PDMI PREPRINT — 26/2005

SCHAUDER ESTIMATES FOR THE EVOLUTION GENERALIZED STOKES PROBLEM IN EXTERIOR DOMAINS

V. A. Solonnikov

Russian Academy of Sciences Steklov Mathematical Institute St.Petersburg Department Fontanka 27, St. Petersburg 191011, Russia

December 27, 2005

ABSTRACT We prove the solvability of the initial-boundary value problem (1.1)– (1.2) in the exterior n-dimensional domain in the class of bounded functions that are Hölder continuous together with some their derivatives. We do not make any specific assumptions about the behavior of the solution at infinity, except the boundedness. Equations (1.1) arise in the linearization of equations of motion of some class of non-Newtonian liquids.

Typeset by AMS-TEX

Dedicated to the memory of Professor L. Amerio

1. Introduction

The paper is concerned with the initial-boundary value problem ∂v(x, t) ∂t + A(x, t, ∂ ∂x )v(x, t) + ∇p(x, t) = f(x, t), ∇ · v(x, t) = 0, x ∈ Ω, t ∈ (0, T ), (1.1) v(x, 0) = v_0(x), v(x, t)|_{x∈S} = a(x, t), (1.2) where Ω is an exterior domain in R^n, n ≥ 2, with a smooth connected boundary S, v(x, t) = (v_1(x, t), . . . , v_n(x, t)) and p(x, t) are unknown functions and A(x, t,^∂_{∂x} ) is a matrix second order elliptic differential operator with real coefficients whose principal part A_0(x, t,^∂_{∂x} ), i.e. the sum of all terms containing only second derivatives, satisfies the condition C^{−1}|ξ|^2|η|^2 ≤ A_0(x, t, iξ)η · η ≤ C|ξ|^2|η|^2 (1.3) with a constant C independent of ξ, η, x, t. We assume that A has a divergence form, i.e., A(x, t, ∂ ∂x ) = ∇ · ℓ(x, t, ∂ ∂x ), where ℓ is a first order operator: ℓ(x, t, ∂ ∂x ) = (^n∑ q=1 ℓ_{jk,mq} (x, t) ∂ ∂x_q + ℓ_{jk,m}(x, t) ) j,k,m=1,... ,n , so that A_0(x, t, iξ) = − ∑_n q.m=1 ℓjk,mq(x, t)ξmξq|j,k=1,... ,n, ∇ · ℓ(x, t, ∂ ∂x )u = (^n∑ m=1 ∂ ∂x m (^n∑ k,q=1 ℓ_{jk,mq}(x, t) ∂u_k ∂x_q + n∑ k=1 ℓ_{jk,m}(x, t)u_k )) j=1,... ,n . We study problem (1.1)–(1.2) in anisotropic Hölder spaces. For arbitrary positive nonintegral number l: l = [l] + α, α ∈ (0, 1), we denote by C^l(Ω), C^{l,l/2}(Q_T ), C^{l,l/2}(Σ_T ) standard Hölder spaces of functions (or vector fields) given in Ω, Q_T = Ω × (0, T ) and Σ_T = S × (0, T ), respectively. We recall that the norms in C^l(Ω) and C^{l,l/2}(Q_T ) are given by |u|_Cl_{(Ω)} = ∑ 0≤|j|≤[l] sup_Ω |D^j u(x)| + [u]^{(l)}_Ω , and |u|_Cl,l/2_{(QT )} = ∑ 0≤2k+|j|≤[l] sup_{QT} |D^k_t D^j u(x, t)| + [u]^{(l,l/2)}_{QT} , (1.4)

where j = (j_1, . . . , j_n), |j| = j_1 + . . . + j_n, D^j u(x) =^{∂jjj u(x)}_{∂xj11 ...∂xjnn} ,

[u]^{(l)}_Ω = ∑ |j|=[l] [D^j u]^{(α)}_Ω , [v]^{(α)}_Ω = sup_{x,y∈Ω} |v(x) − v(y)| |x − y|^α ,

[u]^{(l,l/2)} Q_T = [u] (l) x,Q_T + [u] (l/2) t,Q_T , [u] (l) x,Q_T = sup t<T [u(·, t)]^{(l)}_Ω , [u]^{(l/2)}_{t,QT} = sup_Ω [u(x, ·)]^{(l/2)}_{(0,T )}.

These definitions extend in a standard way to the functions given on S and on Σ_T . In addition, we introduce a mixed semi-norm ⟨u⟩^{(α,β)}_{QT} = sup |x − y|^{−α}|t − τ |^{−β}|u(x, t) − u(y, t) − u(x, τ ) + u(y, τ )|, where α, β ∈ (0, 1) and the supremum is taken with respect to x, y ∈ Ω, t, τ ∈ (0, T ).

We assume that the coefficients of the operator ℓ belong to C^{1+α,(1+α)/2}(Q_T ), hence, the coefficients of A belong to C^{α,α/2}(Q_T ) and the leading coefficients ℓ_{jk,mq}(x.t) belong to C^{1+α,(1+α)/2}(Q_T ). The known functions f, v_0, a should satisfy the necessary compatibility conditions, in the first line,

∇ · v_0(x) = 0, v_0(x)|_{x∈S} = a(x, 0), (1.5)

and one more condition of a nonlocal character involving a_t. Let p_0(x) be a solution of the Neumann problem ∇^2p_0(x) = −∇ · A(x, 0, ∂ ∂x )v_0(x) + ∇ · f(x, 0),

∂p_0(x) ∂n | |_{x∈S} = −n · ( A(x, 0, ∂ ∂x )v_0(x) − f(x, 0) + a_t(x.0) ) (1.6)

where n(x) is the interior with respect to Ω normal to S (if v does not possess the third derivatives and f does not have the first ones, the first equation in (1.6) should be understood in a weak sense). The compatibility condition reads

a_t(x, 0) + A(x, 0, ∂ ∂x )v_0(x) + ∇p_0(x) = f(x, 0), ∀x ∈ S. (1.7)

We often assume that

∇ · f(x, t) = 0, f(x, t) · n(x)|_{x∈S} = 0 (1.8)

or, what is the same, ∫ Ω f(x, t) · ∇φ(x)dx = 0 for arbitrary smooth φ(x). In this case the terms with f in (1.6) drop out.

Theorem 1.1. Let S ∈ C^{2+α}, α ∈ (0, 1), and let the operator A satisfy the above hypotheses. Assume also that f ∈ C^{α,α/2}(Q_T ), v_0 ∈ C^{2+α}(Ω), a ∈ C^{2+α,1+α/2}(Σ_T ), and that_n ∑ k=1 |R_k(a_t · n)|_Cα,α/2_{(ΣT )} < ∞, where R_k(b) = −2∂_k ∫ S E(x − y)b(y)dS, E is the fundamental solution of the Laplace equation:

E(x) = −Γ(n/2)|x|^{2−n}(2π^{n/2}(n − 2))^{−1} if n > 2,

E(x) = (2π)^{−1}log|x| if n = 2;

∂_k =^∂_{∂xk} − n_k^∂_{∂n} is the kth component of the surface gradient ∇_S on S. Finally, let conditions (1.5)–(1.8) be satisfied. Then problem (1.1), (1.2) has a unique solution (v, p), v ∈ C^{2+α,1+α/2}(Q_T ), ∇p ∈ C^{α,α/2}(Q_T ), and it satisfies the inequality |v|_C2+α,1+α/2_{(QT )} + |∇p|_Cα,α/2_{(QT )} ≤ c ( |f|_Cα,α/2_{(QT )} + |v_0|_C2+α_{(Ω)}

+|a|_C2+α,1+α/2_{(ΣT )} + n∑ k=1 |R_k(a_t · n)|_Cα,α/2_{(ΣT )} ) . (1.9)

The operators R_k that can be considered as the Riesz operators on S are continuous in the space C^α(S) but not in C^{α,α/2}(Σ_T ). However, estimate (1.9) is coercive in the sense that its second term can be majorized by the first term multiplied by a certain constant.

For the case of a bounded Ω, Theorem 1.1 is proved in [1]. For a classical Stokes problem (when A = −νIΔ, ν = const > 0) it is obtained in [2] both for bounded and exterior domains, under the assumption a = 0. Moreover, in [2] a local solution of the nonlinear Navier-Stokes problem is constructed. The Cauchy problem for the Navier-Stokes equations with non-decaying at infinity initial data is solved in [3–5], and the problem in the half-space is treated in [6, 7]. The restrictive compatibility conditions (1.7) can be avoided by passing to weighted Hölder spaces with the weights of the form t^γ , γ > 0, in some terms of the norm (1.4). Parabolic problems in such spaces were studied in [8–10] and in other papers. Coercive estimates of the type (1.9) in weighted Hölder spaces will be obtained in a subsequent publication. 2. Auxiliary propositions

It is well known that every vector field u(x) can be represented as a sum

u = u_1 + ∇ϕ ≡ P_J u + P_Gu (2.1)

where ϕ is a solution of the Neumann problem Δϕ(x) = ∇ · u(x), x ∈ Ω, ∂ϕ ∂n | |_S = u(x) · n(x), (2.2)

and u_1 satisfies the conditions

∇ · u_1 = 0, u_1 · n|_S = 0,

at least in a weak sense.

If Ω is a bounded domain, then the Weyl projectors P_G and P_J are bounded in C^α(Ω), i.e., |P_Gu|_Cα_{(Ω)} + |P_Gu|_Cα_{(Ω)} ≤ c|u|_Cα_{(Ω)}.

For exterior domains, this inequality does not hold, moreover, these projectors, i.e., the solution of problem (2.2) with u ∈ C^α(Ω), need an accurate definition. We introduce the space ^C^α(Ω) with the norm

||u||_α = sup_{Ω0} |u(x)| + [u]^{(α)}_Ω ,

where Ω^′ is a fixed bounded subdomain of Ω. It is clear that the variation of Ω^′ leads to an equivalent norm, moreover, Ω^′ can be replaced with S. To be definite, we fix Ω^′ such that dist(Ω \ Ω̄^′, S) ≥ r_0 > 0 and |x − z| ≤ r_1, ∀x ∈ Ω^′, z ∈ S. In the present paper the following proposition is used.

Proposition 2.1. If u = ∇ · U ≡ ( ∑_n k=1 ∂U_{ik} (x) ∂x_k ) i=1,... ,n with u, U_{jk} ∈ ^C^α(Ω), then problem (2.2) has a solution ϕ ∈ ^C^α(Ω) with ∇ϕ ∈ C^α(Ω), defined up to an additive constant that can be determined, for instance, by the condition ∫ S ϕ(x)dS = 0. (2.3) The solution satisfies the inequalities ||ϕ||_α ≤ c||U||_α, (2.4) |∇ϕ|_Cα_{(Ω)} ≤ c(||U||_α + ‖u‖_α), (2.5) where ‖U‖_α ≡ max i,k=1,... ,n ||U_{ik}||_α, ‖u‖_α ≡ max_{i=1,... ,n} ‖u_i‖_α. The norm ‖u‖_α in (2.4), (2.5) can be replaced with [u]^{(α)}_Ω , because the identity

u(x) = |B_{r0} |^{−1} ( ∫ B_r0

(u(x) − u(y))dy + ∫ ∂B_r0 (U(y) − U(x))n(y)dS_y ) , where B_{r0} = {y ∈ Ω : |x − y| ≤ r_0} implies |u(x)| ≤ c ( [u]^{(α)}_{Br0} + [U]^{(α)}_{Br0} ) , ∀x ∈ Ω. Proof. Let x_0 be a fixed point of a bounded domain Ω^c = R^n \ Ω̄. We define ϕ as the sum ϕ(x) = ϕ_1(x) + ϕ_2(x) + ϕ_0 (2.6) where ϕ_1(x) = n∑ i=1 ∂R_i(x) ∂x_i ,

R_i(x) = n∑ k=1 ∫ Ω ( ∂E(x − y) ∂x_k − ∂E(x_0 − y) ∂x_{0k} − n∑ j=1 (x_j − x_{0j} )

∂^2E(x_0 − y) ∂x_{0j} ∂x_{0k} ) U_{ik}(y)dy

− n∑ k=1 ∫ S E(x − y)U_{ik} (y)n_k(y)dS, (2.7) ϕ_2 is a solution of the problem

Δϕ_2(x) = 0, x ∈ Ω, ∂ϕ_2 ∂n = u · n − ∂ϕ_1 ∂n , x ∈ S, (2.8) vanishing at infinity, and ϕ_0 = − ∫ S (ϕ_1(x) + ϕ_2(x))dS. Differentiation of (2.7) gives the expression of ϕ_1 in terms of singular integrals (see [11, §8]):

ϕ_1(x) = 1 n n∑ k=1 U_{kk}(x) − n∑ i.k=1 ∫ S ∂E(x − y) ∂x_i U_{ik}(y)n_k(y)dS

+ n∑ i,k=1 ∫ Ω ( ∂2E(x − y) ∂x_i∂x_k − ∂^2E(x_0 − y) ∂x_{0i}∂x_{0k} ) U_{ik}(y)dy, where the volume integrals are understood as

lim_{ϵ→0} ∫ Ω∩{|x−y|≥ϵ} (∂2E(x − y) ∂x_i∂x_k − ∂^2E(x_0 − y) ∂x_{0i}∂x_{0k} ) U_{ik}(y)dy.

It is clear that they are convergent, if U_{jk} ∈ ^C^α(Ω); moreover, ΔR_i = ∑_n k=1 ∂U_{ik} ∂x_k = ui and Δϕ_1(x) = n∑ i=1 ∂ ∂x_i ΔR_i = n∑ i,k=1 ∂^2U_{ik} ∂x_i∂x_k = ∇ · u. We extend U_{ik} into Ω^c in such a way that |U_{ik}|_Cα_{(Ω}c_{∪Ω}0_) ≤ c|U_{ik}|_Cα_{(Ω}0_) and write ϕ_1 in the form

ϕ_1(x) = 1 n n∑ k=1 U_{kk}(x) + n∑ i.k=1 [ ∫ R^n ( ∂2E(x − y) ∂x_i∂x_k − ∂^2E(x_0 − y) ∂x_{0i}∂x_{0k} ) U_{ik}(y)dy

− ∫ Ω^c ( ∂2E(x − y) ∂x_i∂x_k − ∂^2E(x_0 − y) ∂x_{0i}∂x_{0k} ) U_{ik}(y)dy − ∫ S E_{xi} (x − y)U_{ik}(y)n_k(y)dS ] . According to classical estimates of the volume and surface potentials (see [12, 13]),

[ϕ_1]^{(α)}_Ω ≤ c n∑ i,k=1 ( [U_{ik}]^{(α)}_Rn + |U_{ik}|_Cα_{(Ω}c_) ) ≤ c||U||_α,

moreover, for arbitrary z ∈ Ω^′ |ϕ_1(z)| ≤ 1 n n∑ k=1 |U_{kk}(z)| + n∑ i,k=1 | | ∫ Ω ( ∂2E(z − y) ∂x_i∂x_k − ∂^2E(x_0 − y) ∂x_{0i}∂x_{0k} ) (U_{ik}(y) − U_{ik}(z))dy | |

+ n∑ i,k=1 |U_{ik}(z)| | | ∫ Ω (∂2E(z − y) ∂x_i∂x_k − ∂^2E(x_0 − y) ∂x_{0i}∂x_{0j} ) dy | |

+ n∑ i,k=1 | | ∫ S E_{xi} (x − y)U_{ik}(y)n_k(y)dS | | ≤ c||U||α. Hence, ‖ϕ_1‖_α ≤ c‖U‖_α. Now, we estimate ∇ϕ_1. It is clear that

ϕ_1(x) = lim_{M→∞} ϕ^{(M)}(x) = lim_{m→∞} n∑ i=1 ∂R^{(M)}_i ∂x_i , where R^{(M)}_i (x) = − ∫ S E(x − y)U_{ik}(y)n_k (y)dS

+ n∑ k=1 ∫ Ω (∂E(x − y) ∂x_k − ∂E(x_0 − y) ∂x_{0k} − n∑ j=1 (x_j − x_{0j} )

∂^2E(x_0 − y) ∂x_{0j} ∂x_{0k} ) U_{ik}(y)ζ_M (y)dy, ζ_M (x) = ζ((x − x_0)/M), ζ ∈ C^∞_0 (R^n), ζ(z) = 1 for |z| ≤ 1, ζ(z) = 0 for |z| ≥ 2, 0 ≤ ζ(z) ≤ 1, |D^j ζ_M (x)| ≤ c(|j|)M^{−|j|}. For M large enough,

∂ϕ^{(M)}_1 (x) ∂x_m = n∑ i=1 ∂^2R^{(M)}_i (x) ∂x_i∂x_m = n∑ i,k=1 ∂^2 ∂x_m∂x_i ∫ Ω E(x − y) ∂ ∂y_k (U_{ik}(y)ζ_M (y))dy

= 1 n u_m(x) + n∑ i,k=1 ∫ Ω ∂^2E(x − y) ∂x_m∂x_i ∂ ∂y_k (U_{ik}(y)ζ_M (y))dy. After simple transformations, we obtain lim M→∞ ∂ϕ^{(M)}_1 (x) ∂x_m = 1 n u_m(x)

+ n∑ i,k=1 ( ∫ Ω1 ∂^2E(x − y) ∂x_i∂x_m (u_i(y) − u_i(x))dy + u_i(x) lim_{ϵ→0} ∫ Ω1_{,ϵ} ∂^2E(x − y) ∂x_k∂x_m dy

+ ∫ Ω\Ω1 ∂^3E(x − y) ∂x_k∂x_m∂x_i (U_{ik}(y) − U_{ik}(x))dy

− ∫ ∂(Ω\Ω_1 ) ∂^2E(x − y) ∂x_m∂x_i (U_{ik}(y) − U_{ik}(x))n_k (y)dS ) ≡ ∂ϕ_1(x) ∂x_m , where Ω_1 = Ω_1(x) = {y ∈ Ω : |x − y| ≤ r_0} and Ω_{1,ϵ} = {y ∈ Ω : ϵ ≤ |x − y| ≤ r_0}. The integral ∫ Ω1_{,ϵ} ∂2E(x−y) ∂x_k ∂x_m dy is uniformly bounded, moreover, it vanishes, if dist(x, S) > r0,

i.e., x ∈ Ω \ Ω^′, hence, | ∂ϕ_1(x) ∂x_m | ≤ c ( ‖U‖_α + |u|_Cα_{(Ω)} ) ≤ c ( ‖U‖_α + ‖u‖_α ) .

In addition, applying to^{∂ϕ(M )1 (x)}_{∂xm} classical estimates of the theory of potentials and passing to the limit, we obtain [∇ϕ_1]^{(α)}_Ω ≤ c ( ‖U‖_α + ‖u‖_α ) , so ϕ_1 satisfies (2.4) and (2.5).

Let us pass to the estimates of ϕ_2. We observe that

u · n − ∂ϕ_1 ∂n = n∑ i=1 n_iΔR_i − n∑ i,k=1 n_k ∂^2R_i ∂x_i∂x_k = n∑ i,k=1 ( n_i ∂ ∂x_k − n_k ∂ ∂x_i ) ∂R_i ∂x_k

= div_S M,

where M(x) is a tangential vector field on S given by M = n∑ i,k=1 (n_ie_k − n_ke_i) ∂R_i ∂x_k , e_k = (δ_{ik})_{i,k=1,... ,n},

and satisfying the inequality |M|_Cα_{(S)} ≤ c n∑ i=1 |∇R_i|_Cα_{(S)} ≤ c‖U‖_α.

Hence, ∫ S (u · n −^{∂ϕ1}_{∂n} )dS = 0, the solution ϕ_2 of problem (2.8) is well defined, and

|∇ϕ_2|_Cα_{(Ω)} ≤ c | |u · n − ∂ϕ_1 ∂n | |_{Cα(S)} ≤ c(‖U‖α + ‖u‖α). To estimate ‖ϕ_2‖_α, we represent ϕ_2 as a single layer potential

ϕ_2(x) = −2 ∫ S E(x − y)μ(y)dS (2.9) with μ satisfying the integral equation

μ(x) + 2 ∫ S ∂E(x − y) ∂n_x μ(y)dS = −div_S M(x), x ∈ S. (2.10) Integrating this equation we find ∫ S μ(x)dS = 0. The function

σ(x) = 2 ∫ S ∂E(x − y) ∂n_x μ(y)dS satisfies the same kind of equation

σ(x) + 2 ∫ S ∂E(x − y) ∂n_x σ(y)dS = −2 ∫ S ∂E(x − y) ∂n_x div_S M(y)dS ≡ σ_1(x),

hence, sup_S |σ(x)| ≤ c sup_S |σ_1(x)|.

The function σ_1 can be brought to the form

σ_1(x) = ∫ S ∇_S ∂E(x − y) ∂n_y · (M(y) − M(x))dS − M(x) · ∫ S n(y)H(y) ∂E(x − y) ∂n_y dS, where H is the doubled mean curvature of S. Since | |∇S ∂E(x − y) ∂n_y | | ≤ c 1 |x − y|^{n−1} , we obtain |σ_1(x)| ≤ c|M|_Cα_{(S)} ≤ c‖U‖_α. Since ∫ S σ(x)dS = 0, the function

ϕ_2(x) = 2 ∫ S ∇_SE(x − y) · M(y)dS − 2 ∫ S E(x − y)σ(y)dS satisfies the inequality |ϕ_2|_Cα_{(Ω)} ≤ c(|M|_Cα_{(S)} + sup_S |σ(x)|) ≤ c‖U‖_α,

which completes the proof of (2.4).

It is easily seen that the constructed solution of the problem (1.1), (1.2) is unique. Indeed, the solution ϕ_0 of a homogeneous problem is a harmonic function that grows at infinity not faster than |x|^α, which implies that it tends to a constant and in fact coincides with this constant. By (2.3), it vanishes. The proposition is proved.

Estimate (2.5) implies |P_Gu|_Cα_{(Ω)} + |P_J u|_Cα_{(Ω)} ≤ c(||U||_α + ‖u‖_α) (2.11) if u = ∇ · U; moreover, by interpolation inequality, sup_Ω |P_Gu(y)| = sup_Ω |∇ϕ(y)| ≤ c(h^{α/2}[∇ϕ]^{(α)}_Ω + h^{−(1−μ)/2}[ϕ]^{(μ)}_Ω ) ≤ c(h^{α/2}‖u‖_α + h^{α/2}‖U‖_α + h^{−(1−μ)/2}‖U‖_μ), μ ∈ (0, 1). (2.12) This makes it possible to estimate the norm |P_Gu|_Cα,α/2_{(QT )} if u = ∇ · U depends also on t ∈ (0, T ). Let us apply (2.12) to h^{−α/2}Δ_t(h)u(x, t) where Δ_t(h)u(x, t) = u(x, t + h) − u(x, t), and take supremum with respect to t and h. This leads to [P_Gu]^{(α/2)}_{t,QT} ≤ c ( sup_{t<T} [u]^{(α)}_Ω + sup_{t<T} ‖U‖_α + ⟨U⟩^{(μ,(1+α−μ)/2}

Q_T + [U] ((1+α−μ)/2) Q_T ) , hence, |P_G∇ · U|_Cα,α/2_{(QT )} ≤ c|U|_C1+α,(1+α)/2_{(QT )}. (2.13) Now, we can prove important estimates of the pressure. We consider at first the function p_0 satisfying (1.6). It is easily seen that under condition (1.8) ∇p_0 = −P_G∇ · ℓ(x, 0, ∂ ∂x )v_0 + ∇q_0, (2.14) where q_0 is a harmonic function in Ω satisfying the boundary condition ∂q_0(x) ∂n = −a_t(x, 0) · n(x), x ∈ S. If n = 2 and ∫ S a_t · ndS ≠ 0, then q_0 can have a logarithmic growth at infinity, but at any case it satisfies the inequality ‖q_0‖_α + |∇q_0|_Cα_{(Ω)} ≤ c|a_t(·, 0) · n|_Cα_{(S)}.

Now, applying Proposition 2.1, we see that p_0 ∈ ^C^α(Ω), ∇p_0 ∈ C^α(Ω), and ‖p_0‖_α + |∇p_0|_Cα_{(Ω)} ≤ c ( |v_0|_C2+α_{(Ω)} + |a_t(·, 0) · n|_Cα_{(S)} ) . Note that this estimate does not guarantee the boundedness of p_0(x) for large |x|.

The relation similar to (2.14), i.e., p = p^′ + q, (2.15) where ∇p^′ = −P_G∇ · ℓ(x, t,^∂_{∂x} )v and Δq(x, t) = 0, x ∈ Ω, ∂q(x, t) ∂n = −a_t(x, t) · n(x), x ∈ S, holds for arbitrary t ∈ (0, T ).

Proposition 2.2. Let v ∈ C^{2+α,1+α/2}(Q_T ) and let (1.8) be satisfied. Then ⟨p⟩^{(ρ,α/2)} Q_T ≤ c ( |v|_C1+α,(1+α)/2_{(QT )} + ⟨∇v⟩^{(ρ,α/2)}_{QT} + [a_t · n]^{(α/2)}_{t,ΣT} ) , (2.16) where 0 < ρ < 1, and if a · n = 0, then ⟨p⟩^{(μ,α1/2)} Q_T ) ≤ c|v|C2+^{α,}1+^{α/}2(QT ) (2.17)

with α_1 + μ = 1 + α, α_1, μ ∈ (0, 1). Finally, |∇p|_Cα,α/2_{(QT )} ≤ c ( |v|_C2+α,1+α/2_{(QT )} + n∑ k=1 [R_k(a_t · n)]^{(α/2)}_{t,ΣT} ) . (2.18)

Proof. We use the relation (2.15), inequalities [p^′(·, t)]^{(ρ)}_Ω ≤ ‖p^′‖_ρ ≤ c‖ℓv‖_ρ, (2.19) |∇p^′(·, t)|_Cα_{(Ω)} ≤ c ( |ℓv|_Cα_{(Ω)} + |Av|_Cα_{(Ω)} ) ≤ c|v(·, t)|_C2+α_{(Ω)} (2.20) and estimates of q:

[q(·, t)]^{(ρ)}_Ω ≤ c sup_S |a_t(x, t) · n(x)|, (2.21) sup_Ω |∇q(x, t)| ≤ c ( sup_S |a_t(x, t) · n(x)| + n∑ k=1 sup_S |R_k(a_t(x, t) · n(x))| ) , (2.22) |∇q(·, t)|_Cα_{(Ω)} ≤ c|a_t(·, t) · n(·)|_Cα_{(S)}. Inequality (2.22) is proved in [1, Proposition 2.7], and the proof is valid for exterior domains (in this case the condition ∫ S a · ndS = 0 is not necessary).

We apply (2.19) and (2.21) to h^{−α/2}Δ_t(h)p^′(x, t) and h^{−α/2}Δ_t(h)q(x, t), respectively, and take supremum with respect to t and h. This leads to ⟨p⟩^{(ρ,α/2)} Q_T ≤ ⟨p ′⟩^{(ρ,α/2)} Q_T + ⟨q⟩ (ρ,α/2) Q_T ≤ c ( [ℓv]^{(α/2)}_{QT} + ⟨ℓv⟩^{(ρ,α/2)}_{QT} + [a_t · n]^{(α/2)}_{ΣT} )

≤ c ( |v|_C1+α,(1+α)/2_{(QT )} + ⟨∇v⟩^{(ρ,α/2)}_{QT} + [a_t · n]^{(α/2)}_{t,ΣT} ) , since the coefficients of the operator ℓ belong to C^{1+α,(1+α)/2}(Q_T ). If a · n = 0, then in the same way we obtain ⟨p⟩^{(μ,α1/2)} Q_T ≤ c ( [ℓv]^{(α1/2)} Q_T + ⟨ℓv⟩ (μ,α1/2) Q_T ) ≤ c|v|_C2+α,1+α/2_{(QT )}. To prove (2.18), we use (2.20) and the interpolation inequality sup_Ω |∇p^′(x, t)| ≤ c ( h^{α/2}[∇p^′(·, t)]^{(α)}_Ω + h^{−(1−μ)/2}[p^′(·, t)]^{(μ)}_Ω )

applied to h^{−α/2}Δ_t(h)p^′(x, t). This gives |∇p^′|_Cα,α/2_{(QT )} ≤ c ( [∇p^′]^{(α)}_{x,Ω} + ⟨p^′⟩^{(μ,α1/2)} Q_T + [p ′]^{(μ)}_{x,QT} ) ≤ c|v|_C2+α,1+α/2_{(QT )}. (2.23) For ∇q we have the estimate |∇q|_Cα,α/2_{(QT )} ≤ c ( |a_t|_Cα,α/2_{(ΣT )} + [R(a_t · n)]^{(α/2)}_{t,ΣT} ) . Together with (2.23), it implies (2.18). The proposition is proved.

Now, we assume that the condition u = ∇ · U is not satisfied.

If u is divergence free, then ϕ is a harmonic function representable in the form (2.9) with μ satisfying the equation

μ(x) + 2 ∫ S ∂E(x − y) ∂n_y μ(y)dS = −u(x) · n(x), x ∈ S. Hence, |∇ϕ|_Cα_{(Ω)} ≤ c|u · n|_Cα_{(S)}, moreover, using Proposition 2.7 in [1] it is easy to see that ‖ϕ‖_α + sup_Ω |∇ϕ(x)| ≤ c ( sup_S |u(x) · n(x)| + n∑ k=1 sup_S |R_k(u · n)(x)| ) . For general u ∈ ^C^α(Ω), the following proposition holds.

Proposition 2.3. For arbitrary u ∈ ^C^α(Ω) problem (2.2) has a solution ϕ(x) such that ∇ϕ ∈ ^C^α(Ω). It is defined uniquely, up to a linear combination

Φ_0(x) = n∑ i=1 c_i(x_i + ψ_i(x)) + c_0 (2.24)

where c_k = const and ψ_i are solutions to the problems

Δψ_i(x) = 0, x ∈ Ω, ∂ψ_i ∂n = −n_i(x), x ∈ S, lim_{|x|→∞} ψ_i(x) = 0. The function ϕ satisfies the inequality ‖∇ϕ‖_α ≤ c(‖u‖_α + n∑ k=0 |c_k|). (2.25)

Proof. We define a partial solution of (2.2) by Φ(x) = Φ_1(x) + Φ_2(x),

Φ_1(x) = ∫ Ω ( ∇_xE(x − y) − ∇_{x0} E(x_0 − y) − n∑ i=1 (x_i − x_{0i})

∂∇_{x0} E(x_0 − y) ∂x_{0i} ) · u(y)dy, x_0 is the same as in the previous proposition, Φ_2(x) is a harmonic function satisfying the boundary condition ∂Φ_2(x) ∂n = u(x) · n(x) −

∂Φ_1(x) ∂n on S. As above, we have

∂Φ_1(x) ∂x_m = 1 n u_m(x) + ∫ Ω ( ∂∇E(x − y) ∂x_m − ∂∇_{x0} E(x_0 − y) ∂x_{0m} ) · u(y)dy, where the integral is singular. The functions Φ_1 and Φ_2 satisfy the inequalities ‖∇Φ_1‖_α ≤ c||u||_α, |∇Φ_2|_Cα_{(Ω)} ≤ c | |u · n − ∂Φ_1 ∂n | |_{Cα(S)} ≤ c‖u‖α, implying (2.25) in the case c_0 = . . . = c_n = 0. It is clear that ∇Φ(x) can grow at infinity not faster than |x|^α and Φ not faster than |x|^{1+α}.

Let Φ_0(x) be a solution of a homogeneous problem (2.2) satisfying this growth condition. Then it behaves at infinity like the first order polynomial and has the form (2.24). Let us show that the functions {1, x_1 + ψ_1(x), . . . , x_n + ψ_n(x)} are linearly independent on S. Assume that there exist constants λ_k such that n∑ i=1 λ_i(x_i + ψ_i(x)) + λ_0 = 0, x ∈ S.

Since ψ_i are representable in Ω in the form of single layer potentials V_i(x) = −2 ∫ S E(x − y)μ_i(y)dS, and these potentials are continuous, we have n∑ i=1 λ_i(x_i + V_i(x)) + λ_0 = 0, x ∈ S.

The expression in the left hand side is harmonic in Ω^c = R^n \ Ω̄, so it vanishes also in Ω^c. As a consequence, we have n∑ i=1 λ_i ( n_i(x) + ( ∂V_i(x) ∂n ) i ) = 0, x ∈ S, where the normal derivative in calculated from the side of the interior domain Ω^c. On the other hand, we have, by the definition of ψ_i(x), the following relation for the exterior normal derivatives: n_i(x) + ( ∂V_i(x) ∂n ) e = 0, i = 1, . . . , n. Hence,_n ∑ i=1 λ_i (( ∂V_i(x) ∂n ) i − ( ∂V_i(x) ∂n ) e ) = 2 n∑ i=1 λ_iμ_i(x) = 0,

which implies ∑_n i=1 λ_iV_i(x) = 0, ∑_n i=1 λ_ix_i + λ_0 = 0, and finally λ_k = 0, k = 0, . . . , n.

A general solution of problem (2.2) has the form

ϕ(x) = Φ(x) + Φ_0(x)

and satisfies (2.25). The constants c_k can be found from the appropriate additional conditions, for instance, ∫ S ϕ(x)dS = 0, ∫ S ϕ(x)(x_i + ψ_i(x))dS = 0, i = 1, . . . , n. In this case the last term in (2.25) can be omitted. The proposition is proved.

This proposition is not used in the present paper.

If f does not satisfy (1.8) but can be represented in the form (2.1):

f = f_1 + ∇ψ = P_J f + P_Gf,

then we can introduce a new pressure p_1 = p − ψ and replace f with f_1 and p with p_1 in (1.1), (1.2) and in estimate (1.9). It implies the following inequality that is used below: |v|_C2+α,1+α/2_{(QT )} + |∇p|_Cα,α/2_{(QT )} ≤ c ( |f|_Cα,α/2_{(QT )} + |P_Gf|_Cα,α/2_{(QT )}

+|v_0|_C2+α_{(Ω)} + |a|_C2+α,1+α/2_{(ΣT )} + n∑ k=1 |R_k(a_t · n)|_Cα,α/2_{(ΣT )} ) . (2.26)

3. The proof of estimate (1.9) We follow [1, Sec. 4], and consider at first problem (1.1), (1.2) with a = 0, v_0 = 0. We estimate the solution in the neighborhood of arbitrary interior point x_0 ∈ Ω. Let ζ(y, t) be a cut-off function equal to one in the “parabolic cylinder” C_{d/2} ≡ {x, t : |x − x_0| ≤ d/2, 0 ≤ t_0 − t ≤ d^2/4} and to zero for t ≤ t_0 outside C_d. We assume that dist(x_0, S) > d. We introduce the functions u(x, t) = v(x, t)ζ(x, t), q(x, t) = (p(x, t) − p̄(t))ζ(x, t) where p̄(t) = |B_d|^{−1} ∫ B_d p(x, t)dx, B_d = {x ∈ Ω : |x − x_0| ≤ d}, and we extend them by zero into the domain {t < t_0, x ∈ R^n} outside C_d. The extended functions satisfy the relations ∂u(x, t) ∂t + A(x, t, ∂ ∂x )u(x, t) + ∇q(x, t) = f(x, t)ζ(x, t) + f^′(x, t), ∇ · u = v · ∇ζ, x ∈ R^n, t ≤ t_0, u(x, 0) = 0, that can be also written as ∂u(x, t) ∂t + A_{00}( ∂ ∂x )u(x, t) + ∇q(x, t) = f(x, t)ζ(x, t) + f_1(x, t), ∇ · u = v · ∇ζ, x ∈ R^n, t ∈ (0, t_0), u(x, 0) = 0, where f^′(x, t) = [A, ζ]v + (p − p̄)∇ζ + vζ_t, [A, ζ]v = A(ζv) − ζAv, f_1(x, t) = −A^′(x, t, ∂ ∂x )u + f^′(x, t),

A_{00}( ∂ ∂x ) = A_0(0, t_0, ∂ ∂x ), A^′ = A − A_{00}.

We represent (u, q) in the form u = u^{(1)} + u^{(2)} + u^{(3)}, q = q^{(2)} + q^{(3)}, where u^{(i)}, q^{(i)} are defined by ∂u^{(1)}(x, t) ∂t + A_{00}( ∂ ∂x )u^{(1)}(x, t) = f(x, t)ζ(x, t), x ∈ R^n, t ≤ t_0, u^{(1)}(x, 0) = 0, (3.1) u^{(2)}(x, t) = ∇ ∫ R^n E(x − y)(v(y, t) · ∇ζ(y, t) − ∇ · u^{(1)}(y, t))dy, ∇p^{(2)} = −u^{(2)}_t ,

∂u^{(3)}(x, t) ∂t + A_{00}( ∂ ∂x )u^{(3)}(x, t) + ∇q^{(3)}(x, t) = f_2(x, t),

∇ · u^{(3)} = 0,

u^{(3)}(x, 0) = 0

with f_2 = f_1 − A_{00}( ∂ ∂x )u^{(2)}.

Let us estimate the functions u^{(i)}, i = 1, 2, 3. The parabolic Cauchy problem (3.1) has a unique solution u^{(1)} ∈ C^{2+α,1+α/2}(Π_{t0} ), Π_{t0} = R^n × (0, t_0), and

[u^{(1)}]^{(2+α,1+α/2)}

Π_t0 ≤ c[fζ] (α,α/2) Π_t0

(see [14]). Further, according to well-known estimates of the Newtonian potential,

[u^{(2)}(·, t)]^{(2+α)}_Rn ≤ c[v · ∇ζ − ∇ · u^{(1)}]^{(1+α)}_Rn ≤ c ( [v · ∇ζ]^{(1+α)}_Rn + [u^{(1)}]^{(2+α)}_Rn ) . To estimate the Hölder constant of u^{(2)}_t with respect to t, we write u^{(2)}_t in the form

u^{(2)}_t = ∇ ∫ R^n E(x − y) ( (−∇ · ℓv − ∇(p − p̄)) · ∇ζ + ∇ · A_{00}u^{(1)} ) dy

= ∇ ∫ R^n ( (−∇E(x − y) ⊗ ∇ζ) : ℓv + E(x − y)(ℓv : ∇∇ζ) ) dy −∇ ∫ R^n ( ∇E(x − y) · (p − p̄)∇ζ − E(x − y)(p − p̄)∇^2ζ − ∇E(x − y) · A_{00}u^{(1)} ) dy (since f is divergence free, the sum of the terms containing f vanishes). By inequalities (2.37) and (2.39) in [1],

[u^{(2)}_t ]^{(α/2)}_{t,Πt0} ≤ c[u^{(1)}]^{(2+α,1+α/2)}

(Π_t0 ) + c(d) ( [v]^{(α/2)}_{t,Cd} + ⟨v⟩^{(ρ,α/2)}_{Cd} + sup

t∈(t_0−d^2,t_0) |v(·, t)|_C1+ρ_{(Bd )} + [∇v]^{(α/2)}_{t,Cd} + ⟨∇v⟩^{(ρ,α/2)}_{Cd} +[p − p̄]^{(α/2)}_{t,Cd} + ⟨p⟩^{(ρ,α/2)}_{Cd} + sup_{t∈(t} 0−d^2,t_0) |p(·, t) − p̄(t)|_Cρ_{(Bd )} ) , where ρ is a small positive number. Finally, by inequalities (3.9) and (2.39) in [1],

[u^{(3)}]^{(2+α,1+α/2)}

Π_t0 + [∇q

(3)]^{(α,α/2)}

Π_t0 ≤ c ( [f_2]^{(α,α/2)}

Π_t0 + [PGf2] (α/2) t,Π_t0 )

≤ c ( [f_1]^{(α,α/2)}

Π_t0 + [PGf1] (α/2) t,Π_t0 + [u

(2)]^{(2+α,1+α/2)}

Π_t0 ) , where P_G is the Weyl projector in the whole space R^n (see [1]). In its turn,

[f_1]^{(α,α/2)}

Π_t0 + [PGf1] (α/2) t,Π_t0 ≤ [f ′]^{(α,α/2)} Π_t0 + ⟨f ′⟩^{(ρ,α/2)} Π_t0 + cd[u] (2+α,1+α/2) Π_t0 +c ( ∑ |j|≤2 sup_{Πt} 0 |D^j u(y, t)| + ⟨A_1u⟩^{(ρ,α/2)}_{Πt0} + [A_1u]^{(α/2)}_{t,Πt0} ) , because the leading coefficients of A^′ and do not exceed cd. Collecting all the above estimates and taking d sufficiently small, we obtain

[u]^{(2+α,1+α/2)}

Π_t0 + [∇q] (α,α/2) Π_t0 ≤ c ( [ζf]^{(α,α/2)} Π_t0 + M ) (3.2)

where M is the sum of some lower order norms of p, v, q = ζ(p − p̄) and u = ζv that can be estimated by interpolation inequalities as follows: M ≤ ϵ ( [v]^{(2+α,1+α/2)}

C_d + [∇p] (α,α/2) C_d )

+c(ϵ) ( sup_{Cd} |v(x, t)| + sup_{Cd} |p(x, t) − p̄(t)| + [p − p̄]^{(α/2)}_{t,Cd} )

≤ ϵ ( [v]^{(2+α,1+α/2)}

C_d + [∇p] (α,α/2) C_d )

+c(ϵ) ( sup_{Cd} |v(x, t)| + sup_{t<t0}[p(·, t]^{(ρ)}_{Bd} + ⟨p⟩^{(ρ,α/2)}_{Cd} ) , ∀ϵ ∈ (0, 1). Estimate of the solution of (1.1), (1.2) near the boundary was obtained in [1]. From this estimate and from (3.2) one can deduce, by standard arguments of Schauder’s method, the inequality |v|_C2+α,1+α/2_{(Qt0 )} + |∇p|_Cα,α/2_{(Qt0 )} ≤ c ( |f|_Cα,α/2_{(Qt0 )} + sup_Q t0 |v(x, t)|

+ sup_Q t0 [p(·, t)]^{(ρ)}_Ω + ⟨p⟩^{(ρ,α/2)}_{Qt0} + d⟨p⟩^{(μ,α1/2)}_{Qt0} )

for arbitrary t^′ ≤ T . The norms of p can be estimated by (2.16)–(2.18):

sup_Q t0 [p(·, t)]^{(ρ)}_Ω + ⟨p⟩^{(ρ,α/2)}_{Qt0} + d⟨p⟩^{(μ1,α1/2)}_{Qt0}

≤ c ( |v|_C1+α,(1+α)/2_{(Qt0 )} + ⟨∇v⟩^{(ρ,α/2)}_{Qt0} + d|v|_C2+α,1+α/2_{(Qt0 )} ) . After this, using again the smallness of d and the interpolation inequality, we arrive at |v|_C2+α,1+α/2_{(Qt0 )} + |∇p|_Cα,α/2_{(Qt0 )} ≤ c ( |f|_Cα,α/2_{(Qt0 )} + sup_Q t0 |v(x, t)| )

≤ c ( |f|_Cα,α/2_{(Qt0 )} + ∫_t0 0 |v_τ (x, τ )dτ | ) , and, applying the Gronwall lemma, we obtain (1.9) in our case: v_0 = 0, a = 0.

Now, we turn to a general case. Let a^′(x, t) = b(t)ψ(x) where ψ(x) is a solution of the Stokes problem −Δψ(x) + ∇π(x) = 0, ∇ · ψ(x) = 0, x ∈ Ω, ψ(x) = N(x), x ∈ S, vanishing at infinity for n ≥ 3 and bounded for n = 2, with a smooth N satisfying the condition ∫ S N(x) · n(x)dS ≥ c_1 > 0, and let b(t) be given by b(t) = ( ∫ S N(x) · n(x)dS )_{−1} ∫ S a(x, t) · n(x)dS. Hence, ∫ S (a(x, t)−a^′(x, t))·n(x)dS = 0. It is clear that ψ ∈ C^{2+α}(Ω) and b ∈ C^{1+α/2}(0, T ).

Further, we define a solenoidal extension v^∗_0(x) of the vector field v_0(x) − b(0)ψ(x) into Ω^c such that |v^∗_0|_C2+α_{(R}n_) ≤ c ( |v_0|_C2+α_{(Ω)} + |b(0)| )

(see [1]) and introduce v_1(x, t) as a solution of the Cauchy problem v_{1t} − Δv_1 = 0, v_1(x, 0) = v^∗_0(x), x ∈ R^n.

It satisfies the equation ∇ · v_1 = 0, and the inequality

|v_1|_C2+α,1+α/2_{(QT )} ≤ c|v^∗_0|_C2+α_{(R}n_) ≤ c ( |v_0|_C2+α_{(Ω)} + |b(0)| ) , (3.3)

moreover, for P_Gv_{1t} = P_GΔv_1 we have |P_Gv_{1t}|_Cα,α/2_{(QT )} ≤ c|v_1|_C2+α,1+α/2_{(QT )}, by virtue of (2.13). Now, let v_2 be a solution of the Stokes problem −Δv_2 + ∇p_2 = 0, ∇ · v_2 = 0, x ∈ Ω, v_2 = a − v_1, x ∈ S, vanishing at infinity for n ≥ 3 and bounded for n = 2. For this vector field the estimate

|v_2|_C2+α,1+α/2_{(QT )} ≤ c ( |a|_C2+α,1+α/2_{(ΣT )} + |v_1|_C2+α,1+α/2_{(QT )} ) (3.4)

holds both in bounded and in exterior domain Ω. Moreover, since v_2 is divergence free, v_{2t} · n = a_t · n − v_{1t} · n = a_t · n − Δv_1 · n and

Δv_1 · n = n∑ i,k=1 ( n_k ∂ ∂x_i − n_i ∂ ∂x_k ) ∂v_{1k} ∂x_i , we have, by virtue of inequalities (2.58) and (2.40) in [1], |P_Gv_{2t}|_Cα,α/2_{(QT )} ≤ c ( |a_t · n|_Cα,α/2_{(Σt )} + n∑ k=1 [R_k(a_t · n)]^{(α/2)}_{t,ΣT} + |v_1|_C2+α,1+α/2_{(QT )} ) . It is easily seen that v_2(x, 0) = b(0)ψ(x); hence, the difference w = v−v_1 −v_2 is a solution of the problem w_t + A(x, t, ∂ ∂x )w + ∇p = h, ∇ · w = 0,

w(x, 0) = 0, w|_{x∈S} = 0 (3.5) with h(x, t) = f(x, t) − ∂v_1 ∂t − A(x, t, ∂ ∂x )v_1 −

∂v_2 ∂t − A(x, t, ∂ ∂x )v_2 = f(x, t) − ∂v_1 ∂t − ∇ · ℓ(x, t, ∂ ∂x )v_1 −

∂v_2 ∂t − ∇ · ℓ(x, t, ∂ ∂x )v_2

satisfying the inequality |h|_Cα,α/2_{(QT )} + |P_Gh|_Cα,α/2_{(QT )} ≤ c ( |f|_Cα,α/2_{(QT )} + |v_1|_C2+α,1+α/2_{(QT )}

+|v_2|_C2+α,1+α/2_{(QT )} + |a|_C2+α,1+α/2_{(ΣT )} + n∑ k=1 [R_k(a_t · n)]^{(α/2)}_{t,ΣT} ) . In addition, for x ∈ S we have v_{1t}(x, 0) + v_{2t}(x, 0) = a_t(x, 0), and, as a consequence,

h(x, 0) = f(x, 0) − a_t(x, 0) − A(x, 0, ∂ ∂x )v_0,

from which it follows that the compatibility condition (1.7) is satisfied in problem (3.5). Hence, by (2.26), |w|_C2+α,1+α/2_{(QT )} + |∇p|_Cα,α/2_{(QT )} ≤ c ( |h|_Cα,α/2_{(QT )} + |P_Gh|_Cα,α/2_{(QT )} )

≤ c ( |f|_Cα,α/2_{(QT )} + |v_0|_C2+α_{(Ω)} + |a|_C2+α,1+α/2_{(ΣT )} + n∑ k=1 [R_k(a_t · n)]^{(α/2)}_{t,ΣT} ) . Together with (3.3)–(3.4), this estimate implies (1.9). 4. On the solvability of problem (1.1), (1.2) We repeat here the arguments in [1, Sec. 5], with small modifications. At first we consider the case a = 0, v_0 = 0, moreover, we assume that

f(x, 0) = 0, x ∈ Ω, (4.1)

and that the coefficients of the operator A = ∇ · ℓ are independent of t. Thus, we deal with the problem ∂v(x, t) ∂t + ∇ · ℓ(x, ∂ ∂x )v(x, t) + ∇p(x, t) = f(x, t),

∇ · v = 0, x ∈ Ω, t ∈ (0, T ), (4.2) v(x, 0) = 0, v(x, t)|_{x∈S} = 0 (4.3) with f ∈ C^{α,α/2}(Q_T ) satisfying (1.8), (4.1).

We approximate f with divergence free vector fields f^R ∈ C^{α,α/2}(Q_T ) ∩ L_2(Q_T ) with f^R · n|_{x∈S} = 0, R ≫ 1. They are defined by f^R(x, t) = f(x, t)ζ_R(x) + f_R(x, t), where ζ_R(x) = ζ(x/R) is a standard cut-off function equal to one for |x| ≤ R and to zero for |x| ≥ 2R and f_R is a solution of the problem ∇ · f_R = −f · ∇ζ_R(x), x ∈ K_R ≡ {R ≤ |x| ≤ 2R}, f_R|_{x∈∂KR} = 0 constructed in [15]. For x ∈ R^n \ K_R, we set f_R = 0. It is known that f_R satisfies some estimates in the Hölder norms, in particular, [f_R]^{(α)}_Rn ≤ c|fζ_R|_Cα_{(KR)}, sup_{KR} |f_R(x, t)| ≤ c sup_{KR} |f(x, t)| with constants independent of R (see [16, 17]). Hence, |f^R|_Cα,α/2_{(QT )} ≤ c|f|_Cα,α/2_{(QT )}. The problem ∂v^R(x, t) ∂t + A(x, ∂ ∂x )v^R(x, t) + ∇p^R(x, t) = f^R(x, t), ∇ · v^R = 0, x ∈ Ω, t ∈ (0, T ), v^R(x, 0) = 0, v^R(x, t)|_{x∈S} = 0 (4.4) has a unique generalized solution v^R ∈ L_2(Q_T ) with v^R_{xj} , v^R_t ∈ L_2(Q_T ) satisfying conditions (4.3) and the integral identity ∫_T 0 ∫ Ω v^R_t (x, t) · η(x, t)dxdt − ∫_T 0 ∫ Ω ℓ(x, ∂ ∂x )v^R : ∇ηdxdt

= ∫_T 0 ∫ Ω f^R(x, t) · η(x, t)dxdt for arbitrary solenoidal η ∈ L_2(Q_T ) with η_{xj} ∈ L_2(Q_T ), η|_{x∈S} = 0. The existence of the unique weak solution and the estimate ∫_T 0 ∫ Ω (|v^R_t (x, t)|^2 + |∇v^R(x, t)|^2 + |v^R(x, t)|^2)dxdt ≤ c ∫_T 0 ∫ Ω |f^R|^2dxdt (4.5) is proved by Galerkin’s method in a quite standard way on the basis of the Gårding inequality − ∫ Ω ℓv^R : ∇v^Rdx ≥ c_1 ∫ Ω |∇v^R(x, t)|^2dx − c_2 ∫ Ω |v^R(x, t)|^2dx, that is a consequence of (1.3). Now, we can consider v^R as a weak solution of an elliptic problem A_0(x, ∂ ∂x )v^R + ∇p^R = f^R − v^R_t , ∇ · v^R = 0, x ∈ Ω, v^R|_S = 0

depending on the parameter t ∈ (0, T ). By the regularity theorem for such problems (see [18]), there exist the second derivatives v^R_{xj xk} ∈ L_2(Q_T ) whose norm can be estimated by the L_2- norms of f^R, v^R and of the first derivatives of v^R. Moreover, there exist the pressure function p^R ∈ L_2(Q_T ) with ∇p^R ∈ L_2(Q_T ) such that (5.2) holds in a strong sense, and, along with (4.5), inequality ∑ |j|=2 ‖D^j v^R‖^2_{L2(QT )} + ‖∇p^R‖^2_{L2(QT )} ≤ c‖f^R‖^2_{L2(QT )}

is satisfied.

Next, we show that v^R and p^R belong to the appropriate Hölder spaces. To this end, we approximate f^R with the vector fields

f^R_ϵ (x, t) = ω_ϵ(t) ⋆ f^R(x, t − 2ϵ) = ∫ |τ|≤ϵ ω_ϵ(τ )f^R(x, t − τ − 2ϵ)dτ, where ω_ϵ is a standard mollifying kernel and f^R(x, t) = 0 for t < 0. The corresponding solutions of problem (4.2), (4.3) have the same structure: v^R_ϵ (x, t) = ω_ϵ(t) ⋆ v^R(x, t − 2ϵ), p^R_ϵ (x, t) = ω_ϵ(t) ⋆ p^R(x, t − 2ϵ), v^R(x, t) = 0, p^R(x, t) = 0 for t < 0. It is clear that f^R_ϵ , v^R_ϵ , p_ϵ are infinitely differentiable with respect to t, in particular, v^R_ϵ , v^R_{ϵt} ∈ W^2_2 (Ω) for arbitrary fixed t ∈ (0, T ). By the embedding theorem, v^R_{ϵt} ∈ L_q(Ω) with 1/q ≤ 1/2 − 2/n. By the regularity theorem for elliptic problems, v^R_ϵ ∈ W^2_q (Ω), ∇p^R_ϵ ∈ L_q(Ω). Since D^m_t v^R_ϵ ∈ L_2(Ω) for arbitrary m, it follows that v^R_{ϵt} ∈ L_{q1} (Ω) with 1/q_1 < 1/q − 2/n ≤ 1/2 − 4/n, hence, v^R_ϵ ∈ W^2_{q1} (Ω), ∇p^R_ϵ ∈ L_{q1} (Ω). Repeating these arguments, we increase the exponent q indefinitely, until we can conclude that v^R_{ϵt} ∈ C^α(Ω) and, as a consequence, v^R_ϵ ∈ C^{2+α}(Ω), ∇p^R_ϵ ∈ C^α(Ω). By (1.9), |v^R_ϵ |_C2+α,1+α/2_{(QT )} + |∇p^R_ϵ |_Cα,α/2_{(QT )} ≤ c|f^R_ϵ |_Cα,α/2_{(QT )}. Now, let ϵ → 0. Since f^R(x, 0) = 0, the zero extension of f^R into the domain {t < 0} belongs to the same class C^{α,α/2}. As ϵ → 0, the vector fields f^R_ϵ approximate f^R in C^{α0,α0/2}(Q_T ) with arbitrary α^′ < α and the norms |f^R|_Cα,α/2_{(QT )} remain uniformly bounded. Hence, v^R_ϵ → v^R in C^{2+α0,1+α0/2}(Q_T ), ∇p^R_ϵ → ∇p^R in C^{α0,α0/2}(Q_T ), and, moreover, (v^R, p^R), v^R ∈ C^{2+α,1+α/2}(Q_T ), ∇p^R ∈ C^{α,α/2}(Q_T ), is a solution of (4.2), (4.3). Finally, passing to the limit as R → ∞, we obtain the solution v ∈ C^{2+α,1+α/2}(Q_T ), ∇p ∈ C^{α,α/2}(Q_T ) of problem (1.1), (1.2).

Let us prove the solvability of this problem with the operator A of a general form. It follows from (4.1) that v(x, 0) = v_t(x, 0) = 0, x ∈ Ω.

For arbitrary v ∈ C^{2+α,1+α/2}(Q_T ) satisfying these conditions we have |A(x, t, ∂ ∂x )v − A(x, 0, ∂ ∂x )v|_Cα,α/2_{(Qt0 )} ≤ c ( max km,jq sup_Q t0 |ℓ_{km,jq}(x, t) − ℓ_{km,jq}(x, 0)||v|_C2+α,1+α/2_{(Qt0 )} + max k,m,j,q |ℓ_{km,jq}|_Cα,α/2_{(Qt0 )} ∑ |j|=2 sup_Q t0 |D^j v(x, t)|

+|v|_C1+α,1/2+α/2_{(Qt0 )} ) ≤ c(t^′)^{α/2}|v|_C2+α,1+α/2_{(Qt0 )}, |P_G∇ · (ℓ(x, t ∂ ∂x v) − ℓ(x, 0, ∂ ∂x )v)|_Cα,α/2_{(Qt0 )} ≤ c(t^′)^{α/2}|v|_C2+α,1+α/2_{(Qt0 )}. which guarantees the solvability of problem (1.1), (1.2) in a small time interval. From this it follows that the solution exists for t ∈ (0, T_0).

It remains to remove restriction (4.1). Let us consider problem (1.1), (1.2) with v_0 = 0, a = 0 and with arbitrary f ∈ C^{α,α/2}(Q_T ) satisfying only (1.8) and the compatibility condition (1.7), i.e., f(x, 0)|_S = 0. We construct a divergence free extension of f, f^∗, into the whole space R^n with a compact support, such that |f^∗(·, t)|_Cα_{(R}n_) ≤ c|f(·, t)|_Cα_{(Ω)}, sup_{x∈Rn} |f^∗(x, t)| ≤ c sup_{x∈Ω} |f(x, t)|, and, as a consequence, |f^∗|_Cα,α/2_{(ΠT )} ≤ c|f|_Cα,α/2_{(QT )} (see the details in [1]). Let v^∗(x, t) be a solution of the Cauchy problem

v^∗_t (x, t) − Δv^∗(x, t) + ∇p^∗(x, t) = f^∗(x, t), ∇ · v^∗ = 0, x ∈ R^n, t ∈ (0, T ), v^∗(x, 0) = 0, i.e., v^∗(x, t) = ∫_t 0 ∫ R^n Γ(x − y, t − τ )f^∗(y, τ )dydτ, where Γ is the fundamental solution of the heat equation, and p^∗ = 0. Further, we define w as a solution of the Stokes problem in Ω:

−Δw + ∇r = 0, ∇ · w = 0, w|_S = −v^∗|_S.

Since v^∗_t (x, 0) = 0 for x ∈ S, we have w(x, 0) = w_t(x, 0) = 0, x ∈ Ω.

Both v^∗ and w belong to C^{2+α,1+α/2}(Q_T ), moreover, P_Gv^∗_t = P_GΔv^∗ ∈ C^{α,α/2}(Q_T ), and, as we have seen above, |P_Gw_t|_Cα,α/2_{(QT )} ≤ c ( |v^∗_t · n|_Cα,α/2_{(ΣT )} + n∑ k=1 [R_k(v^∗_t · n)]^{(α/2)}_{t,ΣT} ) .

Since f ·n|_{x∈S} = 0, we have R_k(v^∗_t ·n) = R_k(Δv^∗ ·n). The function Δv^∗ ·n can be written in the form

Δv^∗ · n = n∑ j,k=1 ( n_j ∂ ∂x_k − n_k ∂ ∂x_j ) ∂v∗_j ∂x_k = div_S Φ

with Φ = n∑ j,k=1 (n_j e_k − n_ke_j ) ∂v^∗_j ∂x_k , hence, by inequality (2.40) in [1],

[R_k(v^∗_t · n)]^{(α/2)}_{t,ΣT} ≤ c|v^∗|_C2+α,1+α/2_{(QT )}.

For the difference u = v − v^∗ − w we obtain the problem

u_t + Au + ∇p = h, ∇ · u = 0, u(x, 0) = 0, u|_{x∈S} = 0,

where

h = −w_t − Aw − Av^∗ − Δv^∗ ∈ C^{α,α/2}(Q_T ), P_Gh ∈ C^{α,α/2}(Q_T ).

In addition, h(x, 0) = 0. As was shown above, this problem has a solution (u, p), u ∈ C^{2+α,1+α/2}(Q_T ), ∇p ∈ C^{α,α/2}(Q_T ). The proof of Theorem 1.1 is now complete.

References

1. V. A. Solonnikov, Schauder estimates for the evolution generalized Stokes problem, AMS Translations, to appear.

2. V. A. Solonnikov, Estimates of solutions of nonstationary Navier–Stokes equations, Zap. Nauchn.

Semin. Leningrad. Otdel. Mat. Inst. Steklov. (LOMI) 38, (1973), 153–231; English transl., J. Soviet Math. 8 (1977), no. 4, 467–529.

3. Y. Giga, K. Inui, S. Matsui, On the Cauchy problem for the Navier–Stokes equations with nondecaying initial data, Quaderni di Matematica, 4 (1999), 28–68.

4. Y. Giga, S. Matsui, O. Sawada, Global existence of two-dimensional Navier–Stokes flow with nondecaying initial velocity, J. Math. Fluid Mech. 3 (2001), 302–315.

5. Y. Giga, K. Inui, J. Kato, S. Matsui, Remarks on the uniqueness of bounded solutions of the Navier– Stokes equations, Nonlinear Analysis 47 (2001), 4151–4156.

6. F. Crispo, P. Maremonti, On the (x, t) asymptotic properties of solutions of the Navier–Stokes equations in the half-space, Zap. Nauchn. Semin. POMI 318 (2004), 147–202.

7. V. A.Solonnikov, On nonstationary Stokes problem and Navier–Stokes problem in a half-space with initial data nondecreasing at infinity, J. Math. Sci. 114 (2003), 1726–1740.

8. V. S. Belonosov, Estimates of solutions of parabolic systems in weighted spaces and some applications, Mat.Sb. 110 (1979) No 2, 163–188; English transl. in Math. USSR-Sb. 38 (1981).

9. V. A. Solonnikov, On estimates of maxima moduli of the derivatives of the solution of uniformly parabolic initial-boundary value problem, LOMI Preprint P-2-77, 1977, 3–20. (Russian)

10. G. I. Bizhanova, V. A. Solonnikov, Solvability of an initial-boundary value problem with time derivative in the boundary condition for a second order parabolic equation in weighted Hölder function space, Algebra Analiz 5 (1993) No 1, 109–142; English transl. in Petersburg Math. J. 5 (1994), No 1.

11. S. G. Mikhlin, Multidimensional singular integrals and integral equations, Pergamon Press, 1965. 12. J. Schauder, Potenzialtheoretische Untersuchungen, Math. Z. 33 (1931), 602–640. 13. N. M. Günther, Theory of potentials and its application to the basic problems of mathematical physics, Gostekhizdat, Moscow (1953).

14. V. A. Solonnikov, On boundary-value problems for linear parabolic systems of differential equations of general form, Trudy Math. Inst. Steklov, 83 (1965), 3–162; English transl., Proc. Steklov Inst. of Mathematics, Amer. Math. Soc. 83 (1967), 1–184.

15. M. E. Bogovskii, Solution of some vector analysis problems connected with operators div and grad, Trudy Semin. S. L. Soboleva, No. 1, 1980, Akad. Nauk SSSR, Sibirsk. Otdel. Inst. Mat., Novosibirsk (1980), 5–40. (Russian) 16. L. V. Kapitanskii, K. I. Pileckas, On some problems of vector analysis, Zap. Nauchn. Semin. LOMI 138 (1964), 65–85 (Russian).

17. V. A. Solonnikov, Lp-estimates for solutions to the initial-boundary problem for the generalized Stokes system in a bounded domain, J. Math. Sci. 105, No 5, 2448–2484.

18. M. Giaquinta, G. Modica, Nonlinear systems of the type of the stationary Navier-Stokes system, J.Reine Angew. Math., 330 (1992), 173–214.