears after re-expressing ρ^2W (ρ) in terms of the new variable:

z^2 w(z) ≡ X^2 z^2 z^4_∗ [ (1 + a) − 1 2 ( z^2 − z^2_∗

)] ~ h_{[0, z∗]}(z) , (3.37)

where z_∗ ≡ κρ_∗, and ~h_{[0, z∗]}(z) is equal to unity at z ∈ [0, z_∗] or zero, otherwise (we put C = Q^′).

Now the asymptotical properties of the driving source R (3.35) are characterized as follows. First of all, R is well localized at large z since it contains the Bessel functions. At small z, R is given by the series:

R(z) ≃ p_1 z^{−2} + p_2 log z + p_3

+ p_4 z^2 log^2 z + p_5 z^2 log z + p_6 z^2 + o(z^2) ,

(3.38)

where the numerical coefficients p_1, p_2, . . . , p_6 are:

p_1 = −X^2 c̃ , p_2 = 0 ,

p_3 = X^2

(2c̃

z^2_∗

− αc ) , p_4 = X^2 c̃ 4 , p_5 = X^2 ( c̃ z^2_∗ − c̃ 4 ( 1 − 2 log γ 2 ) + (1 − α) c ) , p_6 = w(0) + X^2 ( 1 − 2 log γ 2 ) ((

1 − 2 log γ 2 − 8 z^2_∗ ) c̃ 16 + (α − 1) c 2 ) ,

(3.39)

with α = 1 or α = 3 in p_3, p_5, p_6. Indeed, calculation of R_3 requires, as soon as (3.28) is imposed, to differentiate the step-function. But the replacement (3.28) should not lead to singularities in the driving source which would destroy consistency of our regularized scheme. We use p_3, p_5, p_6 with α = 1, when R_3 is simply omitted to express neglect of the corresponding differentiation. Otherwise (for a comparison), α = 3 when R_3 is formally calculated according to (3.36). However, α is left unspecified to indicate at both possibilities. Besides, in spite of p_2 ≡ 0, it is convenient to keep the corresponding term in (3.38), which is to be equated to zero at the end.

4 Solution of the gauge equation

We are going to solve (3.30.1) in two steps. First, we shall consider the non-homogeneous Bessel equation: [ z^2 d^2 dz^2 + z d dz − z^2 ] y(z) = R(z) . (4.1)

The method of variation of parameters provides a general solution to (4.1), denoted for a moment as y(z), as follows [46]:

y(z) = A y_1(z) + B y_2(z)

− z∫ t_0

y_1(z) y_2(t) − y_2(z) y_1(t) y_1(t) y^′_2(t) − y_2(t) y^′_1(t)

R(t) t^2 dt .

(4.2)

Here y_1(z) and y_2(z) are two linearly independent solutions of the associated homogeneous Bessel equation (i.e, the fundamental solutions), and t_0 is to be adjusted.

We choose the modified Bessel functions I_0 and K_0 [45] as the fundamental solutions y_1(z) = I_0(z) and y_2(z) = K_0(z), and we define an auxiliary function G(z, ϵ):

G(z, ϵ) = I_0(z) ( A(ϵ) + z∫ ϵ K_0(t)R(t) dt t )

+ K_0(z) ( B(ϵ) − z∫ ϵ I_0(t)R(t) dt t ) , (4.3.1)

where

A(ϵ) ≡ − ∞∫ ϵ K_0(t)R(t) dt t ,

B(ϵ) ≡ const + 1∫ ϵ ( p_1 t^3 + p_2 t log t +

(p_1 4 + p_3 )1 t ) dt .

(4.3.2)

As a result, the solution to (4.1) appears as follows:

G(z) = lim_{ϵ→0} G(z, ϵ) ≡ G(z, 0) . (4.4)

Behavior of the integrands t^{−1}I_0(t)R(t) and t^{−1}K_0(t)R(t) at small and large t is important for justification of the formulas (4.3). When t is small, a regularization is required for the integrals containing t^{−1}I_0(t)R(t) and t^{−1}K_0(t)R(t) (see Appendix A for the corresponding asymptotical expansions (A1) and (A2)). Eventually, the regularization in G(z) (4.4) is ensured by means of the specially constructed functions A(ϵ) and B(ϵ) (4.3.2), which behave at ϵ → 0 appropriately. When t is large, K_0(t)R(t) decays as e^{−2t}, whereas I_0(t)R(t) behaves, mainly, as a constant. Therefore, infinity as an upper bound in A(ϵ) (4.3.2) is appropriate. The prescribed choice of the integration boundaries implies that G(z) decays exponentially at large z, i.e., G(z) is well localized. Important arbitrariness in G(z) (4.4) should be stressed, which is due to the parameter const in B(ϵ) (4.3.2).

Using Appendix A, it is straightforward to establish the behavior of G(z) at small z:

G(z) ≃ q_0 + q_1 z^{−2} + q_2 log^3 z + q_3 log^2 z + q_4 log z

+ q_5 z^2 log^3 z + q_6 z^2 log^2 z + q_7 z^2 log z + q_8 z^2 + . . . .

(4.5)

The numerical coefficients q_0, q_1, . . . , q_6 in (4.5) are expressed by means of the parameters p_1, p_2, p_3, p_4 (3.39) as follows:

q_0 = −const × log γ 2 − I_K − p_1 16 , q_1 = p_1 4 , q_2 = p_2 6 , q_3 = p_1 8 + p_3 2 , q_4 = − const +

3p_1 4 , q_5 = p_2 24 , q_6 = p_1 32 + p_3 − p_2 8 + p_4 4 , (4.6)

where I_K is given by (A8) in Appendix A, and const in q_0, q_4 is introduced by the definition of B(ϵ) (4.3.2). Besides, it is seen that p_2 log z (3.38) is just responsible for the highest powers of the logarithm in (4.5) (and similarly for the logarithms multiplied by higher powers of z^2). Moreover, the coefficients q_7 and q_8 in (4.5) are practically too complicated. We omit them in (4.6), since their precise form is not of importance below (see Appendices for details).

As a second step, we express the difference f − f_{bg} ≡ k F, where F respects the nonhomogeneous Bessel equation [ z^2 d^2 dz^2 + z d dz + z^2 ] F ( z N ) = z^2 N^2 G ( κ N z ) . (4.7)

The modified stress potential of the second order appears as f = f_{bg} + k F. For convenience, Eq. (4.7) is also written in terms of the new variable z, which is however defined differently: z ≡ N ρ, N^2 ≡ κ^2 1 − 2a

. The driving source in (4.7) is expressed by means of (4.3) and (4.4). Using again (4.2), we put y_1(z) = Y_0(z) and y_2(z) = J_0(z) (Y_0 and J_0 solve the homogeneous Bessel equation associated to (4.7), [45]), and obtain:

F(ρ) = C ~Y_0(N ρ) + D J_0(N ρ) + I_F (ρ) ,

I_F (ρ) ≡ J_0(N ρ) ∞∫ ρ ~Y_0(N t)G(κt) t dt − ~Y_0(N ρ) ∞∫ ρ J_0(N t)G(κt) t dt ,

(4.8)

where ~Y_0(z) ≡ (π/2)Y_0(z). Here the integrals are convergent at their upper bounds.

In the preceding consideration [36], the choice C ≠ 0, D = 0 has been made for the coefficients in F(ρ) (4.8). However, in this case the asymptotical behavior of the stress field looks non-conventionally at sufficiently large distances. In the present paper, we put C and D in (4.8) equal to zero, and thus F(ρ) = I_F (ρ). The integral I_F (ρ) decays exponentially at large ρ, while at small N ρ we obtain (see Appendix B):

F(ρ) ≃ r_0 + r_1 log ρ + r_2 log^2 ρ

+ r_3 ρ^2 log^3 ρ + r_4 ρ^2 log^2 ρ + r_5 ρ^2 log ρ + r_6 ρ^2 + r_7 ρ^4 log^3 ρ + . . . ,

(4.9) where r_0 = − ~I_Y + log (γ 2 N ) ~I_J , r_1 = ~I_J , r_2 = p^1 8κ^2 , r_3 = p_2 24 , r_4 = ( 1 − N^2 κ^2

) p_1 32 − (1 − log κ) p_2 8 + p_3 8 , r_7 = κ^2 − N^2 384 p_2 .

(4.10)

The numerical coefficients r_2, r_3, r_4, r_7 (4.10) are expressed by means of p_1, p_2, p_3 given by (3.39). Besides, the parameters ~I_Y , ~I_J are defined by (B12) in Appendix B. The coefficients r_5, r_6 are more complicated, and their values are given by (B14) in Appendix B.

5 The stress tensor

5.1 The components σ_{ρρ} and σ_{ϕϕ}

Therefore the modified stress potential of second order f takes the form:

f = f_{bg} + kI_F , (5.1.1)

f_{bg} = − ~n log^2 ρ + d_1 ρ^2 + d_2 log ρ , ~n ≡ k p_1 8κ^2

, (5.1.2)

where I_F is given by (4.8), and the background stress potential f_{bg} is written in agreement with [21]. The potential f_{bg} respects the following equation, which results from (3.24) at ρ ≠ 0:

ΔΔf_{bg} =

−8~n ρ^4

. (5.2)

Taking into account (3.10) and (3.14), we obtain the second order stress tensor of the modified screw dislocation in the cylindrical coordinates as follows: (2) σ_{ρρ} = − 1 ρ d dρ f ,^{(2)}σ_{ϕϕ} = − d^2 dρ^2 f ,^{(2)}σ_{zz} = p , (5.3)

where f (5.1) and p (3.30.2) are substituted. Other components of^{(2)}σ are zero. In the classical problem, we use (5.3) with f_{bg} (5.1.2) and straightforwardly obtain:

(^{(2)}σ_{bg})_{ρρ} = 2~n log ρ ρ^2 − d_2 ρ^2

− 2d_1 ,

(^{(2)}σ_{bg})_{ϕϕ} = −2~n log ρ ρ^2 + 2~n + d_2

ρ^2

− 2d_1 .

(5.4)

Although some of our signs are opposite to those in [21], essential correspondence can always be verified. Free parameters d_1 and d_2 in (5.4) are restricted by vanishing of (^{(2)}σ_{bg})_{ρρ} at the boundaries of hollow cylinder, e.g., at ρ = ρ_c and ρ = ρ_e > ρ_c [21]:

(^{(2)}σ_{bg})_{ρρ} | | |_{ρ=ρe} = (^{(2)}σ bg)ρρ | | |_{ρ=ρc} = 0 . (5.5)

Substituting (5.4) into (5.5), one defines d_1 and d_2 thus arriving at the classical answers found in [21]. For our purposes it is more suitable to consider the limit when ρ_e is sufficiently large in comparison to ρ_c (ρ_e /ρ is moderate). We approximately obtain that

d_1 ≈ ~n ρ^2_e log ρ_e ρ_c

, d_2 ≈ 2~n log ρ_c , (5.6) and (^{(2)}σ_{bg})_{ρρ} ≈ 2~n ρ^2 ( log ρ ρ_c − ( ρ ρ_e

)_2 log ρ_e ρ_c ) , (^{(2)}σ_{bg})_{ϕϕ} ≈ 2~n ρ^2 ( 1 − log ρ ρ_c − ( ρ ρ_e

)_2 log ρ_e ρ_c ) . (5.7)

Notice, with regard at p_1 (3.39), that ~n is proportional to b^2, and f_{bg} (5.1.2) is indeed of second order in b. From (3.36), (4.3), (4.4), and (4.8) it is seen that I_F is also quadratic in b. Let us turn to the stress components (5.3) with f (5.1). The modified solution in question depends on several free parameters: ρ_∗, const, d_1, and d_2 (see (3.28), (4.3), and (5.1), respectively). Besides, accordingly to (3.29) and (3.30.2), there exists a dependence of^{(2)}σ_{zz} on C (on Q^′, in fact, since C = Q^′). Arbitrariness caused by these parameters can be avoided by subjecting the asymptotical stresses to appropriate conditions at κρ ≫ 1 and κρ ≪ 1. For instance, the contribution due to I_F is exponentially small in f (5.1) at κρ ≫ 1. Therefore, we obtain that f ≃ f_{bg}(ρ), and, consequently,^{(2)}σ_{ρρ}≃ (^{(2)}σ_{bg})_{ρρ},^{(2)}σ_{ϕϕ}≃ (^{(2)}σ_{bg})_{ϕϕ}, where the background stresses can be thought of as given by (5.4). However, d_1, d_2 in the gauge case are defined below.

In the limit κρ ≪ 1, the behavior of^{(2)}σ_{ρρ} and^{(2)}σ_{ϕϕ} is expressed by means of (4.9) and (5.1) as follows: (2) σ_{ρρ} − (^{(2)}σ_{bg})_{ρρ} ≃ − 2r_2 log ρ ρ^2 − r_1 ρ^2

− 2r_3 log^3 ρ − (3r_3 + 2r_4) log^2 ρ

− 2(r_4 + r_5) log ρ − (r_5 + 2r_6) − 4r_7ρ^2 log^3 ρ + . . . , (2) σ_{ϕϕ} − (^{(2)}σ_{bg})_{ϕϕ} ≃ 2r_2 log ρ ρ^2 − 2r_2 − r_1 ρ^2 − 2r_3 log^3 ρ − (9r_3 + 2r_4) log^2 ρ − 2(3r_3 + 3r_4 + r_5) log ρ

− (3r_5 + 2r_4 + 2r_6) − 12r_7ρ^2 log^3 ρ + . . . ,

(5.8)

where the background stresses in left-hand side are given by (5.4), and now the coefficients r_1, r_2, ..., r_7 include, for notational compactness, the multiple k prescribed by (5.1.1). It is crucial that the contributions ∝ ρ^{−2} log ρ disappear at both sides of (5.8) since r_2 is equal to ~n. As noticed in Section 3.3, the short-distance expansion of R (3.38) is missing the term corresponding to p_2. As it is seen from (4.10), the vanishing of p_2 implies that the contributions due to r_3 and r_7 disappear in right-hand side of (5.8). Besides, the constant term r_0 (4.9) is irrelevant for the differentiations in (5.2). However, the terms which are either divergent or constant at ρ → 0 still are contained in (5.8).

The number of the parameters in the present approach is smaller by a unit in comparison with [36] since now C = 0 is adopted in (4.8). Therefore, inappropriate terms in (5.8) should be handled differently than in [36]. In our approach, the core region corresponds to ρ^<_∼ κ^{−1} [1]. Let us introduce a fictitious boundary at ρ = ρ_ε, ρ_ε ≪ κ^{−1}, and let us assume that the argument ρ of our gauge solution varies only within the segment [ρ_ε, ρ_e ], where ρ_ε is allowed to be arbitrarily small but strictly non-zero. Then we arrive at the following set of equations:

r_1 + d_2

ρ^2_ε

+ 2r_4 log^2 ρ_ε + 2(r_4 + r_5) log ρ_ε + r_5 + 2(r_6 + d_1) = 0 ,

r_1 + d_2

ρ^2_ε

− 2r_4 log^2 ρ_ε − 2(3 r_4 + r_5) log ρ_ε − 3 r_5 − 2(r_4 + r_6 + d_1) = 0 ,

2~n log ρ_e − d_2 − 2ρ^2_e d_1 = 0 .

(5.9)

The first two equations in (5.9) imply that the sums of the terms, which are either divergent

or constant in^{(2)}σ_{ρρ},^{(2)}σ_{ϕϕ} (5.8), vanish at ρ = ρ_ε. Then, since r_7 (4.10) is zero at p_2 = 0, the

stresses^{(2)}σ_{ρρ},^{(2)}σ_{ϕϕ} at ρ = ρ_ε are mainly given by those terms in (5.8) which are ∝ ρ^2_ε log^2 ρ_ε and clearly go to zero at ρ_ε → 0. The third equation (5.9) reads that the radial stress is zero at the outer boundary ρ = ρ_e . It is crucial that arbitrariness of the parameters d_1, d_2, and const can be used to fulfill (5.9). Provided d_1, d_2, and const are thus determined (as functions of ρ_ε, in fact), we can use them in (5.1) to produce, by means of (5.3), the stress distribution valid on the ring (i.e., on the hollow disc), say, D_{[ρε,ρe ]} confined between ρ = ρ_ε and ρ = ρ_e .

The conditions (5.9) enable the following viewpoint. Indeed, let us consider an infinite sequence of concentric circles of monotonically decreasing radii ρ = ρ_ε which however remain non-zero. Then, an appropriate sequence of solutions defined on the rings D_{[ρε,ρe ]} can also

be considered. As ρ_ε’s are decreasing, the boundary values^{(2)}σ_{ij} | |_{ρ=ρε} of the corresponding stress distributions are also gradually going to zero. Notice that each ring D_{[ρε,ρe ]} is completely embedded into any other one possessing a strictly smaller internal radius. The whole sequence of embedded rings is covered by a disc with the same external boundary at ρ = ρ_e but with a puncture at ρ = 0, i.e., by the disc without a single point. The sequence of solutions defined on the rings can be naturally considered as convergent to an appropriate stress distribution defined on the punctured disc. Since the corresponding internal boundary stresses tend to zero, such limit should be expected to exist.

The present approach is concerned with the stress distributions valid on the rings D_{[ρε,ρe ]} with the internal holes of sufficiently small radii. As it will be argued in Section 5.3, this framework is just appropriate to discuss the stress distribution continued inside the core region. Notice that even the definition of G(z) given by (4.3), (4.4) is already concerned with a hollow domain possessing a sufficiently small internal radius. In turn, it is just the regularization adopted in (4.3) which nevertheless allows to send this radius in (4.3) to zero immediately.

To extract the dependence on const in (5.9), let us begin with the coefficients q_0, q_4 (4.6): q_0 = −const×log(γ/2) + . . . , q_4 = −const + . . . , where the dots correspond to contributions which depend on the material parameters but not on const. Using Appendix B, one can establish that r_5, r_6 (B14) depend on const only through the differences Y_6 − J_6, Y_7 − J_7: see (B16) and (B17). Eventually, r_1 (4.10), and r_5, r_6 (B14) are re-expressed as follows:

r_1 ≡ − ~C + ~r_1 , r_5 ≡ − κ^2 4 ~C + ~r_5 , r_6 ≡ q κ^2 4 ~C + ~r_6 , (5.10) where ~C ≡ const × k κ^2 + N^2

, q ≡ 1 − log (γ 2 κ ) . (5.11)

We substitute (5.10) into (5.9) and rewrite the resulting equations as a single 3 × 3 matrix equation: a 0 1 b 2ρ^2_ε 1 0 2ρ^2_e 1 ~C d_1 d_2 = l_1 l_2 l_3

, (5.12)

where a ≡ −1 +

(κρ_ε)^2 4 , b ≡ −1 −

(κρ_ε)^2 2 (1 2 − q + log ρ_ε ) , l_1 ≡ 2r_4ρ^2_ε log ρ_ε + (r_4 + ~r_5)ρ^2_ε − ~r_1 ,

l_2 ≡ −2r_4ρ^2_ε log^2 ρ_ε − 2(r_4 + ~r_5)ρ^2_ε log ρ_ε − (~r_5 + 2~r_6)ρ^2_ε − ~r_1 ,

l_3 ≡ 2 ~n log ρ_e .

(5.13)

Equations (5.12) are solved for d_1, d_2, ~C by the Cramer’s rule:

~C = 2 D ( ρ^2_e (l_2 − l_1) + ρ^2_ε(l_1 − l_3) ) , d_1 = 1 D ( al_2 − bl_1 + l_3(b − a) ) , d_2 = 2 D ( ρ^2_e (bl_1 − al_2) + ρ^2_εal_3 ) , (5.14)

where D ≡ 2aρ^2_ε + 2(b − a)ρ^2_e .

Most important for us is to represent (5.14) using, at sufficiently small ρ_ε, so-called logarithmic approximation: 1 ≪ κ ≪ 1 ρ_ε ≪ 1 ρ_ε log 1 ρ_ε

. (5.15)

Then, the ratios (5.14) can be represented in the perturbative form:

~C ≃ − 4r^4

κ^2 log 1 ρ_ε + 4 κ^2 ( ~r_5 + (1 + q) r_4 ) + . . . ,

d_1 ≃ 1 ρ^2_e ( ~n log ρ_e ρ_1 + 2 r_4 κ^2 log 1 ρ_ε ) + . . . ,

d_2 ≃ − 4 r_4 κ^2 log 1 ρ_ε

− 2~n log 1 ρ_1

+ . . . ,

(5.16)

where dots imply irrelevant terms, which tend to zero at ρ_ε → 0. Besides, the following new length parameter ρ_1 is defined to express the contributions in d_1, d_2 (5.16), which are constant at ρ_ε → 0: 2~n log 1 ρ_1

≡ ~r_1 − 4 κ^2 ( ~r_5 + (1 + q) r_4 ) , (5.17) where q is given by (5.11). Using (5.4) and (5.16), we obtain at sufficiently far distances: (2) σ_{ρρ} ≈ 2~n ρ^2 ( log ρ ρ_1 − ( ρ ρ_e

)_2 log ρ_e ρ_1 ) − 4 r_4 κ^2 log ρ_ε ( 1 ρ^2 − 1 ρ^2_e ) , (2) σ_{ϕϕ} ≈ 2~n ρ^2 ( 1 − log ρ ρ_1 − ( ρ ρ_e

)_2 log ρ_e ρ_1 ) + 4 r_4 κ^2 log ρ_ε ( 1 ρ^2 + 1 ρ^2_e ) . (5.18)

As far as the asymptotics (5.18) are concerned, it is crucial that r_4 can be made equal to zero. Indeed, using r_4 in the form (4.10) (where we put p_2 = 0 and use p_1, p_3 (3.39)), we obtain ρ^2_∗ from equation r_4 = 0 as follows (see [36]):

ρ^2_∗ =

B(η, α) κ^2

, B(η, α) ≡

8(1 − ν)(1 − η) α(1 − ν)η − 2ν(1 − η) , η ≡ 4(1 + ν) μ^2C_3 1 − 2μ^2C_7 , (5.19)

where c and ~c (3.34) are used, while α = 1 or α = 3, according to (3.39). Equations (5.19) lead to a positivity of the coefficient-function B(η, α), and it turns out that admissible η’s are strictly between zero and unity. Validity of the replacement (3.28) holds better provided κ^{−1} and ρ_∗ are smaller. Once the scale κ^{−1} is chosen as small enough, a boundary B_0 can be imposed to restrict possible variations of B(η, α) : 0 < B(η, α)^<_∼ B_0, so that ρ_∗ (5.19) is estimated as ρ_∗ = O(κ^{−1}). In terms of η, the restriction takes the form: ( 1 + α 2 1 − ν ν )_{−1} < ( 1 + U

)_{−1<∼} η < 1 , U ≡ α(1 − ν)B_0 8(1 − ν) + 2νB_0

, (5.20)

where it is used that the Poisson ratio of isotropic materials is restricted: 0 < ν ≤ 1/2.

Using (5.19), it is straightforward to rewrite (5.20) in terms of the elastic parameters C_3, C_7:

a) C_7 + 2(1 + ν) C_3 < 1 2μ^{2 <∼}

C_7 + 2 (1 + ν) ( 1 + U ) C_3 , C_3 > 0 ,

b) C_7 + 2 (1 + ν) ( 1 + U ) C_3^<_∼ 1 2μ^2

< C_7 + 2(1 + ν) C_3 , C_3 < 0 .

(5.21)

Further, Eqs. (3.9) can be applied to go over from C_3, C_7 to the parameters M, N, which are, in turn, expressible (see, for instance, [32]) through the coefficients m^′, n^′. The lasts characterize the elastic energy (3.5) but can also be related to the third order elastic moduli of the cubic crystals C_{ijk} (labelled by three indices i, j, k). In other words, the relations (5.21) restrict a choice of material. Numerical data provided by [32] witness that these conditions look realistically for certain materials. However, to discuss a fitting of (5.21) by the crystallographic data is beyond of the present investigation.

Provided ρ^2_∗ is given by (5.19) and r_4 is thus zero, the limit ρ_ε → 0 is suitable in (5.16) to eliminate ρ_ε in const, d_1, d_2. Then, d_1 and d_2 acquire the classically known form (5.6), though ρ_1 is present now instead of ρ_c . The length ρ_1 (5.17) is purely of the “gauge” origin. The large-distance stresses (5.18) also take at r_4 = 0 their classical form (5.7). The values thus obtained for const, d_1, d_2 should be used in f (5.1). Eventually, the second order stresses calculated accordingly to (5.3) appear without a cut-off around the dislocation’s core. Since appropriate differentiations are straightforward, we shall not elaborate the corresponding general formulas explicitly. Notice that the beginning of coordinates is excluded from the consideration since situated within a set of concentric circles of monotonically decreasing radii ρ_ε. Therefore, the axis Oz is not captured by the present approach. This is in agreement with the regularization of the density profile at ρ = 0 in Section 3.

5.2 The component σ_{zz}

Let us consider the stress component^{(2)}σ_{zz}= p. Classically, the second equation in (3.24) implies the following representation [21]: (2) σ_{zz} = ν

((2) σ_{ρρ} +^{(2)}σ_{ϕϕ} ) − 2μ(1 + ν) ( Ψ^{bg}_{zz} + Q^′ ) , (5.22)

where the potential f_{bg} (5.1.2) is used for the stresses in right-hand side (the corresponding

subscript is omitted for brevity), and^{(1)}ϕ_{bg}= (−b/2π) log ρ is substituted to express Ψ^{bg}_{zz}^4. The argument ρ in (5.22) varies within the segment [ρ_c , ρ_e ], and Q^′ is determined from a

requirement that^{(2)}σ_{zz} averaged over cross-section of the bulk is zero (so-called, ‘mean stress’ theorem [32]):_{2π} ∫ 0 ρ_e∫

ρ_c

(2) σ_{zz} ρ dρ dφ = 0 . (5.23)

Provided Q^′ is thus found, the representation (5.22) reads at ρ_e ≫ ρ_c : (2) σ_{zz} ≈ 2 [ ν~n + ( b 2π )_2 μ^3(1 + ν)C_3 ] [ 1 ρ^2 − 2 ρ^2_e log ρ_e ρ_c ] . (5.24)

The integral

∫_{ρe}

ρ_c

Δf_{bg} ρ dρ is zero under the conventional choice of d_1, d_2, and therefore

(5.22) can also be written at ρ_e ≫ ρ_c in the following form: (2) σ_{zz} ≈ ν

((2) σ_{ρρ} +^{(2)}σ_{ϕϕ} ) − 2μ(1 + ν) [ Ψ^{bg}_{zz} − 2 ρ^2_e

ρ_e∫

ρ_c

Ψ^{bg}_{zz} ρ dρ ] . (5.25)

Now let us turn to^{(2)}σ_{zz} of the modified defect given by (3.30.2): (2) σ_{zz} = ν

((2) σ_{ρρ} +^{(2)}σ_{ϕϕ} ) − 2μ (1 + ν)(Ψ_{zz} + ~g) + κ^2 (1 + ν) (f − f_{bg}) . (5.26)

In this case, the argument ρ varies within [ρ_ε, ρ_e ]. From the previous considerations it is

clear that^{(2)}σ_{ρρ} +^{(2)}σ_{ϕϕ} and Ψ_{zz}, taken at ρ = ρ_ε, decrease when ρ_ε → 0. Nevertheless,

the behavior of^{(2)}σ_{zz} sufficiently close to Oz appears a bit artificial, since the logarithmic term r_2 log^2(κρ) dominates in f − f_{bg} at small enough ρ. However, this is not an obstacle to consider the rings D_{[ρε,ρe ]}, as well as (eventually) the punctured disc, as the domains of definition of the corresponding stress distributions. Indeed, the integral analogous to (5.23)

4In the polar coordinates, Ψ_{zz} (3.22) takes the form: Ψ_{zz} = −c(∂_ρ^{(1)}ϕ )^2.

is convergent for^{(2)}σ_{zz} (5.26) provided its lower bound ρ_ε goes to zero. In other words,^{(2)}σ_{zz} (5.26) averaged over cross-section of the bulk is finite.

Let us obtain^{(2)}σ_{zz} (5.26) at sufficiently large distances, where f − f_{bg} is exponentially small, and the sum Ψ_{zz} + ~g is given mainly by Ψ^{bg}_{zz} + Q^′. Using (5.18) at r_4 = 0 to estimate (2) σ_{ρρ} +^{(2)}σ_{ϕϕ}, we obtain: (2) σ_{zz} ≈ 2ν~n [ 1 ρ^2 − 2 ρ^2_e log ρ_e ρ_1 ] − 2μ(1 + ν) [ Q^′ − ( b 2π )_2 c ρ^2 ] . (5.27)

We determine Q^′ from the condition that (5.26) integrated over cross-section is zero. Approximately, Q^′ takes the form:

Q^′ ≈ ( b 2π )_2 2c log(ρ_e /ρ_2) ρ^2_e

, (5.28)

where another length ρ_2 is introduced: ( b 2π )_2 2c log 1 ρ_2 ≡ ( b 4π )_2 − 2 1∫ 0 Ψ_{zz} ρ dρ − 2 ∞∫ 1 [ Ψ_{zz} + ( b 2π )_2 c ρ^2 ] ρ dρ

+ κ^2 μ ∞∫ 0 ( f − f_{bg} ) ρ dρ .

(5.29)

The estimate (5.28) is written under assumption that the upper integration bound ρ_e is replaced approximately by infinity, and ρ_ε → 0 as the lower one. Therefore, the large distance asymptotic (5.27) depends on two scales which are, in principle, different in our consideration: ρ_1 (5.17) and ρ_2 (5.29). To re-write (5.27) more conventionally, it is appropriate to introduce another length, say ρ_m , as follows: [ ν~n + ( b 2π )_2

μ(1 + ν)c ] log 1 ρ_m

≡ ν~n log 1 ρ_1 + ( b 2π )_2 μ(1 + ν)c log 1 ρ_2 . (5.30)

Substituting Q^′ (5.28) into (5.27) and using (5.30), we obtain: (2) σ_{zz} ≈ 2 [ ν~n + ( b 2π )_2

μ(1 + ν)c ] [ 1 ρ^2 − 2 ρ^2_e log ρ_e ρ_m ] . (5.31)

Equation (5.31) looks like (5.24) excepting that now ρ_m is present instead of ρ_c .

The classical answers for d_1, d_2 are given at ρ_e ≫ ρ_c by (5.6). Since d_1, d_2 (5.16) include the constant contributions, it is appropriate to demonstrate agreement between (5.6) and (5.16) by means of the newly defined length ρ_1 (5.17). In its turn, the integral condition (5.23) implies that ρ_2 coincides, classically, with the lower integration boundary ρ_c . Instead, Q^′ (5.28) is concerned with another length ρ_2 (5.29), since Ψ_{zz} is unconventional inside the core. In other words, the definitions (5.17) and (5.29) give classically the coinciding answers: ρ_1 = ρ_c and ρ_2 = ρ_c , where ρ_c is the cut-off which remains unspecified. In the present approach, two different lengths arise instead of ρ_c . The definition (5.30) is only to obtain the classically-looking representation (5.31).

We use ~g (3.30), where C = Q^′ with Q^′ given by (5.28), and thus we rewrite^{(2)}σ_{zz} (5.26): (2) σ_{zz} = ν

((2) σ_{ρρ} +^{(2)}σ_{ϕϕ} ) − 2μ (1 + ν) [ Ψ_{zz} − 2 ρ^2_e

ρ_e∫

0 Ψ_{zz} ρ dρ ]

− 2μ (1 + ν) ( b 4π )_2 [ 1 ρ^2_e + 2 ρ^2_∗ (ρ2 ρ^2_∗ − 1 ) h_{[0, ρ∗]}(ρ) ]

+ κ^2 (1 + ν) [ f − f_{bg} − 2 ρ^2_e

ρ_e∫

0 ( f − f_{bg} ) ρ dρ ] ,

(5.32)

or, at sufficiently large ρ_e , (2) σ_{zz} ≈ ν

((2) σ_{ρρ} +^{(2)}σ_{ϕϕ} ) − 2μ (1 + ν)Ψ_{zz} + κ^2 (1 + ν) (f − f_{bg})

− 2μ (1 + ν) ( b 2π )_2 [ 2c ρ^2_e log ρ_e ρ_2 + 1 2ρ^2_∗ (ρ2 ρ^2_∗ − 1 ) h_{[0, ρ∗]}(ρ) ] , where ρ^2_∗ is given by (5.19).

5.3 Remarks on the logarithmic approximation

The form of the asymptotic relations (5.16) reminds that the ratios (5.14) should be rearranged perturbatively provided log(1/ρ_ε) and ρ_e are sufficiently large. It is instructive to re-derive the leading terms in (5.16) by means of a more straightforward use of the logarithmic approximation at r_4 = 0. Indeed, let us reconsider (5.12) with the parameters (5.13) taken in the main order as follows:

a ≈ −1 , b ≈ −1 −

(κρ_ε)^2 2 log ρ_ε ,

l_1 ≈ − ~r_1 , l_2 ≈ − ~r_1 − 2^or_5ρ^2_ε log ρ_ε ,

(5.33)

where r_4 = 0 in ~r_1, while a special notation^or_5 is chosen for ~r_5 (5.10) at r_4 = 0 (see (B14)). Besides, l_3 is kept like in (5.13). We replace the entry equal to 2ρ^2_ε in (5.12) by zero. Then, in agreement with (5.16), the solution reads:

~C = 4 o r_5 κ^2

, d_1 = ~n ρ^2_e log ρ_e ρ_1

, d_2 = 2~n log ρ_1 , (5.34)

where ρ_1 corresponds to (5.17).

Moreover, assuming that log κ is also large (but probably not like log(1/ρ_ε) is), it is possible to estimate ρ_1. Let us separate out the logarithmic dependence of ~r_1, ~r_6 (5.10) as follows (r_4 is zero):

~r_1 − q_1 κ^2 log κ ≡^or_1 , ~r_6 −^or_5 log κ ≡^or_6 , (5.35)

where^or_1,^or_5, and^or_6 are free from log κ. We can use (5.35) in (5.13) and again directly solve (5.12). Then, the leading terms in d_1 and d_2 appear just in the form (5.34) with ρ_1 = B_1/κ, where 2~n log B_1 ≡ −^or_1 + 4 κ^2 o r_5 . (5.36)

In view of (5.35), it is seen that (5.36) is in agreement with (5.17). Further, the radius ρ_2 can also be estimated at sufficiently large log κ. Indeed, we obtain from (5.29) that ρ_2 = B_2/κ, where

2c log B_2 ≡ − 1 4 − 2c 1∫ 0 (1 − s K_1(s))^2 ds s , (5.37)

and c is given by (3.34). Therefore, the logarithmic approximation allows to determine the leading behavior of ~C, d_1, d_2, as well as to estimate ρ_1 and ρ_2. Note in passing that a certain influence of the regularization in (4.3) on B_1 (5.36), B_2 (5.37) should be considered, though elsewhere (since is concerned with specific numerical estimates).

The result (5.34) should be commented as follows. Let a sufficiently small positive ∈ (so-called, accuracy) be prescribed so that absolute values of the stresses which are smaller

than ∈, say, twice (i.e., |^{(2)}σ_{ij} | < ∈ 2 ) should be treated, for engineering, as indistinguishable from zero. Then, the shrinking of ρ_ε can be ceased as soon as appropriate boundary values (2) σ_{ij} | | ρ=ρ_ε

become to fulfil this estimate. Since, at the same time, log(1/ρ_ε) is large (e.g.,

respects (5.15)), the results (5.34), (5.36), (5.37) are valid. In other words, the large distance behavior looks conventionally though includes now ρ_1, ρ_2, which are dictated by a choice of material. However, in the most part of the core region the stresses are determined by (5.3) with f (5.1). Provided ρ_ε is thus fixed, the stress^{(2)}σ_{zz} remains bounded outside of an infinitesimally thin tube around Oz. It is essential that under prescribed accuracy ∈, a distant “observer” outside the core is dealt only with the conventionally behaving stresses, which look physically (since are improved by means of ρ_1, ρ_2) and are insensitive to all those particular ρ_ε’s which are “compatible” with a chosen ∈.

Furthermore, it is also appropriate to turn again to our geometric interpretation. Remind

that (3.28) is being applied to Δ^{(1)}ϕ , and the geometry is approximately treated as the teleparallel one. Let us, for a moment, imagine that the torsion is taken into account in order to make Q_{11}, Q_{22}, and Q_{33} (see (3.20)) conventionally-looking [21]. In a situation

when Δ^{(1)}ϕ_T comes to play instead of Δ^{(1)}ϕ , while a specific shape of appropriatly localized

density T is unclear, the replacement (3.28) can be applied, as a simplification, just to Δ^{(1)}ϕ_T . Besides, as soon as Q_{11}, Q_{22}, and Q_{33} are thus corrected, the modification of R (3.31) consists in disappearance of the third term in its right-hand side. Also, the corresponding potential ~g is transformed into a number, and w(z) does not occur in (3.35) provided ~g is equal to Q^′.

The local properties of such new R can be estimated. Indeed, the modifications are expectable for p_4, p_5, p_6 (3.39). However, these changes do not influence the coefficients we consider in (4.9). Equation (3.30.1) is solved, in the extended case, in a way similar to that above. As a result, a change of shapes of the profiles of the stress components within the core is expectable but these shapes are outside the scope of our consideration. It is important

that ρ_1 (5.17) and ρ_∗ (5.19) should not be affected at an extended treatment with Δ^{(1)}ϕ_T subjected to (3.28). Only ρ_2 (5.29) should be replaced since is defined “globally”. Thus, the present picture is almost the same as that with the torsion admitted, though handled approximately. Since the usage of (3.28) simply allows to avoid a specification of T , it is appropriate to keep the teleparallel interpretation, as discussed above.

6 Discussion

The stress tensor of the screw dislocation lying along elastically-isotropic cylinder is discussed in the present paper. Conventionally, the stress field is obtainable by means of the elasticity theory in two orders in the Burgers vector length. It is known that the stress distribution of the first order is singular on the dislocation line. The corresponding second order solution is peculiar due to occurence of the cut-off around the dislocation’s axis [19], [20], [21], [22]. In other words, a traction-free condition on boundary of the defect’s core comes to play. Notice that the ‘core’ is rather a crystalline notion since the theoretical elasticity has no appropriate length. In the given paper, the T (3)-gauge approach is investigated which enables the known second order stresses of the screw dislocation be continued inside the core. Although conventionally the cut-off radius is a free parameter, the continuation proposed manifests itself in appearance of special lengths which should characterize exteriority of the core region. These lengths are expressed through the elastic moduli of the cylinder’s material.

The non-homogeneous Einstein-type gauge equation (which can be derived variationally by means of the Hilbert–Einstein gauge Lagrangian) plays the role of unconventional incompatibility law. It is just responsible for smearing of the first order stress distribution of the screw dislocation [1]. However, the other gauge solutions of the first order so far known [2], [5], [6] also look satisfactory as far as avoiding the singularity of the screw dislocation is concerned. But these solutions correspond to differently chosen translational Lagrangians^5. Therefore, since the Einsteinian form of the gauge equation looks suggestively, it appears appropriate to investigate the stresses of the screw dislocation in the quadratic approximation also. Moreover, it seems interesting to handle the non-linearity of the gauge equation by means of the stress function approach [19], [21].

The Einsteinian gauge equation leads to the stress potential of second order which additionally includes, apart from the conventional terms, a non-conventional short-ranged contribution. The corresponding additional stresses are localized within the dislocation’s core. To ensure self-consistency of the resulting stress distribution, arbitrariness of certain constants in the general solution is used. To adjust the parameters, we consider the stresses on the hollow disc with arbitrarily small internal radius which is kept nonzero but allowed to decrease monotonically. As a result, there is no cut-off at the distances comparable with the radius of the defect’s core, but the points belonging to the axis Oz are eventually excluded from the consideration (the punctured disc as the cross-section).

Sufficiently far from the core, the stresses^{(2)}σ_{ρρ},^{(2)}σ_{ϕϕ},^{(2)}σ_{zz} agree with those in [21] though include now the lengths ρ_1, ρ_2, which imply the lower bounds for a range of validity of the large distance asymptotical expressions. Besides,^{(2)}σ_{ρρ} respects the free-surface condition at

the outer cylinder’s boundary. As to the short-distances, the components^{(2)}σ_{ρρ},^{(2)}σ_{ϕϕ} tend

to zero, while^{(2)}σ_{zz} grows logarithmically (though it is, as required [21], integrable) in a close vicinity of Oz. The solution obtained is characterized by one more length ρ_∗ which is a half-width of the effective density profile used in the present approach. The lengths ρ_1, ρ_2, ρ_∗ are expressed through the elastic moduli and demonstrate that the dislocation core appears to possess (in our description) a concentrically-layered external shell. However, possible numerical values for them are not discussed: the problem is strictly influenced by the crystallographic data and should be addressed separately. The “exterior” (in respect of the

5The author is grateful to Markus Lazar for calling attention to [51] where the modified screw dislocation has been also obtained for the gauge Lagrangian written as a restricted quadratic form.

core) stress distribution of the second order, which is improved by means of self-consistently arising radii ρ_1, ρ_2, plays a central role in the picture presented.

To avoid the use of the replacement for the density distribution, the geometric picture should be extended by means of the differential-geometric torsion taken into account. The torsion, as an independent localized source of incompatibility, could be expected to provide additional free parameters in the short-distance behavior of the stresses. The constant ρ_∗, introduced by means of the “regularized” density, can be viewed as effectively playing a similar role. Additional arbitrariness in the short-distance behavior can be attempted to be used, for instance, to make^{(2)}σ_{zz} less artificial near Oz.

The continuation proposed for the stresses of the screw dislocation is just achieved by means of the gauge equation considered as the incompatibility law. The constitutive equations which relate the stresses and the strains are non-linear in a usual sense, i.e., are due to the elastic energy written up to the third order in the strains. The present picture does not pretend to simulate the stress distribution within the core. For instance, extended treatment can probably affect details of the shapes of the localized parts of the stresses. Nevertheless, the model seems to provide effectively a self-contained description which accounts for, in two orders, the existence of the core region.

Certain features of an extended picture could be discovered in the present model which can, in turn, be used as a base of further, more involved, considerations. Estimations which account for the crystallographic data are also possible but should be done elsewhere. It is suffice to point out that validity of the solution proposed of the second order is concerned with the higher elastic moduli subjected to certain restrictions. But this point should be studied further after inclusion of the differential-geometric torsion.

A gauge approach to non-singular dislocations close to ours is developed in [5], [6], [47], [48], and it is based on the quadratic T (3)-gauge Lagrangian^6. However, only the linear problems are studied therein. It is proposed in [48] to use the terms in the Lagrangian which are related to the energy of the rotation gradients. These terms allow [48] to improve the large distance behavior of the modified defect found in [1] by an analogy with the edge dislocation. Therefore, additional terms of the mechanical origin in the full Lagrangian also merit attention in the framework of the gauging proposed in the present paper.

Our investigation demonstrates that the Hilbert–Einsteinian gauge approach is flexible enough since it allows, in two orders, the description for non-singular screw dislocation. Moreover, it seemingly provides an interesting opportunity of further extended treatments: for instance, application to the edge dislocation would be also desirable.

Acknowledgement

The author is grateful to M. Lazar for interesting and useful correspondence on the defects and for comments on [36], as well as to N. M. Bogoliubov, M. Yu. Gutkin, A. L. Kolesnikova and A. E. Romanov for discussing the paper during its preparation. The research described has been supported in part by RFBR (# 01–01–01045 and # 04–01–00825) and by the Russian Academy of Sciences program “Mathematical Methods in Non-Linear Dynamics”.

6Further applications to the disclinations are in [49], [50].

Appendix A

Appendices A and B contain intermediate results which are important to expand asymptotically the stress potential of second order f (5.1) (see also [36]). On starting with the series expansion (3.38) and using the Bessel functions in the series forms [45], we go over to the corresponding series F (4.9). First, let us estimate G(z) given by (4.3), (4.4).

To begin with, we expand the products t^{−1}K_0(t)R(t) and t^{−1}I_0(t)R(t) at small arguments t ≪ 1:

t^{−1}I_0(t)R(t) ≃ p_1 t^{−3} + p_2 t^{−1} log t +

(p_1 4 + p_3 ) t^{−1} + ( p_4 log^2 t +

(p_2 4 + p_5 ) log t + ^k ) t + . . . ;

(A1)

t^{−1}K_0(t)R(t) ≃ −p_1 log (γ 2 t ) t^{−3} − ( p_2 log^2 t + k_1 log t + k_2 ) t^{−1} − ( p_4 log^3 t + k_3 log^2 t + k_4 log t + k_5 ) t + . . . ,

(A2)

where p_1, p_2, . . . , p_5 are given by (3.38), and the coefficients k_1, k_2, k_3 are expressed by means of p_1, p_2, . . . , p_5 as follows:

k_1 = p_1 4 + log (γ 2 ) p_2 + p_3 ,

k_2 = − p_1 4 + log (γ 2 ) (p_1 4 + p_3 ) , k_3 = p_2 4 + log (γ 2 ) p_4 + p_5

(A3)

(γ is the Euler constant). The parameters k_4, k_5, and ^k are not used in the present paper and can be found in [36].

The series representations for the modified Bessel functions I_0 and K_0, as well as the expansions (A1) and (A2), lead us to the following estimations at z ≪ 1:

K_0(z) ( B(ϵ) − z∫ ϵ I_0(t)R(t) dt t )| | |_{s→0}

≃ K_0 + (K_1 log z + K_2) z^{−2}

+ K_3 log^3 z + K_4 log^2 z + K_5 log z + ( K_6 log^3 z + K_7 log^2 z + K_8 log z + K_9 ) z^2 + . . . , (A4) where

K_0 = −const × log γ 2 + ( 1 + 3 log γ 2 ) p_1 8 , K_1 =

−p_1 2 , K_2 = − log (γ 2 ) p_1 2 , K_3 = p_2 2 , K_4 = p_1 4 + log (γ 2 ) p_2 2 + p_3 ,

K_5 = −const + (3 2 + log γ 2 ) p_1 4 + log (γ 2 ) p_3 , K_6 = p_2 8 + p_4 2 , K_7 = p_1 16 + log (γ 2 ) p_2 8 + p_3 4 − ( 1 − log γ 2 ) p_4 2 + p_5 2 .

(A5)

Further, we get:

I_0(z) ∞∫ z K_0(t)R(t) dt t ≃ I_0 + (I_1 log z + I_2) z^{−2}

+ I_3 log^3 z + I_4 log^2 z + I_5 log z + ( I_6 log^3 z + I_7 log^2 z + I_8 log z + I_9 ) z^2 + . . . ,

(A6)

where

I_0 = I_K + ( 1 + 2 log γ 2 ) 3p_1 16 , I_1 =

−p_1 2 , I_2 = − ( 1 + 2 log γ 2 ) p_1 4 , I_3 = p_2 3 , I_4 = k_1 2 , I_5 =

−p_1 8 + k_2 ,

I_6 = p_2 12 + p_4 2 , I_7 = k_1 8 − 3p_4 4 + k_3 2 , (A7)

and k_1, k_2, k_3 are provided by (A3). Besides, the numerical constant I_K in I_0 (A7) is given by the regularized value of the integral:

I_K ≡ ∞∫ 1 K_0(t)R(t) dt t + 1∫ 0 [ K_0(t)R(t) + p_1 log (γ 2 t ) t^{−2}

+ k_2 + k_1 log t + p_2 log^2 t ]dt t . (A8)

Eventually, the series (4.5), which describes G(z, 0) at small z, is obtained by subtracting the series (A6) from the series (A4). The resulting coefficients (4.6) are calculated by means of (A5) and (A7): q_0 = K_0 − I_0 , q_i = K_{i+1} − I_{i+1} , i = 1, 2, . . . , 6 .

Since K_1 − I_1 = 0, the contribution ∝ z^{−2} log z is absent in (4.5).

Appendix B

Now let us estimate I_F (ρ) (4.8). First, we expand the products t J_0(N t)G(κt) and t ~Y_0(N t)G(κt) at small arguments t ≪ 1 (see [45]):

t J_0(N t) G(κt) ≃ q_1 κ^2 t^{−1} + q_2 t log^3 ( N t )

+ ( n_1 log^2 ( N t ) + n_2 log ( N t ) + n_3 ) t + ( n_4 log^3 ( N t ) + n_5 log^2 ( N t ) + n_6 log ( N t ) + n_7 ) t^3 + . . . ,

(B1) t ~Y_0(N t) G(κt) ≃ q_1 κ^2 t^{−1} log (γ 2 N t )

+ ( q_2 log^4 ( N t ) + m_1 log^3 ( N t ) + m_2 log^2 ( N t ) + m_3 log ( N t ) + m_4 ) t + ( m_5 log^4 ( N t ) + m_6 log^3 ( N t ) + m_7 log^2 ( N t ) + m_8 log ( N t ) + m_9 ) t^3 + . . . , (B2) where the parameters n_1, n_2, . . . , n_5 are expressed by means of the previously found coefficients q_1, q_2, . . . , q_6 (4.6):

n_1 = 3 log ( κ N ) q_2 + q_3 ,

n_2 = 3 log^2 ( κ N ) q_2 + 2 log ( κ N ) q_3 + q_4 ,

n_3 = q_0 −

N^2 κ^2 q_1 4 + log^3 ( κ N ) q_2 + log^2 ( κ N ) q_3 + log ( κ N ) q_4 ,

n_4 = − N^2 q_2 4 + κ^2 q_5 ,

n_5 = − N^2 q_3 4 + κ^2 q_6 + 3 log ( κ N ) n_4 ,

(B3)

and the coefficients m_1, m_2, . . . , m_6 are expressed by means of n_1, n_2, . . . , n_5 and q_1, q_2:

m_1 = log (γ 2 ) q_2 + n_1 , m_2 = log (γ 2 ) n_1 + n_2 ,

m_3 = log (γ 2 ) n_2 + n_3 , m_4 =

N^2 κ^2 q_1 4 + log (γ 2 ) n_3 ,

m_5 = n_4 , m_6 = N^2 q_2 4 + log (γ 2 ) n_4 + n_5 .

(B4)

The numerical coefficients n_6, n_7, and m_7, m_8, m_9 are placed in (B1) and (B2) only formally: their explicit values are not of importance for the present investigation.

Using (B1)–(B4), we go over to the estimation of the integrals which constitute I_F (ρ) (4.8). First, we obtain:

− ~Y_0(N ρ) ∞∫ ρ J_0(N t) G(κt) t dt ≃ Y_0 + Y_1 log^2 ( N ρ ) + Y_2 log ( N ρ )

+ ( Y_3 log^4 ( N ρ ) + Y_4 log^3 ( N ρ ) + Y_5 log^2 ( N ρ ) + Y_6 log ( N ρ ) + Y_7 ) ρ^2 + ( Y_8 log^4 ( N ρ ) + Y_9 log^3 ( N ρ ) + . . . ) ρ^4 + . . . , (B5) where

Y_0 ≡ log (γ 2 ) I_J , Y_1 = q_1 κ^2

, Y_2 = I_J + log (γ 2 ) q_1 κ^2

, Y_3 = q_2 2 , Y_4 = n_1 2 − (3 2 − log γ 2 ) q_2 2 , Y_5 = −

N^2 κ^2 q_1 4 + ( 1 − log γ 2 ) (3q_2 4 − n_1 2 ) + n_2 2 , Y_6 =

N^2 4 ( − I_J + ( 1 − log γ 2 ) q_1

κ^2 ) + log (γ 2 ) ^Y_1 + ^Y_2 ,

Y_7 =

N^2 4 ( 1 − log γ 2 ) I_J + log (γ 2 ) ^Y_2 , Y_8 = n^4 4 − N^2 q_2 8 , Y_9 =

N^2 8 (5 2 − log γ 2 ) q_2 − N^2 n_1 8 − (3 4 − log γ 2 ) n_4 4 + n_5 4 . (B6) Next, we obtain the following estimation at small ρ:

− J_0(N ρ) ∞∫ ρ ~Y_0(N t) G(κt) t dt ≃ J_0 + J_1 log^2(N ρ) + J_2 log(N ρ) + ( J_3 log^4 ( N ρ ) + J_4 log^3 ( N ρ ) + J_5 log^2 ( N ρ ) + J_6 log ( N ρ ) + J_7 ) ρ^2 + ( J_8 log^4 ( N ρ ) + J_9 log^3 ( N ρ ) + . . . ) ρ^4 + . . . , (B7) where J_0 ≡ I_Y , J_1 = q_1 2κ^2

, J_2 = log (γ 2 ) q_1

κ^2 , J_3 = q_2 2 , J_4 = m_1 2 − q_2 , J_5 = −

N^2 κ^2 q_1 8 + ^J_1

J_6 = −

N^2 4 J_2 + ^J_2 , J_7 = −

N^2 4 I_Y + ^J_3 ,

J_8 = m_5 4 − N^2 8 q_2 , J_9 = m_6 − m_5 4 + N^2 4 ( q_2 − m_1 2 ) .

(B8)

The following notations are accepted in (B6), (B8):

^Y_1 = 3q^2 4 + n_2 − n_1 2 , ^Y_2 = −

^Y_1 2 + n_3 2 , (B9)

^J_1 = 3q^2 2 − 3m_1 4 + m_2 2 , ^J_2 = − ^J_1 + m_3 2 , ^J_3 = −

^J_2 2 + m_4 2 . (B10)

Besides, the following notations are valid in (B6) and (B8):

I_J ≡ ~I_J − q_1 κ^2 log N ,

I_Y ≡ ~I_Y − q_1 κ^2 log N ( log N 2 + log γ 2 ) , (B11) where

~I_J ≡ lim_{ϵ→0+} ( − ∞∫ ϵ J_0(N t) G(κt) t dt + q_1 κ^2 1∫ ϵ dt t ) ,

~I_Y ≡ lim_{ϵ→0+} ( − ∞∫ ϵ ~Y_0(N t) G(κt) t dt + q^1 κ^2 1∫ ϵ log (γ 2 N t )dt t ) . (B12)

Eventually, we subtract (B7) from (B5) and, after an arrangement, obtain I_F (ρ) in the following form:

I_F (ρ) ≃ r_0 + r_1 log ρ + r_2 log^2 ρ + r_3 ρ^2 log^3 ρ

+ r_4 ρ^2 log^2 ρ + r_5 ρ^2 log ρ + r_6 ρ^2 + r_7 ρ^4 log^3 ρ + . . . ,

(B13)

where expressions for r_0, r_1, r_2, and r_3 are given in (4.10). Generally, the coefficients r_4, r_5, r_6, and r_7 appear as follows (though explicitly r_4 and r_7 are also given in (4.10)):

r_4 ≡ 3 log N ( Y_4 − J_4 ) + Y_5 − J_5 ,

r_5 ≡ 3 log^2 N ( Y_4 − J_4 ) + 2 log N ( Y_5 − J_5 ) + Y_6 − J_6 ,

r_6 ≡ log^3 N ( Y_4 − J_4 ) + log^2 N ( Y_5 − J_5 ) + log N ( Y_6 − J_6 ) + Y_7 − J_7 ,

r_7 ≡ Y_9 − J_9 = κ^2 − N^2 384 p_2 .

(B14)

To express r_4 (as well as r_5 and r_6), we need the differences Y_4 − J_4 and Y_5 − J_5:

Y_4 − J_4 = p_2 24 , Y_5 − J_5 = ( 1 − N^2 κ^2

) p_1 32 − ( 1 + log N κ ) p_2 8 + p_3 8 . (B15)

However, we leave Y_6 − J_6 and Y_7 − J_7 undone:

Y_6 − J_6 =

N^2 4 ( − I_J + q_1 κ^2 ) + log (γ 2 ) ^Y_1 + ^Y_2 − ^J_2 ,

Y_7 − J_7 =

N^2 4 ( I_Y + ( 1 − log γ 2 ) I_J ) + log (γ 2 ) ^Y_2 − ^J_3 .

(B16)

The terms ∝ log^4 ρ do not appear in (B13), since the differences Y_3 −J_3 and Y_8 −J_8 are equal to zero (according to (B4), m_5 = n_4). Using q_0 and q_4 (4.6), we determine the dependence of Y_6 − J_6, Y_7 − J_7 on const as follows:

Y_6 − J_6 = −κ^2 ~C 4k + . . . , Y_7 − J_7 = κ^2(q + log N ) ~C 4k + . . . , (B17)

where ~C and q are determined in (5.11).

References

[1] C. Malyshev The T(3)-gauge model, the Einstein-like gauge equation, and Volterra dislocations with modified asymptotics, Ann. Phys. (NY), 286, No. 2 (2000), 249–277

[2] D. G. B. Edelen A correct, globally defined solution of the screw dislocation problem in the gauge theory of defects, Int. J. Engng Sci., 34, No. 1 (1996), 81–86

[3] A. Kadić, D. G. B. Edelen A Gauge Theory of Dislocations and Disclinations, Lect. Notes Phys., vol. 174 (Springer-Verlag, Berlin etc., 1983)

[4] D. G. B. Edelen, D. C. Lagoudas Gauge Theory and Defects in Solids (North-Holland, Amsterdam, etc., 1988)

[5] M. Lazar Dislocation theory as a 3-dimensional translation gauge theory, Ann. Phys.

(Leipzig), 9, No. 6 (2000), 461–473

[6] M. Lazar An elastoplastic theory of dislocations as a physical field theory with torsion, J. Phys. A: Math. Gen., 35, No. 8 (2002), 1983–2004

[7] M. O. Katanaev, I. V. Volovich Theory of defects in solids and three-dimensional gravity, Ann. Phys. (NY), 216, No. 1 (1992), 1–28

[8] A. C. Eringen On differential equations of nonlocal elasticity and solutions of screw dislocation and surface waves, J. Appl. Phys., 54, No. 9 (1983), 4703–4710

[9] A. C. Eringen Nonlocal Continuum Field Theories (Springer, New York, 2002)

[10] M. Yu. Gutkin, E. C. Aifantis Screw dislocation in gradient elasticity, Scr. Mater., 35, No. 11 (1996), 1353–1358

[11] M. Yu. Gutkin, E. C. Aifantis Edge dislocation in gradient elasticity, Scr. Mater., 36, No. 1 (1997), 129–135

[12] M. Yu. Gutkin, E. C. Aifantis Dislocations in the theory of gradient elasticity, Scr.

Mater., 40, No. 5 (1999), 559–566

[13] M. Yu. Gutkin, K. N. Mikaelyan, E. C. Aifantis Screw dislocation near interface in gradient elasticity, Scr. Mater., 43, No. 6 (2000), 477–484

[14] M. Yu. Gutkin Nanoscopics of dislocations and disclinations in gradient elasticity, Rev.

Adv. Mater. Sci., 1, No. 1 (2000), 27–60

[15] M. Lazar, G. A. Maugin Nonsingular stress and strain fields of dislocations and disclinations in first strain gradient elasticity, Int. J. Engng Sci., 43, No. 13-14 (2005), 1157–1184

[16] M. Lazar, G. A. Maugin, E. C. Aifantis On dislocations in a special class of generalized elacticity, Phys. Stat. Sol. (b), 242, No. 12 (2005), 2365–2390

[17] M. Lazar, G. A. Maugin, E. C. Aifantis On a theory of nonlocal elasticity of bi-Helmholtz type and some applications, Int. J. Solids Struct., 43, No. 6 (2006), 1404–1421

[18] M. Lazar, G. A. Maugin, E. C. Aifantis Dislocations in second strain gradient elasticity, Int. J. Solids Struct., 43, No. 6 (2006), 1787–1817

[19] E. Kröner, A. Seeger Nicht-lineare Elastizitätstheorie der Versetzungen und Eigenspannungen, Arch. Rat. Mech. Anal., 3, No. 2 (1959), 97–119

[20] A. Seeger, E. Mann Use of the non-linear elasticity theory for defects in crystals, Z.

Naturforsch., 14a (1959), 154–164 [Engl. transl.: United Kingdom Atomic Energy Authority AERE–Trans 1062, 1966]

[21] H. Pfleiderer, A. Seeger, E. Kröner Non-linear elasticity theory of straight dislocations, Z. Naturforsch., 15a (1960), 758–772 [Engl. transl.: United Kingdom Atomic Energy Authority AERE–Trans 1061, 1966]

[22] Z. Wesolowski, A. Seeger On the screw dislocation in finite elasticity, In: Mechanics of Generalized Continua. Proceedings of the IUTAM Symposium on the Generalized Cosserat Continuum and the Continuum Theory of Dislocations with Applications (Ed., E. Kröner, Springer, Berlin, etc., 1968), pp. 294–297

[23] A. Seeger The application of second-order effects in elasticity to problems of crystal physics, In: Second-Order Effects in Elasticity, Plasticity, and Fluid Dynamics. Internat. Symp., Haifa, Israel, April 23–27, 1962 (Eds., M. Reiner, D. Abir, Jerusalem Academic Press, Pergamon Press, Oxford, etc., 1964), pp. 129–144

[24] V. A. Osipov Nonlinear elastic problems in dislocation theory: a gauge approach, J.

Phys. A: Math. Gen., 24, No. 14 (1991), 3237–3244

[25] R. E. Peierls The size of a dislocation, Proc. Phys. Soc., 52, No. 289 (1940), 34–37

[26] F. R. N. Nabarro Dislocations in a simple cubic lattice, Proc. Phys. Soc., 59, No. 332 (1947), 256–272

[27] J. H. van der Merwe On the stresses and energies associated with inter-crystalline boundaries, Proc. Phys. Soc. A, 63, No. 366 (1950), 616–637

[28] A. A. Maradudin Screw dislocations and discrete elastic theory, J. Phys. Chem. Solids, 9, No. 1 (1959), 1–20

[29] A. H. Cottrell Dislocations and Plastic Flow in Crystals (Clarendon Press, Oxford, 1953)

[30] A. H. Cottrell Theory of Crystal Dislocation (Gordon and Breach, New York, etc., 1965)

[31] J. P. Hirth, J. Lothe Theory of Dislocations (Wiley, New York, etc., 1982)

[32] C. Teodosiu Elastic Models of Crystal Defects (Springer–Verlag, Berlin, etc., 1982)

[33] B. K. D. Gairola Nonlinear elastic problems, In: Dislocations in Solids, vol. 1 (Ed., F.

R. N. Nabarro, Elsevier Science Publishers, Amsterdam, etc., 1979), pp. 223–342

[34] Chapter 2, Atomic structure, In: Dislocations in Solids, Proceedings of Yamada Conference IX on Dislocations in Solids, Tokyo, August 27–31, 1984 (Eds. H. Suzuki, T. Ninomiya, K. Sumino, S. Takeuchi, Yamada Science Foundation, University of Tokyo Press, VNU Science Press, Utrecht, 1985), pp. 49–88

[35] Dislocations 1984, Comptes Rendus du Colloque International du CNRS. Dislocations:

Structure de Coeur et Propriétés Physiques, Aussois, France, Mars 8–17, 1984 (Eds., P. Veyssière, L. Kubin, J. Castaing, Editions du CNRS, 1984)

[36] C. Malyshev A modified screw dislocation with non-singular core of finite radius from Einstein-like gauge equation (non-linear approach), arXiv: cond-mat/0312709

[37] E. Kröner Continuum theory of defects, In: Physique des Défauts, Les Houches, Session XXXV, 1980 (Eds., R. Balian, et al., North–Holland, Amsterdam, 1981), pp. 215–316

[38] H. Kleinert Gauge Fields in Condensed Matter. Vol. II. Stresses and Defects (World Scientific, Singapore, 1989)

[39] F. W. Hehl, J. D. McCrea, E. W. Mielke, Y. Ne’eman Metric-affine gauge theory of gravity: field equations, Noether identities, world spinors, and breaking of dilaton invariance, Phys. Rep., 258, No 1&2 (1995), 1–171

[40] G. Sardanashvily Classical gauge theory of gravity, Theor. Math. Phys., 132, No. 2 (2002), 1163–1171

[41] G. Sardanashvily Gauge gravitation theory from the geometric viewpoint, Int. J. Geom.

Methods Mod. Phys., 3, No. 1 (2006), v–xx

[42] M. Miri, N. Rivier Continuum elasticity with topological defects, including dislocations and extra matter, J. Phys. A: Math. Gen., 35, No. 7 (2002), 1727–1739

[43] N. Rivier Gauge theory and geometry of condensed matter, In: Geometry in Condensed Matter Physics. Directions in Condensed Matter Physics, vol. 9 (Ed., J. F. Sadoc, World Scientific, Singapore, 1990), pp. 1–88

[44] M. O. Katanaev Geometric theory of defects, Physics–Uspekhi, 48, No. 7 (2005), 675– 701 [45] G. N. Watson A Treatise on the Theory of Bessel Functions (Cambridge University Press, Cambridge, 1944)

[46] A. W. Babister Transcendental Functions Satisfying Nonhomogeneous Linear Differential Equations (The MacMillan Company, New York, 1967)

[47] M. Lazar Screw dislocation in the field theory of elastoplasticity, Ann. Phys. (Leipzig), 11, No. 9 (2002), 635–649

[48] M. Lazar A nonsingular solution of the edge dislocation in the gauge theory of dislocations, J. Phys. A: Math. Gen., 36, No. 5 (2003), 1415–1437

[49] M. Lazar Twist disclination in the field theory of elastoplasticity, J. Phys.: Condens.

Matter, 15, No. 40 (2003), 6781–6800

[50] M. Lazar Wedge disclination in the field theory of elastoplasticity, Phys. Lett. A, 311, No. 4-5 (2003), 416–425

[51] M. C. Valsakumar, D. Sahoo Gauge theory of defects in the elastic continuum, Bull.

Mater. Sci. (India), 10, Nos. 1&2 (1988), 3–44