PDMI PREPRINT — 10/2006

Subgroup schemes of a reductive group containing a split maximal torus

Ekaterina Sopkina Department of Mathematics and Mechanics St. Petersburg State University E-mail: sopkina@yandex.ru

Abstract. In the previous paper, we classified all connected subgroup schemes of a reductive group, that contain a split maximal torus, over an arbitrary field. In the present paper we study the normalizer of the subgroup schemes as above and classify all (not necessarily connected) intermediate subgroup schemes. The answer is given in terms of functions on the root system and subgroups of the Weyl group. We also describe the lattice of intermediate subgroup schemes.

2000 Mathematical Subject Classifications: 20G15, 20G35, 14L15.

Keywords: reductive groups, non-reduced affine group schemes.

§ 1 Introduction

In the present paper we continue studying subgroup schemes of a reductive group. In the previous paper [8] we classified connected subgroup schemes in a reductiove group, that contain a split maximal torus. Now we use this result to classify all (not necessarily connected) subgroup schemes containing the torus, ant describe the lattice of intermediate group schemes.

Intermediate subgroups of a reductive groups were discussed in a number of papers. In their fundamental paper [1], A. Borel and J. Tits desribed algebraic subgroups normalized by a split maximal torus. To do this, they introduced the notion of quasi-closed sets. In context of our problem, algebraic subgroups correspond to reduced subgroup schemes.

These results were generalized to groups over some classes of rings, including semi-local ones, by Z. Borewicz, N. Vavilov, and others. On the other hand, G. Seitz described overgroups of all not necessarily split maximal tori over a finite field. Surveys of research in this direction and further references can be found in the papers [11, 10] by N. Vavilov.

In our paper we generalize Borel–Tits theorem in a slightly different direction. Namely, we describe not necessarily reduced subgroup schemes. By Cartier’s theorem (see, for example, [3] II §6 no. 1 or [13] 11.4), any affine group scheme over a field of characteristic zero is reduced. So we assume that the characteristic of the base field is positive.

Non-reduced subgroup schemes of reductive groups were considered, in particular, in the papers by Ch. Wenzel (see [14, 15]) and F. Knop (see [5]). Ch. Wenzel classified parabolic subgroup schemes of a reductive group over an algebraically closed field under some mild restriction on characteristic. F. Knop described all subgroup schemes of SL_2.

In the present paper we describe subgroup schemes containing a split maximal torus in a reductive group. In the article [7], addressed this problem to the special case of GL_n. Using some results and ideas from the papers by Z. Borewicz and N. Vavilov (see, for example, [2]), we gave a complete description of overgroup schemes of a maximal tori in GL_n.

The results of the work [8] and of the present paper generalize simultaneously the classical result by A. Borel and J. Tits, the result by Ch. Wenzel on parabolic schemes, and the above result for GL_n. We develop the approach applied to the case of GL_n in [7] and use standard techniques and tools from algebraic geometry: reduction to an algebraically closed field, Frobenius morphism, functorial properties.

The rest of the article is organized as follows. In Section 2, we fix notation related with the structure of reductive groups. In Section 3, we recall necessary results from the paper [8] on connected subgroup schemes containing a split maximal torus and prove a useful lemma on the intersection of these schemes with the normalizer of the torus. Section 4 contains the classification of all (not necessarily connected) subgroup schemes in a reductive group that contain a split maximal torus. In Subsection 4.1 we formulate the main result of the section, Theorem 6. In Subsection 4.2 we construct all intermediate subgroup schemes and study their basic properties. In Subsection 4.3 we reduce to the case of algebraically closed base field and show that all intermediate subgroup schemes are exhausted by constructed ones, and this completes the proof of Theorem 6. Finally, in Section 5, we describe the intersection of two given intermediate subgroup schemes.

Acknowledgements

This research was partially supported by INTAS 04-83-3000 Young Scientist Fellowship and INTAS 03-51-3251.

§ 2 Preliminaries

In this section we fix notation and recall necessary results concerning reductive groups. We follow the books [4], [9], and [6] Exp. XXII.

Let G be a reductive group containing a split maximal torus T over a field K. Let Φ be the root system of the pair (G, T ). Consider the adjoint representation of G on its Lie algebra L. The T -module L admits a decomposition

L = L_0 ⊕ ( ⊕_{β∈Φ}L_β),

where each root subspace L_β has dimension 1.

For each root β ∈ Φ there is a homomorphism x_β : G_a → G such that the corresponding tangent map induces an isomorphism of the Lie algebra of the additive group G_a onto L_β . Such a root homomorphism is unique up to multiplication by an element of K^∗. For each root β we fix a homomorphism x_β that comes from a homomorphism over Z.

For root subgroups corresponding to roots α and β with β ≠ −α, we have the Chevalley commutator formula

[x_α(a), x_β (b)] = ∏ r,s>0

x_{rα+sβ} (N_{αβrs}a^rb^s),

where N_{αβrs} are integral coefficients. The values of N_{αβrs} can be found in the paper [12].

Let W (Φ) be the Weyl group of the root system Φ. We denote by the same letter an etale group scheme and its group of K-points. So by W (Φ) we denote the etale group scheme N(T )/T and the finite group (N(T )/T )(K).

§ 3 Connected subgroup schemes containing a split maximal torus

In this section we recall necessary results of the paper [8] and prove a useful lemma on the intersection of the scheme H_φ and the normalizer N(T ). Definition. Let S be a subset of a root system Φ. Suppose that for any two roots α and β in S and positive integers r and s such that rα + sβ is a root and p ∤ N_{αβrs}, the root rα + sβ lies in S. Then the subset S is called quasi-closed.

For a quasi-closed set S, by G(S) we denote the subgroup scheme of G(Φ) generated by T and root subgroups x_β (G_a) for all β ∈ S.

Lemma 1. (Lemma 3, [8]; proved in [6] Exp. XXII 5.4.3).

x_β (G_a) ∩ G(S) = { x_β(G_a), if β ∈ S; 1, otherwise.

Corollary 2. (Corrolary 5, [8]).

The correspondence S → G(S) gives a bijection between all quasi-closed subsets of Φ and all connected smooth subgroup schemes containing the torus T in G(Φ).

Let K be a field of characteristic p > 0. Let Φ be a root system, G(Φ) be a reductive group of type Φ over the field K, T be a split maximal torus in G(Φ).

Theorem 3. (Theorem 1, [8]).

There is a one-to-one correspondence between all connected subgroup schemes of G(Φ) that contain T , and all functions φ : Φ → N ∪ {0, ∞} satisfying

φ(rα + sβ) ≥ min(φ(α) − log_p r, φ(β) − log_p s) (∗)

for any roots α, β, rα + sβ ∈ Φ such that p ∤ N_{αβrs}.

By H_φ we denote the subgroup scheme corresponding to a given function φ. By the construction of the scheme H_φ (see [8]), the reduced subscheme (H_φ)_{red} is G(S), where S = {β ∈ Φ | φ(β) = ∞} is a quasi-closed subset of Φ.

Lemma 4. (Lemma 12, [8]). x_β (G_a) ∩ H_φ = x_β (α_pφ(β) ).

In particular, all schemes H_φ are distinct.

Lemma 5.

1. G(S) ∩ N(T ) = N_{G(S}r_)(T ). 2. H_φ ∩ N(T ) = N_{G(S}r_)(T ), where S = {β ∈ Φ | φ(β) = ∞}.

Proof. 1. The group G(S) admits the decomposition G(S) = G(S^r)U(S^u), where S^r = {β ∈ S | −β ∈ S}, S^u = {β ∈ S | −β /∈ S}, U(S^u) = ∏ β∈S^u xβ (Ga) is the

unipotent radical of G(S), the subgroup G(S^r) normalizes the subgroup U(S^u), and the intersection of G(S^r) and U(S^u) is trivial. In other words, the product G(S^r)U(S^u) is a direct product of varieties.

Consider an element of the intersection G(S) ∩ N(T ). It equals to a product gh, where g ∈ G(S^r) and h ∈ U(S^u). Since the element gh normalizes the torus T , we have ghT h^{−1}g^{−1} = T , hence hT h^{−1} = g^{−1}T g. On the other hand, we have the inclusions hT h^{−1} ⊆ G(S^r) and g^{−1}T g ⊆ T U(S^u). Since the group G(S^r) contains the torus T and the intersection of G(S^r) and U(S^u) is trivial, we have G(S^r) ∩ T U(S^u) = T . Therefore hT h^{−1} = g^{−1}T g = T , and g, h ∈ N(T ). Since N(T ) contains no unipotent element, h = 1. Thus gh ∈ N_{G(S}r_)(T ). The first assertion of the lemma is proved.

2. The intersection H_φ ∩ N(T ) contains the torus T and is contained in the normalizer N(T ). So the intersection H_φ ∩ N(T ) is the inverse image of some subgroup scheme of the quotient N(T )/T in N(T ). Since quotient N(T )/T is etale and the torus T is reduced, the scheme H_φ ∩N(T ) is reduced. Therefore the intersection H_φ ∩ N(T ) is contained in the reduced subscheme (H_φ)_{red} = G(S). Thus H_φ ∩ N(T ) = G(S) ∩ N(T ) = N_{G(S}r_)(T )

by the first assertion of the lemma.

§ 4 Normalizer

In this section we classify arbitrary (not necessarily connected) subgroup schemes of a reductive group that contain a split maximal torus over an arbitrary field.

Let H be a subgroup scheme of G(Φ) that contains the torus T . The connected component of the scheme H is a connected subgroup scheme of G(Φ) and contains T , because the torus T is connected. So we apply Theorem 3 and conclude that the connected component of the scheme H is a scheme H_φ for an appropriate function φ satisfying (∗). The connected component of any group scheme is a normal subgroup scheme (see [13] 6.7), therefore we have the following inclusions:

H_φ ≤ H ≤ N(H_φ).

Thus the classification of intermediate group schemes is equivalent to the classification of subgroup schemes of the quotients N(H_φ)/H_φ. It turns out that this quotient is an etale group scheme, which is isomorphic to the quotient N_{W (Φ)}(φ)/W (S^r), where S = {α ∈ Φ | φ(α) = ∞}. Below we formulate this statement in a slightly different way and prove it.

§ 4.1 Statement of Main Theorem

In this section we formulate the main result of the section. Let K be a field of characteristic p > 0. Let Φ be a root system, G(Φ) be a reductive group of type Φ over the field K, T be a split maximal torus in G(Φ).

Main Theorem 6. There is a one-to-one correspondence between all subgroup schemes of G(Φ) that contain the torus T , and all pairs (W, φ), where the function φ : Φ → N ∪ {0, ∞} satisfies

φ(rα + sβ) ≥ min(φ(α) − log_p r, φ(β) − log_p s) (∗)

for any roots α, β, rα + sβ ∈ Φ such that p ∤ N_{αβrs}, and W is a subgroup of the Weyl group W (Φ) such that W normalizes the function φ and contains all reflections w_α with φ(α) = φ(−α) = ∞.

Remarks. 1. A connected intermediate subgroup scheme H_φ corresponds to the pair (W (S^r), φ), where S = {β ∈ Φ | φ(β) = ∞}. The normalizer N(H_φ) corresponds to the pair (N_{W (Φ)}(φ), φ).

2. The description of intermediate subgroup schemes in GL_n, e.g. the equations for them, can be found in the paper [7].

§ 4.2 Construction of intermediate group schemes

Let (W, φ) be a pair satisfying the conditions of Theorem 6, i.e. the function φ : Φ → N ∪ {0, ∞} satisfies the inequality (∗) and W is a subgroup of the Weyl group W (Φ) such that W normalizes the function φ and contains W (S^r), where S = {α ∈ Φ | φ(α) = ∞}. Thus the condition for W can be written in the form

W (S^r) ≤ W ≤ N_{W (Φ)}(φ).

Recall that, by definition, W (Φ) is the quotient N(T )/T . By ~W we denote the subgroup scheme of N(T ) that projects onto W , i.e. the inverse image of W in N(T ).

Lemma 7. A subgroup W of the Weyl group W (Φ) normalizes the function φ if and only if the corresponding subgroup scheme ~W normalizes the scheme H_φ.

Proof. Suppose that W normalizes φ. Let w̃ be an arbitrary element of ~W (K). Consider the scheme H^′ = w̃H_φw̃^{−1}. We claim that H^′ is a connected subgroup scheme of G(Φ). Furthermore, H^′ contains T , because w̃ belongs to N(T ). Thus, by Theorem 3, H^′ = H_ψ for some function ψ satisfying (∗).

Consider the intersection of H^′ and a root subgroup x_β (G_a). We have the following relations:

H^′ ∩ x_β (G_a) = w̃H_φw̃^{−1} ∩ x_β (G_a) = w̃(H_φ ∩ w̃^{−1}x_β (G_a)w̃)w̃^{−1}.

Furthermore, w̃^{−1}x_β(G_a)w̃ = x_w−1_{(β)}(G_a), where w is the image of w̃ in W ≤ N(T )(K)/T (K). By Lemma 4, we have

H_φ ∩ x_w−1_{(β)}(G_a) = x_w−1_{(β)}(α_{pφ(w}−1_{(β))} ).

Since w normalizes φ, we have φ(w^{−1}(β)) = φ(β). Therefore

H^′ ∩ x_β (G_a) = w̃x_w−1_{(β)}(α_pφ(β) )w̃^{−1} = x_β(α_pφ(β) ).

On the other hand, by Lemma 4, we have

H^′ ∩ x_β (G_a) = x_β (α_pψ(β) ).

Thus φ = ψ and w̃ normalizes H_φ.

By the criteria for elements to be in the normalizer (see [3] II, §1, no 1, prop. 3.5), this means that any element of the group ~W (K) belongs to the normalizer of the torus T . Since the scheme ~W is reduced, it follows that ~W ≤ N(H_φ), i.e. ~W normalizes H_φ.

Now we prove the other implication. Suppose that ~W normalizes H_φ. In particular, for any element w ∈ W , its inverse image w̃ ∈ ~W satisfies the relation w̃H_φw̃^{−1} = H_φ. The calculations as above show that φ(w^{−1}(β)) = φ(β), i.e. the element w normalizes the function φ. Therefore the group W normalizes the function φ. The lemma is proved.

By the previous lemma, the inclusions for the group W are equivalent to

N_{G(S}r_)(T ) ≤ ~W ≤ N(T ) ∩ N(H_φ).

Define the group scheme H_{W,φ} corresponding to the pair (W, φ) as the product ~W H_φ. The group scheme ~W normalizes H_φ, therefore H_{W,φ} is a subgroup scheme of G(Φ). The scheme H_{W,φ} contains the torus T , because H_φ does. Thus the subgroup scheme H_{W,φ} satisfies the conditions of Theorem 6.

Lemma 8.

1. The connected component of H_{W,φ} is H_φ. 2. ~W = N(T ) ∩ H_{W,φ}.

Proof. 1. The scheme H_φ is connected. Furthermore, H_φ is a normal subgroup scheme of H_{W,φ} by the definition of the scheme H_{W,φ}. So it is enough to prove that the quotient H_{W,φ}/H_φ is an etale group scheme.

Note that we have an isomorphism

H_{W,φ}/H_φ ∼= ~W /(~W ∩ H_φ).

Furthermore, by Lemma 4,

~W /(~W ∩ H_φ) = ~W /N_{G(Sr)}(T ) ∼= W/W (S^r),

where S = {β ∈ Φ | φ(β) = ∞}. Since W is etale, the quotient H_{W,φ}/H_φ is etale.

2. By definition, we have H_{W,φ} = ~W H_φ. Since ~W is contained in N(T ), the following relations hold:

H_{W,φ} ∩ N(T ) = ~W H_φ ∩ N(T ) = ~W · (H_φ ∩ N(T )).

Now we apply Lemma 5 and get

~W · (H_φ ∩ N(T )) = ~W N_{G(Sr )}(T ).

Since ~W contains N_{G(S}r_)(T ), we get ~W N_{G(S}r_)(T ) = ~W , and this completes the proof.

§ 4.3 Description of intermediate group schemes

In this section we prove that any intermediate group scheme is H_{W,φ} for an appropriate pair (W, φ) satisfying the conditions of Theorem 6.

First of all, we reduce the general situation to the case of algebraically closed field. For this, we use the following lemma.

Lemma 9. (Lemma 13, [8]). Let H and H^′ be closed subschemes of any algebraic affine scheme G over a field K. If the schemes H_K and H^′_K coincide as subschemes of the scheme G_K over the algebraic closure K, then the schemes H and H^′ coincide.

Now we assume that the field K is algebraically closed.

Consider an arbitrary (not necessarily connected) subgroup scheme H of G(Φ) that contains the torus T . The connected component of H is a connected subgroup scheme of G(Φ) and contains T , because the torus T is connected. Therefore we apply Theorem 3 and conclude that the connected component of H is equal to the subscheme H_φ for some function φ satisfying (∗). Recall that the connected component is a normal subgroup scheme (see [13] 6.7), i.e. H_φ is normal in H. By ~W we denote the intersection of the subgroup schemes H and N(T ). Define W as the image of ~W in the quotient N(T )/T = W (Φ). By Lemma 7, the group W normalizes the function φ.

Lemma 10.

1. H(K) = ~W (K)H_φ(K). 2. H = ~W H_φ

Proof. 1. Let g be an element of H(K). Then g^{−1}T (K)g is a split maximal torus. Since H_φ(K) is a normal subgroup of H(K) and contains T (K), the torus g^{−1}T (K)g is contained in H_φ(K). All split maximal tori in an algebraic group over an algebraically closed field are conjugate (see [13] 10.5). Therefore the tori g^{−1}T (K)g and T (K) are conjugate in the group H_φ(K). In other words, h^{−1}g^{−1}T (K)gh = T (K) for some element h ∈ H_φ(K). So the element w̃ = gh belongs to the normalizer N(T ) of the torus T . On the other hand, w̃ ∈ H(K). Therefore we have w̃ ∈ (H ∩ N(T ))(K) = ~W (K). Thus the element g ∈ H(K) is equal to the product w̃h^{−1}, where w̃ ∈ ~W (K) and h^{−1} ∈ H_φ(K), i.e. the group H(K) is equal to the product ~W (K)H_φ(K).

2. The quotient map H → π_0H induces a map ~W → π_0H. We know that the homomorphism H(K) → π_0H(K) is surjective, the group H_φ(K) is the kernel of this homomorphism, and, by the first assertion of the lemma, H(K) = ~W (K)H_φ(K). Therefore the homomorphism ~W (K) → π_0H(K) is surjective. Since the group schemes ~W and π_0H are reduced, this means that ~W → π_0H is a quotient map.

The subgroup scheme H_φ is the kernel of the quotient map H → π_0H, the subgroup scheme ~W maps onto the image of this map, therefore the product ~W H_φ is the whole group scheme H. The assertion is proved.

Proof of Main Theorem 6. In Subsection § 4.2, we defined a scheme H_{W,φ} that corresponds to a given pair (W, φ) satisfying the conditions of Main Theorem 6. By the construction, the scheme H_{W,φ} is a subgroup scheme of G(Φ) and contains the torus T . By Lemma 8, the connected component of the scheme H_{W,φ} is the subscheme H_φ and the scheme H_{W,φ} satisfies the relation (N(T ) ∩ H_{W,φ})/T = W . In particular, this means that all schemes H_{W,φ} are distinct.

It remains to prove that any subgroup scheme H of G(Φ), that contains the torus T , is the scheme H_{W,φ} for an appropriate pair (W, φ) satisfying the conditions of Main Theorem 6. By Lemma 9, we may assume that the base field K is algebraically closed. Under this assumption, we determined the pair (W, φ) corresponding to a given intermediate group scheme H, so that the function φ satisfies the condition (∗) by Theorem 3, the group W contains W (S^r) by Lemma 5 and normalizes φ by Lemma 7. Finally, it follows from Lemma 10 that H = H_{W,φ}. The theorem is proved.

§ 5 Intersections

In this section we study the lattice of the intermediate group schemes classified in the previous sections. Proposition 12, which is the main result of this section, generalizes the following well-known result.

Lemma 11. (G(S) ∩ G(S^′))^0 = G(S ∩ S^′).

Proof. See [6] Exp. XXII 5.4.5 or [1] Prop. 3.22.

Proposition 12.

1. (H_φ ∩ H_φ′ )^0 = H_{min(φ,φ}′_). 2. H_{W,φ} ∩ H_W ′_{,φ}′ = H_{W ∩W} ′_{,min(φ,φ}′_).

Proof. 1. The scheme (H_φ ∩ H_φ′ )^0 is a connected subgroup scheme of G(Φ). Moreover, the schemes H_φ and H_φ′ contain the torus T and the torus is connected, therefore the connected component (H_φ ∩H_φ′ )^0 contains the torus T . So we apply Theorem 3 and conclude that (H_φ ∩ H_φ′ )^0 = H_ψ for some function ψ satisfying the condition (∗).

Now consider the intersections of the schemes H_φ, H_φ′ , and H_ψ with root subgroups. By Lemma 4, we have the equalities x_β(G_a) ∩ H_φ = x_β (α_pφ(β) ), x_β (G_a) ∩ H_φ′ = x_β (α_pφ′(β) ), and x_β(G_a) ∩ H_ψ = x_β(α_pψ(β) ). Since any scheme α_pn is connected and (H_φ ∩ H_φ′ )^0 = H_ψ, we obtain ψ = min(φ, φ^′).

The first assertion of the proposition is proved.

2. First of all, the intersection H_{W,φ} ∩H_W ′_{,φ}′ is a subgroup scheme of G(Φ) and contains the torus T . Therefore, by Main Theorem 6, H_{W,φ} ∩ H_W ′_{,φ}′ = H_W ′′_{,φ}′′ for some pair (W^{′′}, φ^{′′}).

Consider the connected component of the intersection H_{W,φ} ∩ H_W ′_{,φ}′ . It is the maximal connected subgroup scheme that is contained in the intersection H_{W,φ} ∩ H_W ′_{,φ}′ , therefore we have

(H_{W,φ} ∩ H_W ′_{,φ}′ )^0 ⊆ (H_{W,φ})^0 ∩ (H_W ′_{,φ}′ )^0 = H_φ ∩ H_φ′

and (H_{W,φ} ∩ H_W ′_{,φ}′ )^0 ⊆ (H_φ ∩ H_φ′ )^0. On the other hand, we have the inclusion (H_φ ∩ H_φ′ ) ⊆ (H_{W,φ} ∩ H_W ′_{,φ}′ ), therefore (H_φ ∩ H_φ′ )^0 ⊆ (H_{W,φ} ∩ H_W ′_{,φ}′ )^0. So the connected components of the subgroup schemes H_φ ∩ H_φ′ and H_{W,φ} ∩ H_W ′_{,φ}′ coincide. By the first assertion of the proposition, (H_φ ∩ H_φ′ )^0 = H_{min(φ,φ}′_). Thus we get (H_{W,φ} ∩ H_W ′_{,φ}′ )^0 = H_{min(φ,φ}′_) and φ^{′′} = min(φ, φ^′).

By the construction of intermediate group schemes, W^{′′} = (N(T )∩H_W ′′_{,φ}′′ )/T . On the other hand,

(N(T ) ∩ H_W ′′_{,φ}′′ )/T = ((N(T ) ∩ H_{W,φ}) ∩ (N(T ) ∩ H_W ′_{,φ}′ ))/T = W ∩ W^′.

Therefore W^{′′} = W ∩ W^′. The proposition is proved.

References

[1] Borel A., Tits J. Groupes réductifs. — Inst. Hautes Études Sci. Publ. Math. 27 (1965), pp. 55–151.

[2] Borewicz Z. I., Vavilov N. A. Subgroups of the general linear group over a semilocal ring containing the group of diagonal matrices. — Proc. Steklov Inst. Math. 4 (1980), pp. 41–54.

[3] Demazure M., Gabriel P. Introduction to algebraic geometry and algebraic groups. — Amsterdam: North-Holland, 1980, 357 p.

[4] Jantzen J. C. Representations of algebraic groups. — 2nd ed. — Providence, RI: Amer. Math. Soc., 2003, 576 p.

[5] Knop F. Homogeneous varieties for semisimple groups of rank one. — Comp.

Math. 98 (1995), pp. 77–89.

[6] Schemas en groupes (SGA 3) / Séminaire de Géométrie Algébrique du Bois Marie 1962/64, SGA 3. Dirigé par M. Demazure et A.Grothendieck. — Berlin: Springer, 1970, T. 1–3.

[7] Sopkina E. A. Classification of subgroup schemes in GL_n that contain a split maximal torus. (Russian) — Zap. Nauch. Sem. POMI 321 (2005), pp. 281– 296. (English transl. in J. Math. Sci.)

[8] Sopkina E. A. Classification of all connected subgroup schemes of a reductive group containing a split maximal torus. — POMI Preprint, 2006, 17 p.

[9] Springer T. A. Linear algebraic groups. — 2nd ed. — Boston: Birkhäuser, 1998, 334 p.

[10] Vavilov N. A. Subgroups of Chevalley groups containing a maximal torus.

(Russian) — Proc. Leningrad Math. Soc. 1 (1990), pp. 64–109. (English transl. in Proc. Sanct-Petersburg Math. Soc.)

[11] Vavilov N. Intermediate Subgroups in Chevalley Groups. — Proc. Conf.

Groups of Lie type and their geometries (Como, 1993), Cambridge Univ. Press, 1995, pp. 233–280.

[12] Vavilov N., Plotkin E. Chevalley groups over commutative rings I. Elementary calculations. — Acta Appl. Math. 45 (1996), pp. 73–113.

[13] Waterhouse W. C. Introduction to affine group schemes. — New York:

Springer, 1979, 164 p.

[14] Wenzel Ch. Classification of all parabolic subgroup-schemes of a reductive linear algebraic group over an algebraically closed field. — Trans. Amer. Math. Soc. Vol. 337 (1993), pp. 211-218.

[15] Wenzel Ch. Rationality of G/P for a nonreduced parabolic subgroupscheme P . — Proc. Amer. Math. Soc. 117 (1993), pp. 899-904.