PDMI PREPRINT — 03/2006

DYNAMICAL INVERSE PROBLEM FOR A LAMÉ TYPE SYSTEM

M. I. Belishev^1

Saint-Petersburg Department of the Steklov Mathematical Institute (POMI), belishev@pdmi.ras.ru

February 9, 2006

Abstract The system under consideration is governed by the equation u_{tt} = ∇κdivu− rotμrotu in Ω × (0, T ); its response operator (”input → output” map) R^T plays the role of the inverse data. It is shown that R^{2T} determines κ |_ΩT_p and μ |_ΩT_s , where Ω^T_p and Ω^T_s are the subdomains of Ω filled (at the moment T ) with p− and s−waves propagating from ∂Ω with velocities c_p = √ κ and c_s = √ μ correspondingly. Due to the wave splitting u = ∇p + rots the problem is reduced to the inverse problems for the acoustical and Maxwell subsystems governed by the equations p_{tt} = κΔp and s_{tt} = −μrotrots with the response operators R^{2T}_p and R^{2T}_s determined by R^{2T} . The first problem can be solved by the BC method (Belishev, 1986), the second one is solved by a version of the method based on the blow up effect. This version is the main subject of the paper.

1Supported by the RFBR grants No. 05-01-00936 and the Program MinObr 3.1.4733

1 Introduction.

1.1 The Lamé type system

Let Ω ⊂ R^3 be a bounded domain with the smooth^2 connected boundary Γ := ∂Ω. In its general form the Lamé equation written by components in the Cartesian coordinates is

ρ(u_i)_{tt} = (λ + μ) ∂ ∂x_i divu + μΔu + ∂λ ∂x_i divu + 3∑ k=1 ∂μ ∂x_k

( ∂u_i ∂x_k + ∂u_k ∂x_i ) (1.0)

with smooth variable coefficients provided ρ > 0, μ > 0, 3λ + 2μ > 0 in Ω. Assuming μ = const we have ρu_{tt} = ∇(λ + 2μ)divu − rotμrotu ;

taking ρ = 1 and admitting μ to be variable we arrive at a model (Lamé type) dynamical system α^T of the form u_{tt} = ∇κdivu − rotμrotu in Q^T (1.1) u |_{t=0}= u_t |_{t=0}= 0 in Ω (1.2) u = f on Σ^T . (1.3) It is the system we deal with in the paper; here κ := λ + 2μ, Q^T := Ω × (0, T ), Σ^T := Γ × (0, T ) ; f is a boundary control, u^f is a solution (wave). The system is equipped with the outer space of controls F^T := L_2(Σ^T ; R^3) and the inner space of states H := L_2(Ω; R^3) ;

the solution is considered as an H–valued function of time: u^f (·, t) ∈ H, t ∈ [0, T ]. For controls of the class

M^T := { f ∈ C^∞(Σ^T ; R^3) | f = 0 near Γ × {0} }

the solution is classical: u^f ∈ C^∞(Q^T ; R^3).

2Everywhere in the paper ”smooth” means C^∞–smooth.

1.2 Green formula

Fix γ ∈ Γ; a vector a at γ can be represented as

a = a^ν ν + a_θ (1.4)

where ν = ν(γ) is an outward normal, a^ν = a · ν, a_θ = a − a^ν ν is a tangent component, whereas the inner product can be written in the form

a · b = ( a^ν a_θ ) · ( b^ν b_θ ) = a^ν b^ν + a_θb_θ .

Denote G := L_2(Γ; R^3) and introduce the operator

L := ∇κdiv − rotμrot

governing the evolution of the system α^T . Integrating by parts for smooth u, v one has

(Lu, v)_H − (u, Lv)_H = (Nu, Dv)_G − (Du, Nv)_G = = ∫ Γ dγ [( κdivu μΦ(rotu)_θ ) · ( v^ν v_θ ) − ( u^ν u_θ ) · ( κdivv μΦ(rotv)_θ )] (1.5)

where Φ transforms the tangent vectors by the rule Φa = −ν × a (turns a onto the angle −^π_2 with respect to ν) and

Du := ( u^ν u_θ ) , Nu := ( κdivu μΦ(rotu)_θ )

on Γ.

1.3 Response operator

The form of the response operator R^T (”input → output” map of the system α^T ) is imposed by the choice of the boundary operators D and N: it acts in F^T on Dom = M^T by the rule Du^f → Nu^f , i.e.,

R^T f := ( κdivu^f μΦ(rotu^f )_θ ) on Σ^T .

Note that R^T can be extracted from measurements of the stress appearing at Γ in result of interactions of the waves with the boundary.

1.4 Main result

In the inverse problem the response operator plays the of the data for determination of the coefficients κ and μ into Ω. To describe the domains of determination we introduce the metrics

dτ^2_p :=

|dx|^2 κ , dτ^2_s :=

|dx|^2 μ and denote τ_p(x, y), τ_s(x, y) the corresponding distances in Ω. Also, we set

τ_p(x) := τ_p(x, Γ), τ_s(x) := τ_s(x, Γ) x ∈ Ω;

T_p := max_Ωτ_p(·), T_s := max_Ωτ_s(·) and Ω^T_p := {x ∈ Ω | τ_p(x) < T }, Ω^T_s := {x ∈ Ω | τ_s(x) < T } .

We impose the following implicit condition on the coefficient μ (on the metric dτ_s):

(A) for each T ∈ (0, T_s) excluding, may be, a finite set T_1, T_2, . . . , T_m the interior part Γ^T_s := ∂Ω^T_s \ Γ of the boundary of the subdomain Ω^T_s consists of a finite number of piece wise smooth connected components.

Note that smoothness of Γ^T_s can be broken only at the so-called separation set (cut locus) ω_s of the domain Ω with respect to its boundary. This set determined by the metric dτ^2_s (see e.g. [2]) is ”small”: ω_s is closed subset of zero volume, separated from Γ and determined by the metric dτ^2_s ; the complement Ω \ ω_s is connected. The main result of the paper is

Theorem 1 Let T > 0 be fixed and (A) be fulfilled. The operator R^{2T} determines κ |_ΩT_p and μ |_ΩT_s uniquely.

1.5 Remarks

The proof of Theorem 1 is constructive: we propose a sampling algorithm based on the blow up effect which recovers κ and μ. More exactly, splitting the waves by u = ∇p+rots, we select the acoustical and Maxwell subsystems α^T_p and α^T_s of the system α^T and reduce the inverse problem to the ones for the subsystems. The sampling algorithm for the system α^T_p governed by the scalar wave equation p_{tt} = κΔp has been proposed in [1] and described in [2] in detail; therefore we restrict ourselves by referring to the latter paper. The Maxwell part is governed by the equation s_{tt} = −μrotrots and the version of the algorithm recovering μ, in fact, is the main subject of our paper.

The procedures recovering κ and μ are local with respect to time: the longer is the interval of observation [0, T ], the bigger is the domain of determination. Moreover, such a determination is time-optimal: R^{2T ′} with T^′ < T doesn’t determine κ |_ΩT_p and μ |_ΩT_s uniquely in principle. This feature is the main advantage of the BC method.

In view of evident importance of the inverse problem for theory and applications (acoustics, geophysics, nondestructive control etc) the literature devoted to the Lamé system is hardly observable. In the important case of the half space and coefficients depending on one coordinate (the layered media) the problem can be reduced to the 1d problems and treated by the local method of A.S.Blagoveschenskii in [7],[8] Our list of references is so short by the only reason: to the best of our knowledge, the time–optimal procedures for 3d case haven’t been proposed yet.

2 Wave splitting

2.1 p−waves

Taking f ∈ M^T and applying κdiv to (1.1) one gets

κdivu^f = κΔκdivu^f

and arrives at the system α^T_p of the form

p_{tt} = c^2_pΔp in Q^T (2.1)

p |_{t=0}= p_t |_{t=0}= 0 in Ω (2.2) p = g on Σ^T (2.3) (c_p := √ μ) with the solution p = p^g(x, t) connected with u^f through the relations p^g = κdivu^f , g = κdivu^f |_ΣT = (R^T f)^ν . (2.4) We call α^T_p the acoustical subsystem of the system α^T and associate with it the outer space of the (scalar) controls

F^T_p := L_2(Σ^T ) = ν · F^T and the response operator R^T_p : F^T_p → F^T_p defined on

DomR^T_p = M^T_p := { g ∈ C^∞(Σ^T ) | g = 0 near Γ × {0} } = ν · M^T

by the rule R^T_p g :=

∂p^g ∂ν on Σ^T .

2.2 s− waves

Applying μrot to (1.1) we get (μrotu^f )_{tt} = − μrotrotμrotu^f and arrive at the system α^T_s of the form s_{tt} = −c^2_srotrots in Q^T (2.5) s |_{t=0}= s_t |_{t=0}= 0 in Ω (2.6) Φs_θ = h on Σ^T (2.7) (c_s := √ μ) with the solution s = s^h(x, t) connected with u^f through the relations s^h = μrotu^f , h = μΦ(rotu^f )_θ |_ΣT = (R^T f)_θ . (2.8) We say α^T_s to be the Maxwell subsystem of the system α^T and associate with it the outer space of controls F^T_s := {L_2(Σ^T ; R^3) | h · ν = 0 on Γ} = (F^T )_θ (so that F^T = (F^T_p ) ν ⊕ F^T_s (2.9) in accordance with (1.4)) and the response operator R^T_s : F^T_s → F^T_s defined on DomR^T_s = M^T_s := { h ∈ C^∞(Σ^T ; R^3) | h = 0 near Γ × {0}, h · ν = 0 on Γ } = (M^T )_θ by the rule R^T_s h := (rots^h)_θ on Σ^T .

2.3 Splitting R^T

The following result plays the key role in solving the inverse problem: it shows that the response operator of the system α^T determines the ones of the subsystems α^T_p , α^T_s explicitly. In the formulation we use the auxiliary operators:

the tangent gradient ∇_θ : F^T_p → F^T_s , Dom∇_θ = M^T_p , ∇_θφ := (∇φ̃)_θ where φ̃ is (any) smooth continuation of φ from Γ onto an R^3- neighborhood of Γ;

the tangent divergence div_θ : F^T_s → F^T_p , div_θ := −(∇_θ)^∗; as is known, ν · rotψ = −div_θ ν × ψ_θ = div_θΦψ_θ on Γ (2.10) for a ψ smooth near Γ;

the integration J^T : F^T → F^T , (J^T f)(·, t) :=

∫_t 0 f(·, η) dη , t ∈ [0, T ] .

Also, we use the matrix notations coordinated with decompositions (1.4) and (2.9).

Lemma 1 The relations KerR^T = {0} , RanR^T = M^T and the representation (R^T )^{−1} = (J^T )^2 ( R^T_p −div_θ ∇_θ −R^T_s ) (2.11) hold for any T > 0.

Proof For f ∈ KerR^T one has

g := κdivu^f = (R^T f)^ν = 0, h := μΦ(rotu^f )_θ = (R^T f)_θ = 0 on Σ^T that implies p^g = κdivu^f = 0 in Q^T by virtue of uniqueness of solution of the problem (2.1)–(2.3), and s^h = μrotu^f = 0 in Q^T by uniqueness for (2.5)– (2.7). Hence, divu^f (·, t) = 0 and rotu^f (·, t) = 0 for all t ∈ [0, T ] that easily leads to u^f = 0 and, then, to f = 0. Thus, KerR^T = |0|.

The embedding RanR^T ⊂ M^T follows from the smoothness of u^f . Let us verify that RanR^T ⊃ M^T .

Take arbitrary g ∈ M^T_p ; let p^g be the solution of (2.1)–(2.3). Applying ∇ to (2,1) it is easy to see that ∇p^g satisfies the equation

(∇p^g)_{tt} = L∇p^g in Q^T

and the conditions

∇p^g |_{t=0}= (∇p^g)_t |_{t=0}= 0 in Ω.

Hence, ∇p^g is the solution of (1.1)–(1.3): ∇p^g = u^{f ′} corresponding to the control f^′ = u^{f ′} |_ΣT = ( u^{f ′} · ν (u^{f ′} )_θ ) = ( ∇p^g · ν (∇p^g)_θ ) = = (_{∂p}g ∂ν ∇_θp^g ) = ( R^T_p g ∇_θg ) . At the same time, by the definition of the response operator one has

R^T f^′ = R^T ( R^T_p g ∇_θg ) = ( κdiv∇p^g μΦ(rot∇p^g)_θ ) =

= ( κΔp^g 0 ) = ⟨see (2.1)⟩ = ( p_{tt} 0 ) = ( g_{tt} 0 ) . Integrating on time with regards to the commutation R^T J^T = J^T R^T and the initial data (2.2) one has

R^T (J^T )^2 ( R^T_p g ∇_θg ) = ( g 0 ) . (2.12)

Take arbitrary h ∈ M^T_s , let s^h be the solution of (2.5)–(2.7). Applying rot to (2.5) it is easy to see that rots^h satisfies the equation

(rots^h)_{tt} = Lrots^h in Q^T

and the conditions

rots^h |_{t=0}= (rots^h)_t |_{t=0}= 0 in Ω .

Hence, rots^h is the solution of (1.1)–(1.3): rots^h = u^{f ′′} corresponding to the control f^{′′} = u^{f ′′} |_ΣT = ( u^{f ′′} · ν (u^{f ′′} )_θ ) = ( ν · rots^h (rots^h)_θ ) = ⟨see (2.10)⟩ = ( div_θΦs^h_θ (rots^h)_θ ) = ( div_θh R^T_s h ) . At the same time, by the definition of the response operator one has

R^T f^{′′} = R^T ( div_θh R^T_s h ) = ( κdivrots^h μΦ(rotrots^h)_θ ) = ⟨see (2.5)⟩ = ( 0 −Φ(s^h_{tt})_θ ) = − ( 0 h_{tt} ) . Integrating on time with regards to (2.6) one has

R^T (J^T )^2 ( div_θh R^T_s h ) = − ( 0 h ) . (2.13)

Joining (2.12) with (2.13) we arrive at the relation

R^T (J^T )^2 ( R^T_p −div_θ ∇_θ −R^T_s ) ( g h ) = ( g h )

that is equivalent to (2.13) by arbitrariness of g and h. The lemma is proved.

The straightforward consequence of (2.11) is the relations

R^T_p g =

∂^2 ∂t^2

[R^T ]^{−1} ( g 0 ) ; R^T_s h = −

{ ∂^2

∂t^2

[R^T ]^{−1} ( 0 h )} θ (2.14)

representing the response operators of the subsystems through the response operator of the system. Sure, such a splitting of R^T occurs only due to ρ = const.

One more remarkable fact easily follows from analysis of the proof: the wave u^f is of the form of rots^h (the case f = f^{′′}) if and only if f = ( div_θh R^T_s h ) , h ∈ M^T_s

i.e., if and only if the components of the control are linked as

f^ν = div_θ[R^T_s ]^{−1}f_θ on Σ^T .

Such controls initiate the waves propagating with ”slow” velocity c_s = √ μ: suppu^f (·, t) ⊂ Ω^t_s, t > 0. (2.15)

It is worth of noting that the similar effect holds in the case of the proper Lamé system governed by the equation (1.0) with variable coefficients: there exists a class of controls initiating the waves propagating with the slow velocity, i.e., satisfying (2.15) for c_s =

√_μ

ρ . Sure, in general case these waves aren’t represented as u^f = rots^h, they are of more complicated structure. Nevertheless, they exist: this fact is derived from the results on boundary controllability of the Lamé system established in [6]. Moreover, the experience obtained in 1d problems (see [5], [7], [8]) allows to presume that it is the class of waves which can play the key role in time optimal determination in general case.

3 Inverse problem

3.1 Determination of κ

Given R^{2T} one can find R^{2T}_p by (2.14). The latter operator determines κ in Ω^T_p that was one of the first results of the BC method. One of the procedures recovering κ |_ΩT_p based on the blow up effect has been proposed in [1]; its modernized version is presented in [2]. So, referring to the mentioned papers, we assume κ recovered. The rest of our paper is devoted to the blow up procedure recovering μ |_ΩT_s .

3.2 Preliminaries

Here we present a short list of results of the BC method for the Maxwell system α^T_s . The reader is referred to [4], [3] for details.

(i) Controllability Introduce the space

J := {y ∈ L_2(Ω; R^3) | div 1 μ y = 0 in Ω}

of μ^{−1}− solenoidal vector fields with the inner product

(y, v)_J = ∫ Ω dx μ y · v which plays the role of the inner space of the system α^T_s . The solutions s^h of the problem (2.5)–(2.7) are considered as J - valued functions of t ∈ [0, T ]. The subspaces

J^T := {y ∈ J | supp y ⊂ Ω^T_s }, T > 0

increase as T grows.

The operator W^T : F^T_s → J , DomW^T = M^T_s ,

W^T h := s^h(·, T )

realizes the ”input → state” map; the set

S^T := RanW^T = {s^h(·, T ) | h ∈ M^T_s }

is said to be reachable (at the moment t = T ). By the property (2.15) (hyperbolicity of the problem (2.5)–(2.7)) the embedding S^T ⊂ J^T holds; in [3] the character of this embedding is clarified as follows.

Assume the condition (A) of section 1.4 to be fulfilled; in this case the representation J^T = closS^T ⊕ D^T (3.1)

holds where D^T is a finite dimensional subspace consisting of elements d satisfying

rotd = 0 in Ω^T_s , d × ν = 0 on Γ, d · ν on Γ^T_s (3.2)

where Γ^T_s := {x ∈ Ω | τ_s(x) = T } = ∂Ω^T_s \ Γ

is the inner part (may be, unconnected) of the boundary of Ω^T_s which can be regarded as the forward front of s− waves propagating from Γ into Ω. The value of dimD^T is determined by topology of Ω^T_s , – see [3]. So, the system α^T_s is approximately controllable up to a defect subspace of finite dimension. Note that for small enough T one has D^T = {0}. Note also that the relation (4.1) is derived from the vectorial version of the fundamental Holmgren–John–Tataru uniqueness theorem [9].

(ii) Wave basis The map C^T : F^T_s → F^T_s , DomC^T = M^T_s ,

C^T := (W^T )^∗W^T is called the connecting operator. The basic fact of the BC method is that this operator is expressed through the response operator (inverse data) in explicit form: C^T = 1 2 [O^T ]^∗R^{2T}_s J^{2T} O^T (3.3) where O^T : F^T_s → F^{2T}_s extends the controls from [0, T ] onto [0, 2T ] as odd (with respect to t = T ) functions of t. So, possessing of R^{2T}_s one can find the product (s^{h′} , s^{h′′} )_J = (W^T h^′, W^T h^{′′})_J = (C^T h^′, h^{′′})_F T_s (3.4) for h^′, h^{′′} ∈ M^T_s .

Let ĥ^T = {h_j }^∞_{j=1} ⊂ M^T_s be a set of controls satisfying

(C^T h_i, h_j)_F T_s = δ_{ij} , clos spanĥ^T = F^T_s ; (3.5) such a system can be constructed from any complete system by C^T − orthogonalization. By virtue of (3.4) the system of waves ŝ^T = {s_j}^∞_{j=1}, s_j := s^{hj} (·, T ) = W^T h_j satisfies (s_i, s_j)_J = δ_{ij} , clos spanŝ^T = closS^T , i.e., forms the orthonormalized basis in the reachable subspace closS^T . Denoting by P^T the orthogonal projection in J onto closS^T one has

P^T = ∞∑ j=1 (·, s_j)_J s_j . (3.6)

Let a ∈ J^T be a smooth vector field satisfying rotrota = 0 in Ω^T_s . (3.7) Expanding over the wave basis one has

P^T a = ∞∑ j=1 a_j s_j ; a_j = (a, s_j)_J

whereas the Fourier coefficients can be found as follows:

a_j = ∫ Ω dx μ a · s^{hj} (·, T ) = ⟨see (2.6)⟩

= ∫ Ω dx μ a · ∫_T 0 dt (T − t)s^{hj} (·, t) = ⟨see (2.5)⟩ = − ∫_T 0 dt (T − t) ∫ Ω dx a · rotrots^{hj} (·, t) = ⟨see (3.7)⟩ = − ∫_T 0 dt (T − t) ∫ Γ dγ [ν × rots^{hj} (·, t) · a − ν × s^{hj} (·, t) · rota] = = ∫ Σ^T

dγ dt β^T [ΦR^T_s h_j · a − h_j · rota] (3.8)

where β^T (t) := T − t. Note that, in course of integrating by parts, the integrals over the surface Γ^T_s vanish sinces^{hj} (·, t) vanishes near Γ^T_s . This follows from h = 0 near Γ × {0} (see the definition of the class M^T_s ) and the property (2.15). So, provided (3.7), the Fourier coefficients can be determined from the response operator R^T_s given in the inverse problem.

(iii) Indicator Fix an interior point x_0 ∈ Ω and a vector l ∈ R^3, |l| = 1; denote r_{x0} (x) := |x − x_0|; the vector field

m_{x0} (x) := ∇r_{x0} (x) × l = rot l r_{x0} (x)

, x ∈ Ω \ {x_0}

is said to be the indicator of x_0. The following properties make the indicator to be a tool for solving the inverse problem and can be checked by the straightforward calculation.

1) The relation rotrotm_{x0} = 0 in Ω \ {x_0} (3.9)

is valid.

2) Let T < τ_s(x_0) (so that x_0 /∈ Ω^T_s ), denote m^T_{x0} := m_{x0} |_ΩT_s ; then

||m^T_{x0} ||^2_J → ∞ as T → τ_s(x_0), (3.10)

i.e., the norm of the cut off function of the indicator onto Ω^T_s blows up as the forward front of s− waves Γ^T_s approaches to x_0. Justifying this fact one uses the cone property of the subdomain Ω^T_s which it possesses of due to the condition (A). In result, the value of the s− eikonal can be characterized as follows:

τ_s(x_0) = sup{T > 0 | ||m^T_{x0} ||^2_J < ∞}. (3.11)

3) If x_0 /∈ ω_s (see the comments to the condition (A) in section 1.4) the norm of the projection of m^T_{x0} ∈ J^T onto the defect subspace D^T remains bounded as T → τ_s(x_0). Indeed, for d ∈ D^T one has

(m^T_{x0} , d)_J = ∫ Ω dx μ rot l r_{x0}

· d =

= ∫ ∂Ω^T_s dγ μ ν × l r_{x0}

· d + ∫ Ω^T_s dx l r_{x0}

· rot d μ = ⟨see (3.2)⟩ = ∫ Γ^T_s

dγ ν × d μ · l r_{x0} + ∫ Ω^T_s dx l r_{x0} · ∇ 1 μ × d.

The second of the last integrals is bounded uniformly with respect to T since the function r^{−1}_{x0} is square summable in Ω. The first one is finite for T ∈ (0, τ_s(x_0)) whereas at T = τ_s(x_0) it becomes singular. Nevertheless, since x_0 lies at the smooth part of the surface Γ^T_s where the singularity is summable and defect elements d are smooth, it is easy to proof that the surface integral is bounded uniformly on T ∈ (0, τ_s(x_0)]. So, the projection on D^T is bounded and, taking into account (3.10) we conclude that the projection of the indicator onto the reachable subspace blows up:

||P^T m^T_{x0} ||^2_J = ⟨see (3.6)⟩ = ∞∑ j=1 (m^T_{x0} , s_j)^2_J → ∞ as T → τ_s(x_0).

Therefore, (3.11) can be modified as

τ_s(x_0) = sup{T > 0 | ||P^T m^T_{x0} ||^2_J < ∞} (3.12)

whereas the norm entering in this criterion can be found from the inverse data: by virtue of (3.8) for T < τ_s(x_0) one has

||P^T m^T_{x0} ||^2_J = ∞∑ j=1 {∫ Σ^T

dγ dt β^T [ΦR^T_s h_j · m_{x0} − h_j · rotm_{x0} ]

}_2

. (3.13)

3.3 Determination of μ

We prove the Theorem 1 by summarizing the previous results in the following procedure. Just for simplicity we assume an upper bound μ^∗ ≥ μ(·) known. So, assuming R^{2T} given,

(i) fix an x_0 ∈ Ω and take T^′ ∈ (0, T ) such that √ μ^∗ T^′ < dist_R3 (x_0, Γ), that ensures x_0 /∈ Ω^{T ′}_s ;

(ii) find R^{2T ′}_s by (2.14) and determine C^{T ′} by (3.3);

(iii) construct a system ĥ^{T ′} satisfying (3.5) and find the norm ||P^{T ′} m^{T ′}_{x0} ||^2_J by (3.13);

(iv) growing T^′, check by the use of the criterion (3.12) whether the inclusion x_0 ∈ Ω^T_s holds: if the norm found above remains bounded as T^′ → T then x_0 /∈ Ω^T_s ; otherwise, if the norm blows up as T^′ → T_0 < T then x_0 ∈ Ω^T_s and τ_s(x_0) = T_0 (so, in fact we detect the moment when the forward front Γ^{T ′}_s of s− waves moving from Γ touches x_0);

(v) varying x_0 and repeating the same procedure find τ_s in Ω^T_s ; then determine μ by the eikonal equation

|∇τ_s|^2 = 1 μ that holds in Ω \ ω_s , i.e., by the properties of the separation set, almost everywhere in Ω. Since μ is continuous it is determined everywhere in Ω^T_s . The inverse problem is solved.

3.4 Comments

• A simple modification of the procedure described in [2] (see sec. 7.6) enables to determine κ and μ from the data given on any open portion σ ⊂ Γ in the subdomains Ω^{T,σ}_p and Ω^{T,σ}_p filled with p− and s− waves initiated by controls acting on σ.

• The above mentioned modification allows to deal with unbounded Ω.

Smoothness of κ and μ is restricted only by applicability of the Holmgren– John–Tataru theorem: C^2− smoothness is available [9]. Real requirements on smoothness of Γ are also rather weak. Namely, a simple analysis shows that the procedure remains workable if the boundary satisfies the following condition: for any ε > 0 one can find a domain Ω_ε ⊃ Ω, ∂Ω_ε =: Γ_ε ∈ C^∞ such that Γ lies in ε− neighborhood of Γ_ε (in R^3). So, edges, cone points etc are admissible.

• In principle, there exists an analog of the formulas (3.8) and (3.13) for the system governed by the equation ρu_{tt} = ∇κdivu − rotμrotu ; with variable ρ, so that one can find the norms of the cut off functions of p− and s− indicators from R^{2T} . Most probably, the same blow up effect holds in this case and allows to recover the velocities c_p =

√_κ ρ and c_s =

√_μ

ρ in the filled domains. However, this is only a hypothesis. Also, in the case of the complete Lamé equation (1.0) with variable ρ, λ, μ the trick using the indicators certainly doesn’t work.

3.5 Acknowledgements

The author discussed the idea of this work with V.M.Isakov and used the kind consultations of Yu.D.Burago, and would like to thank them for fruitful discussions.

References

[1] M.I. Belishev. The Gelfand–Levitan type equations in nultidimensional inverse problem for the wave equation. Zapiski Nauch. Semin. LOMI, 165: 15–20, 1987 (in Russian); English translation: J. Sov. Math. v.50, no 6, 1990.

[2] M.I. Belishev. Boundary control in reconstruction of manifolds and metrics (the BC method). Inverse Problems, 13(5):R1–R45, 1997.

[3] M.I. Belishev, A.K. Glasman. Boundary control of the Maxwell dynamical system: lack of controllability by topological reasons. ESAIM Control, Optimization and Calculus of Variations 5: 207–217, 2000.

[4] M.I. Belishev, A.K. Glasman. Dynamical inverse problem for the Maxwell system: recovering the velocity in a regular zone (the BC–method). St.Petersburg Math. Journal, 12(2): 279–316, 2001.

[5] M.I. Belishev, S.A. Ivanov Characterization of data of dynamical inverse problem for two–velocity system. Zapiski Nauch. Semin. POMI, 259: 19– 45, 1999 (in Russian); English translation: J. Math. Sciences, v.109, no 5, 1814–1834, 2002.

[6] M.I. Belishev, I. Lasiecka. The dynamical Lame system: regularity of solutions, boundary controllability and boundary data continuation. ESAIM Control, Optimization and Calculus of Variations, 8:143–167, 2002.

[7] A.S. Blagoveschenskii. On the inverse problem of the propagation of seismic waves. Problemy Mat. Fiziki, 1: 68–81, 1966 (in Russian).

[8] A.S. Blagoveschenskii. Axial symmetric Lamb inverse problem. Zapiski Nauch. Semin. POMI, 213: 51–67, 1992 (in Russian); English translation: J. Math. Sciences, v.84, no 1, 1997.

[9] M. Eller, V. Isakov, G. Nakamura, D. Tataru. Uniqueness and stability in the Cauchy problem for Maxwell’s and elasticity systems. Nonlinear PDE and Applications, Eds. D.Cioranescu, J-L. Lions, College de France Seminar, 14, 329–349, ”Studies in Mathematics and its applications”, v.31, North-Holland, Elsevier Science, 2002.