POMI PREPRINT — 02/2006

O TOQNOSTI PRIBLIȷENI˚ SPEKTRA

GOE POLUKRUGOVYM ZAKONOM

D. A. Timuxev

Syktyvkarskiæ gosudarstvennyæ universitet, matematiqeskiæ fakul~tet

Fevral~ 2006

ABSTRACT Pokazano, qto rasstoØnie Kolmogorova meßdu oßidaemoæ spektral~noæ funkcieæ raspredeleniØ n×n sluqaænoæ matricy iz gaussovskogo ortogonal~nogo ansamblØ i funkcieæ raspredeleniØ polukrugovogo zakona imeet porØdok O(n^{−1}).

Rabota vypolnena pri podderßke RFFI, proekt 02-01-00233, takße pri podderßke DFG- Forshergruppe FOR 399/1.

Pust~ A ffrmitova sluqaænaØ matrica porØdka n, λ^{(n)}_j (ω), j = 1, . . . , n, – sobstvennye qisla matricy^1√_n A. Pust~ F_n(x) = 1n #{j : λ^{(n)}_j (ω) < x} spektral~naØ funkciØ matricy A.

Izvestno, qto oßidaemaØ normirovannaØ spektral~naØ funkciØ E F_n(x) dlØ xirokogo klassa ffrmitovyh matric pri n → ∞ stremitsØ k funkcii raspredeleniØ polukrugovogo zakona (sm. [8]). Skorost~ shodimosti ocenivalas~ v rabotah mnogih avtorov (sm. [1, 3–5] i literaturu k nim). V [5] poluqena optimal~naØ ocenka O(n^{−1}) skorosti shodimosti dlØ kompleksnoznaqnyh matric A iz gaussovskogo unitarnogo ansamblØ (GUE). Po opredeleni¸ GUE (sm. [8]), √ 2 ReA_{kl}, √ 2 ImA_{kl}, A_{kk}, A_{ll} pri 1 6 k < l 6 n nezavisimy v sovokupnosti i raspredeleny normal~no so srednim 0 i dispersieæ σ^2. Pust~ F_{n,2}(x) normirovannaØ spektral~naØ funkciØ matricy A iz GUE s parametrom σ^2 = 1. V rabote [5, teorema 1.1] poluqena ocenka

Δ_{n,2} := sup_x |E F_{n,2}(x) − G(x)| 6 Cn^{−1}, (1)

gde G(x) – funkciØ raspredeleniØ polukrugovogo zakona s plotnost~¸

g(x) = G^′(x) = 1 π √ 2 − x^2 pri |x| < √ 2, 0 pri |x| > √ 2. Zdes~ i dalee qerez C oboznaqeny razliqnye poloßitel~nye konstanty, ne zavisØwie ot n, x.

Rassmotrim vewestvennu¸ matricu A iz gaussovskogo ortogonal~nogo ansamblØ (GOE). Po opredeleni¸ GOE, fflementy √ 2 A_{kl}, A_{kk}, A_{ll} pri 1 6 k < l 6 n ØvlØ¸tsØ gaussovskimi nezavisimymi veliqinami so srednim 0 i dispersieæ σ^2. Pust~ F_{n,1}(x) – normirovannaØ spektral~naØ funkciØ matricy A iz GOE pri σ^2 = 1. Nas budet interesovat~ skorost~ shodimosti oßidaemoæ spektral~- noæ funkcii raspredeleniØ E F_{n,1}(x) k funkcii raspredeleniØ polukrugovogo zakona G(x) v metrike Kolmogorova, to est~ veliqina

Δ_{n,1} := sup_x |EF_{n,1}(x) − G(x)|.

V sluqae gaussovskih ansambleæ (GUE, GOE), Forrester, Frankel~ i Garoni (sm. [2], a takße [7]) razrabotali metod, pozvolØ¸wiæ poluqit~ dlØ plotnosti oßidaemoæ spektral~noæ funkcii raspredeleniØ E F_{n,1}(x) asimptotiqeskie razloßeniØ l¸byh porØdkov. Ostatoqnyæ qlen poluqennogo asimtotiqeskogo razloßeniØ vozmoßno vypisat~ tol~ko pri fiksirovannyh znaqeniØh peremennoæ x, qto ne daet vozmoßnosti poluqat~ ocenki veliqiny Δ_{n,1} prostym integrirovaniem.

V dannoæ rabote dokazyvaetsØ ocenka, analogiqnaØ (1) i dlØ F_{n,1}(x).

Teorema 1. Spravedliva ocenka

Δ_{n,1} 6 Cn^{−1}. (2)

Dokazatel~stvo. DlØ proizvol~nogo C > 0 vvedem interval I = [ − √ 2 + Cn^{−2/3}, √ 2 − Cn^{−2/3} ] .

Zametim, qto

sup_x |E F_{n,1}(x) − G(x)| 6 sup_{x∈I} |E F_{n,1}(x) − G(x)| + G(− √ 2 + Cn^{−2/3}).

PrinimaØ vo vnimanie oqevidnoe neravenstvo G(− √ 2 + Cn^{−2/3}) 6 Cn^{−1},

a takße ocenku (1), poluqim

sup_x |E F_{n,1}(x) − G(x)| 6 sup_{x∈I} |E F_{n,1}(x) − E F_{n,2}(x)| + Cn^{−1}.

Takim obrazom, dlØ dokazatel~stva (2) dostatoqno ustanovit~ ocenku |E F_{n,1}(x) − E F_{n,2}(x)| 6 C n , pri x ∈ I . (3)

V sluqae ansambleæ GUE, GOE dlØ E F_{N,1}(x), E F_{N,2}(x) izvestny toqnye analitiqeskie vyraßeniØ. Pust~ H_n(x) = e^{x2} (−^d_{dx} )^ne^{−x2}, n = 1, 2, . . . – polinomy �rmita, φ_n(x) = c_n e^{−x2/2}H_n(x) – funkcii �rmita,

c_n = (2^nn! π^{1/2})^{−1/2}.

Oboznaqim qerez σ_{n,1}, σ_{n,2} plotnosti raspredeleniæ E F_{n,1}, EF_{n,2} sootvetstvenno. Togda iz formul (5.2.16), (6.3.2), (6.3.5), (6.4.3) raboty [8] posle sootvetstvu¸weæ normirovki sleduet

σ_{n,2}(x) = 1 √ n n−1∑ k=0 φ^2_k( √ n x),

σ_{n,1}(x) = σ_{n,2}(x) + 1 2 √ 2 φ_{n−1}( √ n x) √ n x∫ −∞ φ_n(t)dt − ∞∫ √ n x φ_n(t)dt + 1 √ n α_n( √ n x), (4)

α_n(s) = { φ_{2m}(s)(2I_{2m})^{−1} pri n = 2m + 1, 0 pri n = 2m, (5)

I_n = ∞∫ 0 φ_n(t)dt. (6) Funkcii σ_{n,1}, σ_{n,2} (kak i plotnost~ g polukrugovogo zakona) ØvlØ¸tsØ qetnymi funkciØmi, pofftomu v (3) dostatoqno ograniqit~sØ sluqaem x > 0.

Ocenim funkci¸ δ_n(x) ≡ E F_{n,1}(x) − E F_{n,2}(x) =^x ∫ 0 [σ_{n,1}(s) − σ_{n,2}(s)] ds po formulam (4)–(6) v oblasti 0 < x < √ 2 − Cn^{−2/3}. (7) Rassmotrim otdel~no sluqai qetnogo i neqetnogo n.

a) Sluqaæ n = 2m. S uqetom qetnosti φ_{2m} poluqaem iz (4)–(5) √ 2m x ∫ −∞ φ_{2m}(t)dt − ∞∫ √ 2m x φ_{2m}(t)dt = 2 √ 2m x ∫ 0 φ_{2m}(t)dt,

δ_{2m}(x) = 1 2 √ m √ 2m x ∫ 0 φ_{2m−1}(s) (^s∫ 0 φ_{2m}(t)dt ) ds. (8) DlØ ocenki integralov vospol~zuemsØ asimptotikoæ dlØ funkciæ φ_n(t) iz raboty [9]. V oblasti

|t| 6 (2n + 1)^{1/2} − (2n + 1)^{−1/6} (9)

pri n → ∞ spravedlivo ravenstvo

φ_n(t) = A_n(t) + R_n(t), (10) gde A_n(t) = √ 2 π (2n + 1 − t^2)^{−1/4} cos

(2n + 1)(2β − sin 2β) − π 4 , (11)

R_n(t) = O[(2n + 1)^{1/2}(2n + 1 − t^2)^{−7/4}], (12)

β = β_n(t) = arccos t(2n + 1)^{−1/2}.

Uslovie (9) dlØ predstavleniØ v vide (10) funkciæ φ_n(t) i φ_n(s) v integrale (8) vypolneno, tak kak 0 < t 6 s 6 √ n x < √ n ( √ 2 − Cn^{−2/3}) < (2n − 1)^{1/2} − (2n − 1)^{−1/6} pri dostatoqno bol~xih n i C v oblasti (7).

Predstavim podyntegral~nye funkcii (8) v vide (10) i zapixem δ_{2m}(x) v vide summy qetyreh dvoænyh integralov: δ_{2m}(x) = δ^{(1)}_{2m}(x) + δ^{(2)}_{2m}(x) + δ^{(3)}_{2m}(x) + δ^{(4)}_{2m}(x). Ocenim otdel~no δ^{(k)}_{2m}, opuskaØ konstanty, ne zavisØwie ot m. Iz opredeleniØ (12) i (7) poluqaem

δ^{(4)}_{2m}(x) = 1 2 √ m √ 2m x ∫ 0 R_{2m−1}(s) (^s∫ 0 R_{2m}(t) dt ) ds

= 1 2 √ m √ 2m x ∫ 0 O [ (4m − 1)^{1/2} (4m − 1 − s^2)^{7/4} ](^s∫ 0 O [ (4m + 1)^{1/2} (4m + 1 − t^2)^{7/4} ] dt ) ds

= 1 2 √ m √ 2m x ∫ 0 O [ (4m − 1)^{1/2} (4m − 1 − s^2)^{7/4}(4m + 1 − t^2)^{3/4} ] ds

= 1 2 √ m O [ (4m − 1 − 2mx^2)^{−3/2} ] = O [ m^{−2}(2 − x^2)^{−3/2} ] . DlØ ocenki ostal~nyh integralov δ^{(k)}_{2m}, k=1,2,3, dokaßem lemmu.

Lemma 1. Spravedlivo neravenstvo: √ n x∫ 0 A_{n−1}(s) (^s∫ 0 A_n(t) dt ) ds = O [ 1 √ n ] . Dokazatel~stvo lemmy 1. Vvedem sledu¸wie oboznaqeniØ:

q_n(t) = √ 2 π (2n + 1 − t^2)^{−1/4}, p_n(t) =

(2n + 1)(2β − sin 2β) − π 4 , I_n(s) = s∫ 0 q_n(t) cos p_n(t) dt. (13)

Legko proverit~, qto

q^′_n(t) = t √ 2π (2n + 1 − t^2)^{−5/4}, p^′_n(t) = − √ 2n + 1 − t^2,

I^′_n(s) = q_n(s) cos p_n(s).

IntegriruØ I_n(s) po qastØm, poluqim

I_n(s) = q_n(t) p^′_n(t) sin p_n(t) | | | | | s

0 + s∫ 0 q_n(t)p^{′′}_n(t) p^{′2}_n(t) sin p_n(t) dt − s∫ 0 q^′_n(t) p^′_n(t) sin p_n(t) dt. Ots¸da, imeem neravenstvo |I_n(s)| 6 s∫ 0 q_n(t)p^{′′}_n(t) p^{′2}_n(t) dt − q_n(s) p^′_n(s) − q_n(0) p^′_n(0) − s∫ 0 q^′_n(t) p^′_n(t) dt 6 √ 2 π 2(2n + 1 − s^2)^{−3/4}. (14)

Pol~zuØs~ poslednim neravenstvom i oboznaqeniØmi (13), integriruØ po qastØm, my poluqim √ n x∫ 0 A_{n−1}(s) (^s∫ 0 A_n(t) dt ) ds = √ n x∫ 0 I_n(s) q_{n−1}(s) cos p_{n−1}(s) ds

= I_n(s) q_{n−1}(s) p^′_{n−1}(s) sin p_{n−1}(s) | | | | √ n x

0 + √ n x∫ 0 I_n(s) q_{n−1}(s)p^{′′}_{n−1}(s) p^{′2}_{n−1}(s) sin p_{n−1}(s) ds

− √ n x∫ 0 I_n(s) q^′_{n−1}(s) p^′_{n−1}(s) sin p_{n−1}(s) ds − √ n x∫ 0 I^′_n(s) q_{n−1}(s) p^′_{n−1}(s) sin p_{n−1}(s) ds

= O [ n^{−3/2}(2 − x^2)^{−3/2} ] − √ n x∫ 0 q_{n−1}(s) q_n(s) p^′_{n−1}(s) sin p_{n−1}(s) cos p_n(s) ds.

DlØ ocenki poslednego integrala predstavim ego v vide √ n x∫ 0 q_{n−1}(s) q_n(s) p^′_{n−1}(s) sin p_{n−1}(s) cos p_n(s) ds = 1 2 √ n x∫ 0 q_{n−1}(s) q_n(s) p^′_{n−1}(s) sin(p_n(s) + p_{n−1}(s)) ds

− 1 2 √ n x∫ 0 q_{n−1}(s) q_n(s) p^′_{n−1}(s) sin(p_n(s) − p_{n−1}(s)) ds. IntegriruØ po qastØm, legko ubedit~sØ, qto √ n x∫ 0 q_{n−1}(s) q_n(s) p^′_{n−1}(s) sin(p_n(s) + p_{n−1}(s)) ds = O [ n^{−3/2}(2 − x^2)^{−3/2} ] . Zametim, qto 0 < β_n(s) 6 π/2, pri 0 < s 6 √ n x. Ispol~zuØ fftot fakt, a takße oqevidnoe toßdestvo

sin 2β_n − sin 2β_{n−1} = sin (2β_n − 2β_{n−1}) − 4 sin β_n sin β_{n−1} sin (β_n − β_{n−1}),

my poluqim | | | √ n x∫ 0 q_{n−1}(s) q_n(s) p^′_{n−1}(s) sin(p_n(s) − p_{n−1}(s)) ds | | | 6 C √ n x∫ 0 |p_n(s) − p_{n−1}(s)| 2n − s^2 ds 6 C √ n x∫ 0 2β_n(s)−sin 2β_n(s) 2n − s^2 ds+Cn √ n x∫ 0 2β_n(s)−2β_{n−1}(s) − sin (2β_n(s) − 2β_{n−1}(s)) 2n − s^2 ds

+Cn √ n x∫ 0 sin β_n(s) sin β_{n−1}(s) sin (β_n(s) − β_{n−1}(s)) 2n − s^2 ds 6 C √ n x∫ 0 sin^3 β_n(s) 2n − s^2 ds + Cn √ n x∫ 0 sin^3 (β_n(s) − β_{n−1}(s)) 2n − s^2 ds

+Cn √ n x∫ 0 sin β_n(s) sin β_{n−1}(s) sin (β_n(s) − β_{n−1}(s)) 2n − s^2 ds 6^C√_n . Lemma 1 dokazana. � Prodolßim dokazatel~stvo teoremy. Neposredstvenno iz lemmy 1

δ^{(1)}_{2m}(x) = 1 2 √ m √ 2m x ∫ 0 A_{2m−1}(s) (^s∫ 0 A_{2m}(t) dt ) ds = O [ 1 m ] .

Ispol~zuØ ocenku (14) lemmy 1 i opredelenie (12), poluqaem

δ^{(3)}_{2m}(x) = 1 2 √ m √ 2m x ∫ 0 R_{2m−1}(s) (^s∫ 0 A_{2m}(t) dt ) ds =

= 1 2 √ m √ 2m x ∫ 0 O [ (4m − 1)^{1/2} (4m − 1 − s^2)^{7/4} ] · O [ 1 (4m + 1 − s^2)^{3/4} ] ds

= O [ 1 m^2(2 − x^2)^{3/2} ] . Analogiqno, posle izmeneniØ porØdka integrirovaniØ, poluqaem

δ^{(2)}_{2m}(x) = 1 2 √ m √ 2m x ∫ 0 A_{2m−1}(s) (^s∫ 0 R_{2m}(t) dt ) ds

= √ 2m x ∫ 0 R_{2m}(t) (^{√2m x}∫ t A_{2m−1}(s) ds ) dt = O [ 1 m^2(2 − x^2)^{3/2} ] .

Iz ocenok dlØ δ^{(k)}_{2m}(x), poluqennyh vyxe, v oblasti (7) sleduet ocenka δ_{2m}(x) = O [ m^{−1} ] . Pofftomu (3) vypolneno i, tem samym, teorema dlØ qetnogo n dokazana.

b) Sluqaæ n = 2m + 1. S uqetom neqetnosti φ_{2m+1} iz (4)–(5) poluqaem √ 2m+1 x ∫ −∞ φ_{2m+1}(t) dt − ∞∫ √ 2m+1 x φ_{2m+1}(t) dt = 2 √ 2m+1 x ∫ 0 φ_{2m+1}(t) dt − 2 I_{2m+1},

δ_{2m+1}(x) = 1 √ 4m + 2 √ 2m+1x ∫ 0 φ_{2m}(s) (^s∫ 0 φ_{2m+1}(t)dt ) ds + k_m √ 2m+1x ∫ 0 φ_{2m}(t) dt, (15)

gde I_n – integraly (6),

k_m = 1 2(2m + 1)I_{2m} − I_{2m+1} √ 4m + 2

. (16)

Pervoe slagaemoe (15) ocenivaetsØ tak ße, kak i v sluqae qetnogo n. Rassmotrim vtoroe slagaemoe. Iz (10)–(12) i ocenki (14) lemmy 1 poluqaem √ 2m+1 x ∫ 0 φ_{2m}(t) dt = O [ m^{−3/4}(2 − x^2)^{−3/4} ] . (17)

DlØ ocenki konstanty k_m dokaßem lemmu.

Lemma 2. Spravedliva ocenka

I_n = O(n^{−1/4}). (18)

Dokazatel~stvo. Rassmotrim otdel~no sluqai qetnogo i neqetnogo n. V sluqae

qetnogo n = 2m, pol~zuØs~ ravenstvom [6, 7.373.2], poluqim

I_{2m} = ∞∫ 0 φ_{2m}(t) dt = √ π 2 c_{2m} (2m)! m! , otkuda, pol~zuØs~ formuloæ Stirlinga, budem imet~ I_{2m} = O(m^{−1/4}).

Rassmotrim sluqaæ neqetnogo n = 2m + 1. PrinimaØ vo vnimanie ravenstvo H_{2m+1}(t) = 2tH_{2m}(t) − 4mH_{2m−1}(t), integrirovaniem po qastØm poluqaem rekurrentnoe sootnoxenie ∞∫ 0 e^{− t22} H_{2m+1}(t) dt = H_{2m}(0) + 4m ∞∫ 0 e^{− t22} H_{2m−1}(t) dt. Ots¸da_∞ ∫ 0 e^{− t22} H_{2m+1}(t) dt = m∑ k=0 2^{n−k+1}H_{2k}(0)

(2n)!! (2k)!! . ZameqaØ, qto H_{2k}(0) = (−1)^k 2^k (2k − 1)!!, poluqim_∞ ∫ 0 e^{− t22} H_{2m+1}(t) dt = 2^{2m+1} m! m∑ k=0 (−1)^k

(2k − 1)!!

(2k)!! . Tak kak summa v poslednem ravenstve ne prevoshodit 1, a c_{2m+1}2^{2m+1}m! = O(m^{−1/4}), imeem I_{2m+1} = O(m^{−1/4}).

Lemma 2 dokazana. � Zakonqim dokazatel~stvo teoremy. Ispol~zuØ ocenku (18), poluqaem iz (16) ravenstvo k_m = O(m^{−3/4}). Vmeste s (17) ffto daet nußnu¸ ocenku vtorogo slagaemogo v (15) k_m √ 2m+1 x ∫ 0 φ_{2m}(t) dt = O [ m^{−3/4} ] · O [ m^{−3/4}(2 − x^2)^{−3/4} ] = O [ m^{−3/2}(2 − x^2)^{−3/4} ] . Netrudno ubedit~sØ, qto obe ocenki dlØ slagaemyh (15) ØvlØ¸tsØ O [ m^{−1} ] v oblasti (7), pofftomu (3) vypolneno i pri neqetnom n. Teorema dokazana. �

Literatura

1. Z. D. Bai, Methodologies in spectral analysis of large-dimensional random matrices, a review. Statist.

Sinica, 9(3), 611–677 (1999). With comments by G. J. Rodgers and Jack W. Silverstein; and a rejoinder by the author.

2. T. M. Garoni, P. J. Forrester, and N. E. Frankel, Asymptotic corrections to the eigenvalue density of the GUE and LUE. J. Math. Phys., 46(10), 103301, 17 (2005).

3. F. Götze and A. Tikhomirov, Rate of convergence to the semi-circular law. Probab. Theory Related Fields, 127(2), 228–276 (2003).

4. F. Götze and A. N. Tikhomirov. Rate of convergence to the semi-circular law for the Gaussian unitary ensemble. Teor. Veroyatnost. Primenen., 47(2), 381–387 (2002).

5. Friedrich Götze and Alexander Tikhomirov, The rate of convergence for spectra of GUE and LUE matrix ensembles. Cent. Eur. J. Math., 3(4), 666–704 (electronic) (2005).

6. I. S. Gradshteyn and I. M. Ryzhik, Table of Integrals, Series, and Products. Academic Press Inc., San Diego, CA, sixth edition (2000). Translated from the Russian, Translation edited and with a preface by Alan Jeffrey and Daniel Zwillinger.

7. Frieder Kalisch and Daniel Braak, Exact density of states for finite Gaussian random matrix ensembles via supersymmetry. J. Phys. A, 35(47), 9957–9969 (2002).

8. Madan Lal Mehta, Random Matrices, V. 142 of Pure and Applied Mathematics (Amsterdam). Elsevier/Academic Press, Amsterdam, third edition (2004).

9. Benjamin Muckenhoupt, Mean convergence of Hermite and Laguerre series. I, II. Trans. Amer. Math.

Soc., 147, 419-431 (1970); ibid., 147, 433–460 (1970).