ŔŘĚŔŘĹŊŠ ŔŐŇĹ — 17/2005

Ő ŁĆĂŊŠŐĆĂŊĹĹ ĂŊĹĞŐŠŘŐŔŊŻŢ ŐŚŰĹŃŃ§ŠŐŘŐĆ

ŔĂĹŚĂ-ŞŃĚŊĄĚŁĂ^1

Ě. Ć. ĎĂŇĂŚŁĹŊŚŁĹĽ

Łăäěďàă Ňăâěňăâĺłĺ Ćőěŋŋëľ Ĺŋęěŋěàŋëľ Šěåŋĺçěáłĺľ Şŋĺćěàáĺâěâ

Ŕ. Ŕ. ŁŞŃĹŸ

Ś.-Ŕěâěàąãàčáłőě őâďěńěŋĺě Ňăâěňăâĺçěáłőčő Ĺŋáâĺâãâă ĺň. Ć.Ă.Śâěłńőćă, ŘĂŊ

Ň. Ă. ŚŐŁŐŃŐĆ

Łăäěďàă Ťĺğĺłĺ Ś.-Ŕěâěàąãàčáłĺľ ĺŋáâĺâãâ ňăèĺŋőáâàőěŋĺï

19 ďěłăąàï 2005

Řăááňăâàĺćăěâáï łćăŋâőćăŋĺě áěňěľáâćă őáæĺńńïâőàőć Ŕăĺáă-Şńěŋąěłă, ććěďěŋŋëå ąőńěě ŕőńãćěłă ŋăğăď ŕàĺ ĺğãçěŋĺĺ ŕőńěćëå âěőàĺľ á ćëáèĺňĺ ŕàőĺğćőďŋëňĺ.

1Řăąőâă ćëŕőńŋïńăáì ŕàĺ ŕőďďěàęłě ŘŤŤĹ (čàăŋâë 03-01-00593, 03-01-00837) ĺ CDRF (grant No.RUMI-2622-ST-04)

1. Ć ŋăáâőïéěľ ğăňěâłě àăááňăâàĺćăěâáï łćăŋâőćăŋĺě áěňěľáâćă őáæĺńńïâőàőć Ŕăĺáă- Şńěŋąěłă (ŐŔŞ), ććěďěŋŋëå ąőńěě ŕőńãćěłă ŋăğăď ć àăąőâě [1] ŕàĺ ĺğãçěŋĺĺ ŕőńěćëå âěőàĺľ á ćëáèĺňĺ ŕàőĺğćőďŋëňĺ. İćőńîæĺï ŐŔŞ ŕőàïďłă 2n őŕàěďěńïěâáï ãàăćŋěŋĺěň n∏ i=1 ( d^2

dt^2

+ ω^2_i )x = 0. (1)

čďě Ω = (ωi), i = 1, ..., n - ŋăąőà ŕőáâőïŋŋëå ŕăàăňěâàőć (çăáâőâ). Ŋĺęě íâĺ ŕăàăňěâàë áçĺâăîâáï ŕőńőęĺâěńìŋëňĺ. Şàăćŋěŋĺě (1) ňőęŋő ŕőńãçĺâì ćăàĺăæĺěľ ńăčàăŋęĺăŋă L = −x ( n ∏ i=1 ( d^2

dt^2

+ ω^2_i ) ) x. (2) Ććěďï ěáâěáâćěŋŋëě őáæĺńńïâőàŋëě łőőàďĺŋăâë

q_k = k�1_∏ i=1 ( d^2

dt^2

+ ω^2_i ) n∏ i=k+1 ( d^2

dt^2

+ ω^2_i )x (3)

ĺ áőŕàïęěŋŋëě ĺň ĺňŕãńìáë, Ŕăĺá ĺ Şńěŋąěł ďőłăğăńĺ, çâő čăňĺńìâőŋĺăŋ, áőőâćěâáâćãîéĺľ ńăčàăŋęĺăŋã (2), ĺňěěâ ćĺď

H_{P U} = 1 2 n∑ i (−1)^i�^1(p^2_i + ω^2_i q^2_i ) (4)

ĺ, áńěďőćăâěńìŋő, ŋě ïćńïěâáï ŕőńőęĺâěńìŋő őŕàěďěńěŋŋëň. Śőćáěň ŋěďăćŋő łćăŋâőćăŋĺě ŐŔŞ çěâćěàâőčő ŕőàïďłă ąëńő ďěâăńìŋő ŕàőćěďěŋő ć àăąőâě [2] (áň., âăłęě, [3]). Őâŕàăćŋőľ âőçłőľ ďńï ăćâőàőć [2] áŋőćă ąëń ńăčàăŋęĺăŋ (2) ŕàĺ n = 2. Ňěâőďőň Ďĺàăłă ĺňĺ ąëń ŕőńãçěŋ čăňĺńìâőŋĺăŋ, őâńĺçăîéĺľáï ŕő äőàňě őâ łćăďàăâĺçŋőčő čăňĺńìâőŋĺăŋă Ŕăĺáă-Şńěŋąěłă (4) (áň. ŋĺęě ŕěàćãî ĺğ äőàňãń (12)). Łćăŋâőćăŋĺě íâőčő čăňĺńìâőŋĺăŋă őłăğăńőáì ŋěãďőćńěâćőàĺâěńìŋëň, ŕőáłőńìłã áőőâćěâáâćãîéěě ŕàőáâàăŋáâćő áőáâőïŋĺľ ćłńîçăńő áőáâőïŋĺï á őâàĺæăâěńìŋőľ ŋőàňőľ ĺğ-ğă ”ŋěŕàăćĺńìŋőčő” ğŋăłă ć ŕěàěáâăŋőćőçŋëå áőőâŋőèěŋĺïå ć őďŋőľ ĺğ ŕăà őŕěàăâőàőć àőęďěŋĺï ĺ ãŋĺçâőęěŋĺï. Ŕőńãçěŋŋëľ àěğãńìâăâ ĺŋâěàŕàěâĺàőćăńáï łăł ŕăâőńőčĺçěáłőě áćőľáâćő, åăàăłâěàŋőě ďńï âěőàĺľ á ćëáèĺňĺ ŕàőĺğćőďŋëňĺ.

Śãéěáâćãîâ, őďŋăłő, ăàčãňěŋâë ć ŕőńìğã âőčő, çâő, ŕő łàăľŋěľ ňěàě, ďńï őáæĺńńïâőàőć Ŕăĺáă-Şńěŋąěłă, ãďőćńěâćőàĺâěńìŋőě łćăŋâőćăŋĺě ňőęěâ ąëâì ŕàőćěďěŋő. Řăááňőâàĺň ŐŔŞ çěâćěàâőčő ŕőàïďłă. Ć âěàňĺŋăå őáæĺńńïâőàŋëå łőőàďĺŋăâ (3)

q_1 = d^2x

dt^2

+ ω^2x, q_2 = d^2x

dt^2

+ ω^2_1x,

ĺ ĺňŕãńìáőć (ĺńĺ âőęďěáâćěŋŋëå ĺň áłőàőáâěľ)

p_1 = dq_1 dt , p_2 = dq_2 dt , ãàăćŋěŋĺě (1) ğăŕĺáëćăěâáï ć ćĺďě íłćĺćăńěŋâŋőľ ěňã áĺáâěňë łăŋőŋĺçěáłĺå čăňĺńìâőŋőćëå ãàăćŋěŋĺľ ďćĺęěŋĺï ďćãňěàŋőčő ăŋĺğőâàőŕŋőčő őáæĺńńïâőàă

dq_1 dt = ∂H_C ∂p_1 =p_1, dp_1 dt =− ∂H_C ∂q_1 =−ω^2_1q_1, dq_2 dt = ∂H_C ∂p_2 =p_2, dp_2 dt =− ∂H_C ∂p_2 =−ω^2_1q_2, (5)

őŕàěďěńïěňëå čăňĺńìâőŋĺăŋőň

H_C = 1 2 (p^2_1 + ω^2_1q^2_1) + 1 2 (p^2 + ω^2q^2). (6)

Łćăŋâőćăŋĺě âăłőčő őáæĺńńïâőàă ŕàĺćőďĺâ ł őąëçŋëň ŕěàěáâăŋőćőçŋëň áőőâŋőèěŋĺïň ňěęďã őŕěàăâőàăňĺ àőęďěŋĺï ĺ ãŋĺçâőęěŋĺï ĺ áâăŋďăàâŋőňã čĺńìąěàâőćã ŕàőáâàăŋáâćã. Šăłĺň őąàăğőň, őçěćĺďŋő, çâő ĺáŕőńìğőćăŋĺě ńăčàăŋęĺăŋă (2) ć łăçěáâćě ŋăçăńìŋőčő ŕãŋłâă łćăŋâőćăŋĺï ŐŔŞ ŋěłőààěłâŋő, ă ŋěőąåőďĺňő őâ ãàăćŋěŋĺï ďćĺęěŋĺï (1) áàăğã ŕěàěåőďĺâì ł ŕàěďáâăćńěŋĺî ğăďăçĺ ć čăňĺńìâőŋőćőľ äőàňě. Řăğńĺçĺě ć äőàňăå čăňĺńìâőŋĺăŋőć (4) (ďńï n = 2) ĺ (6) čőćőàĺâ ő âőň, çâő ãàăćŋěŋĺï ďćĺęěŋĺï ŐŔŞ ňőčãâ ąëâì ŕőńãçěŋë á ŕőňőéìî ŋěíłćĺćăńěŋâŋëå čăňĺńìâőŋőćëå áâàãłâãà ĺńĺ, ĺŋëňĺ áńőćăňĺ, ŐŔŞ ïćńïěâáï ňãńìâĺčăňĺńìâőŋőćőľ áĺáâěňőľ [4], [5]. Ć áńãçăě łńăááĺçěáłőčő ŐŔŞ çěâćěàâőčő ŕőàïďłă ěčő ąĺčăňĺńìâőŋőćőáâì ąëńă ãáâăŋőćńěŋă ć àăąőâě [6].

Ć ŋăáâőïéěľ ğăňěâłě ňë ĺğãçĺň łćăŋâőćăŋĺě őáæĺńńïâőàőć Ŕăĺáă-Şńěŋąěłă (őâćńěłăïáì őâ ĺå łćăŋâőćőŕőńěćőčő ŕàőĺáåőęďěŋĺï) á âőçłĺ ğàěŋĺï ĺå ňãńìâĺčăňĺńìâőŋőćőľ áâàãłâãàë ĺ ŕőłăęěň, çâő ŐŔŞ á ŕàőáâëň áŕěłâàőň (ćáě çăáâőâë ĺğ ŋăąőàă Ω àăğńĺçŋë) ŕàőĺğćőńìŋőčő ŕőàïďłă íłćĺćăńěŋâěŋ őąëçŋőňã ăŋĺğőâàőŕŋőňã n-ňěàŋőňã čăàňőŋĺçěáłőňã őáæĺńńïâőàã. Ňë ŋăçŋěň áő áńãçăï ŐŔŞ çěâćěàâőčő ŕőàïďłă, ă ğăâěň, ŕàĺćěďěň áőőâćěâáâćãîéĺě äőàňãńë ďńï őąéěčő áńãçăï.

2. Şàăćŋěŋĺě ďćĺęěŋĺï őáæĺńńïâőàă Ŕăĺáă-Şńěŋąěłă çěâćěàâőčő ŕőàïďłă (ć ãàăćŋěŋĺĺ (1) ŕàĺŋïâő n = 2) ĺňěěâ ćĺď

d^4x dt^4

+ (ω^2_1 + ω^2) d^2x dt^2

+ ω^2_1ω^2 x = 0. (7)

Ŕěàěŕĺèěň ěčő ć ćĺďě íłćĺćăńěŋâŋőľ áĺáâěňë ãàăćŋěŋĺľ ŕěàćőčő ŕőàïďłă

dx_1 dt = x_2, dx_2 dt = x_3, dx_3 dt = x_4, dx_4 dt = −(ω^2_1 + ω^2)x_3 − ω^2_1ω^2x_1, (8)

čďě xi, i = 1, ..., 4, - ńőłăńìŋëě łőőàďĺŋăâë ”äăğőćőčő” ŕàőáâàăŋáâćă (x1 = x - łőőàďĺŋăâă ć ĺáåőďŋőň ŕàőáâàăŋáâćě, x2 - áłőàőáâì, ĺ â.ď.). Ĺŋâěčàăńìŋëě łàĺćëě ćěłâőàŋőčő ŕőńï

V = x_2∂_1 + x_3∂_2 + x_4∂_3 − ((ω^2_1 + ω^2 )x_3 + ω^2_1 ω^2x_1)∂_4, ∂_i = ∂ ∂x_i , (9)

ïćńïîâáï ć âőçŋőáâĺ àěèěŋĺïňĺ áĺáâěňë (8) (áň., ŋăŕàĺňěà, [7],[8]). Ŋăľâĺ ĺŋâěčàăńë ďćĺęěŋĺï ŐŔŞ ŕàőéě ćáěčő ĺğ ãàăćŋěŋĺï

V(H) = 0, (10) ă ŋě ĺáŕőńìğőćăâì ďńï íâőľ æěńĺ ĺğćěáâŋëě àěèěŋĺï ãàăćŋěŋĺï ďćĺęěŋĺï (7), łăł íâő ąëńő áďěńăŋő ć àăąőâě [6]. Ć ńőłăńìŋëå łőőàďĺŋăâăå ãàăćŋěŋĺě (10) ĺňěěâ ćĺď

x_2∂_1H + x_3∂_2H + x_4∂_3H − ((ω^2_1 + ω^2)x_3 + ω^2_1ω^2 x_1)∂_4H = 0.

Ŕőáłőńìłã łőňŕőŋěŋâë ŕőńï V ïćńïîâáï őďŋőàőďŋëňĺ ńĺŋěľŋëňĺ äãŋłæĺïňĺ łőőàďĺŋăâ, ăŋăńĺâĺçěáłĺě àěèěŋĺï ãàăćŋěŋĺï (10) áńěďãěâ ĺáłăâì ć ćĺďě őďŋőàőďŋëå ŕőńĺŋőňőć ŕő xi. Šăł ŋăåőďïâáï ďćă ŋěğăćĺáĺňëå ŕőńőęĺâěńìŋő őŕàěďěńěŋŋëå łćăďàăâĺçŋëå ĺŋâěčàăńă ďćĺęěŋĺï àăááňăâàĺćăěňőčő ŐŔŞ

H_1 =^1_2 (x_4 + ω^2x_2)^2 +^1_2 ω^2_1(x_3 + ω^2x_1)^2, H_2 =^1_2 (x_4 + ω^2_1x_2)^2 +^1_2 ω^2(x_3 + ω^2_1x_1)^2.

(11)

Şçĺâëćăï ćĺď łőőàďĺŋăâ qi, pi őŕàěďěńěŋŋëå ćëèě, ŕőńãçăěň, çâő čăňĺńìâőŋĺăŋ HC ïćńïěâáï áãňňőľ ďćãå ŋěğăćĺáĺňëå ĺŋâěčàăńőć ďćĺęěŋĺï

H_C = H_1 + H_2,

âőčďă łăł čăňĺńìâőŋĺăŋ Ŕăĺáă ĺ Şńěŋąěłă ïćńïěâáï ĺå àăğŋőáâìî

H_{P U} = H_1 − H_2.

Ğăňěâĺň, çâő łăł áăňĺ łőőàďĺŋăâë q1 ĺ q2, âăł ĺ ĺŋâěčàăńë ďćĺęěŋĺï (11) ćëàőęďăîâáï ć ŕàěďěńě àăćŋëå çăáâőâ ω1 = ω2. Ŕàőáâěľèĺě ńĺŋěľŋëě łőňąĺŋăæĺĺ H1 ĺ H2

C_1 =^{ω21H1}�^{ω2H2}

ω21 �ω^2 = −^12 ω^21ω^2x^2 +^12 (ω^21 + ω^2)x^23 +^12 x^24 + ω^21ω^2x^1x^3, C_2 = −^{H1}�^{H2}_ω2_1 �_ω2 =^1_2 ω^2_1ω^2x^2_1 +^1_2 (ω^2_1 + ω^2)x^2 −^1_2 x^2_3 + x_2x_4,

(12)

åőâï ĺ ŋě ïćńïîâáï ŕőńőęĺâěńìŋő őŕàěďěńěŋŋëňĺ, ďăîâ ŕăàã ĺŋâěčàăńőć ďćĺęěŋĺï, áćőąőďŋëå őâ íâőčő ŋěďőáâăâłă. Ŕěàćëľ ĺğ ĺŋâěčàăńőć ďćĺęěŋĺï (12) C1 ąëń ŋăľďěŋ ć àăąőâě [2] ĺ ŕőńőęěŋ ć őáŋőćã łćăŋâőćăŋĺï ŐŔŞ. Śćïğì őąőğŋăçěŋĺľ ŕàĺŋïâëå ć ŋăáâőïéěľ àăąőâě ĺ ĺáŕőńìğőćăŋŋëå ć [2] ďăěâáï äőàňãńăňĺ

x_1 = p_q, x_2 = γω^2_1 ω^2q, x_3 = γω^2_1 ω^2x, x_4 = ω^2_1ω^2p_x.

Ďńï ŕőáâàőěŋĺï čăňĺńìâőŋőćőľ áâàãłâãàë ŐŔŞ ŋěőąåőďĺňő ŋăľâĺ áőőâćěâáâćãîéĺě ŕãăááőŋőćë áâàãłâãàë. Ŋăŕőňŋĺň, çâő ŕãăááőŋőćă áâàãłâãàă ŋă ňŋőčőőąàăğĺĺ őŕàěďěńïěâáï ğăďăŋĺěň łőŋâàăćăàĺăŋâŋőčő âěŋğőàŋőčő ŕőńï ćâőàőčő àăŋčă Π, łőâőàőě łőáőáĺňňěâàĺçŋő

Π^{ij} = −Π^{ji}

ĺ ãďőćńěâćőàïěâ ãáńőćĺî

[[Π, Π]]^{ijk} := ∑ m (Π^{mi}∂_mΠ^{jk} + Π^{mj}∂_mΠ^{ki} + Π^{mk}∂_mΠ^{ij}) = 0.

Ŕãăááőŋőćă áâàãłâãàă ŕőàőęďăěâ áłőąłĺ Ŕãăááőŋă {F, G} ŕàőĺğćőńìŋëå ďĺääěàěŋæĺàãěňëå äãŋłæĺľ F, G ŋă ňŋőčőőąàăğĺĺ M, łőâőàëě ć ńőłăńìŋëå łőőàďĺŋăâăå xi őŕàěďěńïîâáï äőàňãńőľ {F, G} = Π^{ij}∂_iF ∂_jG.

Ćěłâőàŋőě ŕőńě V ŋăğëćăěâáï ńőłăńìŋő čăňĺńìâőŋőćëň, ěáńĺ áãéěáâćãěâ âăłăï ŕãăááőŋőćă áâàãłâãàă Π, ŕàőĺğćőďŋăï Ńĺ łőâőàőľ ćďőńì ŕőńï V àăćŋă ŋãńî

LV^{(Π) = 0. (13)} Ć ńőłăńìŋëå łőőàďĺŋăâăå xi ãàăćŋěŋĺě (13) ĺňěěâ ćĺď V^k ∂Π^{ij} ∂x^k − ∂V^i ∂x^k Π^{kj} − Π^{ik} ∂V^j ∂x^k = 0,

čďě V^i ĺ Π^{ij} - łőňŕőŋěŋâë ćěłâőàŋőčő ŕőńï ĺ âěŋğőàă Ŕãăááőŋă áőőâćěâáâćěŋŋő. Ěáńĺ áãéěáâćãěâ âăłăï äãŋłæĺï H, çâő ŕőńě V ŕàěďáâăćĺňő ć ćĺďě V_H(.) = {., H}, âő őŋő ŋăğëćăěâáï čăňĺńìâőŋőćëň. Ć íâőň áńãçăě ãàăćŋěŋĺï ďćĺęěŋĺï ŕàĺŋĺňăîâ łăŋőŋĺçěáłãî äőàňã dx_i dt = {x_i, H}. (14) Ŕőĺáł čăňĺńìâőŋőćőľ áâàãłâãàë ãďőąŋő ŋăçĺŋăâì á àěèěŋĺï ãàăćŋěŋĺï (13).

Łăł ĺ ć áńãçăě ĺŋâěčàăńőć ďćĺęěŋĺï, ĺğ-ğă őďŋőàőďŋőáâĺ ŕőńï (9) łőňŕőŋěŋâë âěŋğőàă Π ŋăďő ĺáłăâì ć ćĺďě őďŋőàőďŋëå ŕőńĺŋőňőć ŕő łőőàďĺŋăâăň. Ŕàőáâěľèĺň àěèěŋĺěň ïćńïěâáï ŋěćëàőęďěŋŋëľ âěŋğőà á ŕőáâőïŋŋëňĺ łőňŕőŋěŋâăňĺ (ğăćĺáïéĺňĺ őâ ďćãå ŕàőĺğćőńìŋëå ŕăàăňěâàőć f ĺ g), łőâőàëě ŕàěďáâăćńěŋë ć áńěďãîéěľ âăąńĺæě [ Π^{ij}_{f,g} ] = 0 f 0 g −f 0 −g 0 0 g 0 −ω^2_1 ω^2f − (ω^2_1 + ω^2 )g −g 0 ω^2_1ω^2f + (ω^2_1 + ω^2)g 0 . (15) Ććĺďã ŕőáâőïŋáâćă, âěŋğőà Πf,g ăćâőňăâĺçěáłĺ ãďőćńěâćőàïěâ ãáńőćĺî [[Π, Π]]^{ijk} = 0. Őŋ ŕőàőęďăěâ áńěďãîéĺě ŋěŋãńěćëě áłőąłĺ Ŕãăááőŋă ďńï łőőàďĺŋăâŋëå äãŋłæĺľ

{x_1, x_2}_{f,g} = f, {x_1, x_4}_{f,g} = g, {x_2, x_3}_{f,g} = −g, {x_3, x_4}_{f,g} = −ω^2_1 ω^2f − (ω^2_1 + ω^2)g. (16)

Ŋěâàãďŋő ŕàőćěàĺâì, çâő ĺŋâěčàăńë ďćĺęěŋĺï C1 ĺ C2 ŋăåőďïâáï ć ĺŋćőńîæĺĺ ŕő őâŋőèěŋĺî ł íâĺň áłőąłăň

{C_1, C_2}_{f,g} = 0.

Şàăćŋěŋĺï ďćĺęěŋĺï (8) ŕőàőęďăîâáï áłőąłăňĺ Ŕãăááőŋă (16) dx_i dt = {x_i, H}_{f,g} ć łőâőàëå

H = a_1H_1 + a_2H_2, (17)

ă łőíääĺæĺěŋâë ai ĺňěîâ ćĺď

a_1 = 1 (ω^2 − ω^2_1 )(ω^2f + g)

, a_2 = − 1 (ω^2 − ω^2_1)(ω^2_1f + g)

, (18)

ĺ ňőčãâ ąëâì ćëąàăŋë ŕőńőęĺâěńìŋëňĺ. Šăłĺň őąàăğőň ãàăćŋěŋĺï ďćĺęěŋĺï (8) (ĺ ŕőńě V) ïćńïîâáï čăňĺńìâőŋőćëňĺ, ă àőńì čăňĺńìâőŋĺăŋă ĺčàăěâ äãŋłæĺï H. Ğăňěâĺň, çâő ć łńăááĺçěáłőľ áĺâãăæĺĺ ŕăàăňěâàë f ĺ g ňőčãâ őáâăćăâìáï ŕàőĺğćőńìŋëňĺ ĺńĺ äĺłáĺàőćăâìáï ńîąëň ãďőąŋëň őąàăğőň. Ŋăŕàĺňěà, ĺå ňőęŋő ćëąàăâì ć ćĺďě f = − 1 ω^2_1ω^2 , g = 0. İâőňã ćëąőàã áőőâćěâáâćãěâ ŕãăááőŋőćă áâàãłâãàă

Π_1 : {x_1, x_2}_1 = − 1 ω^2_1 ω^2

, {x_3, x_4}_1 = 1. (19)

Ćëąőà

f = 0, g = 1,

ŕőàőęďăěâ ŕãăááőŋőćã áâàãłâãàã

Π_2 : {x_1, x_4}_2 = 1, {x_2, x_3}_2 = −1, {x_3, x_4}_2 = −(ω^2_1 + ω^2). (20)

Ŕàĺćěďěŋŋëě ŕãăááőŋőćë áâàãłâãàë á ŕőňőéìî äãŋłæĺľ C1, C2, ćëáâãŕăîéĺå łăł ŋěğăćĺáĺňëě čăňĺńìâőŋĺăŋë, ŕőàőęďăîâ ãàăćŋěŋĺï ďćĺęěŋĺï (8) dx_i dt = {x_i, C_1}_1 = {x_i, C_2}_2. (21)

Ĺŋëňĺ áńőćăňĺ, ŐŔŞ ïćńïěâáï ąĺčăňĺńìâőŋőćőľ áĺáâěňőľ ([4],[5],[8]) á čăňĺńìâőŋĺăŋăňĺ C1, C2 ĺ ŕãăááőŋőćëňĺ áâàãłâãàăňĺ Π1, Π2. Ŕěàćăï ĺğ őŕĺáăŋŋëå áâàãłâãà ĺáŕőńìğőćăńăáì ďńï łćăŋâőćăŋĺï ć àăąőâě [2].

Ć ğăłńîçěŋĺĺ àăğďěńă ğăňěâĺň, çâő ŋě áãéěáâćãěâ âăłĺå ğŋăçěŋĺľ ŕăàăňěâàőć f ĺ g, ŕàĺ łőâőàëå ŕãăááőŋőćă áâàãłâãàă (15) ŕőàőęďăńă ąë ãàăćŋěŋĺï ďćĺęěŋĺï ŐŔŞ á ńîąëň ĺğ čăňĺńìâőŋĺăŋőć (11).

3. Ďńï ŕőáâőïŋŋőľ ŕãăááőŋőćőľ áâàãłâãàë (15) ãęě łćăğĺłńăááĺçěáłőě łćăŋâőćăŋĺě ňőęŋő àăááňăâàĺćăâì łăł âőçŋőě. İâő ãâćěàęďěŋĺě ŕőďłàěŕńěŋő âěň äăłâőň, çâő ãàăćŋěŋĺï ďćĺęěŋĺï ŐŔŞ (8) ńĺŋěľŋëň ŕàěőąàăğőćăŋĺěň ŕàĺćőďïâáï ł ćĺďã (5), łćăŋâãěňőňã łăŋőŋĺçěáłĺ. Ŕőńőęĺň, çâő íàňĺâőćë őŕěàăâőàë x̂i, i = 1, ..., 4, áőőâćěâáâćãîéĺě ďĺŋăňĺçěáłĺň ŕěàěňěŋŋëň łńăááĺçěáłőľ áĺáâěňë xi, ŕőďçĺŋïîâáï áńěďãîéĺň ŕěàěáâăŋőćőçŋëň áőőâŋőèěŋĺïň

[x̂_1, x̂_2]_{f,g} =ih̄f, [x̂_1, x̂_4]_{f,g} =ih̄g, [x̂_2, x̂_3]_{f,g} =−ih̄g, [x̂_3, x̂_4]_{f,g} =−ih̄ω^2_1ω^2 f − ih̄(ω^2_1 + ω^2)g. (22)

Ĺáŕőńìğãï áőőâŋőèěŋĺï (22) ŋěâàãďŋő ŕőłăğăâì, çâő łćăŋâőćëě ďĺŋăňĺçěáłĺě ãàăćŋě- ŋĺï

dx̂_1 dt = x̂_2, dx̂_2 dt = x̂_3, dx̂_3 dt = x̂_4, dx̂_4 dt = −(ω^2_1 + ω^2)x̂_3 − ω^2_1ω^2x̂_1 (23)

ňőčãâ ąëâì ŕàěďáâăćńěŋë ć äőàňě čěľğěŋąěàčőćëå ãàăćŋěŋĺľ ih̄ dx̂_i dt = [x̂_i, Ĥ]_{f,g}, (24)

ć łőâőàëå łćăŋâőćëľ čăňĺńìâőŋĺăŋ^^H, ŕőńãçěŋ ĺğ łńăááĺçěáłőčő čăňĺńìâőŋĺăŋă (17) ğăňěŋőľ łńăááĺçěáłĺå ďĺŋăňĺçěáłĺå ŕěàěňěŋŋëå ŋă łćăŋâőćëě xi → x̂i, i = 1, ..., 4. Ğăňěâĺň, çâő ŋěőŕàěďěńěŋŋőáâĺ á ãŕőàïďőçĺćăŋĺěň ŕàĺ âăłőľ ğăňěŋě ŋě ćőğŋĺłăěâ, âăł łăł ćáě áńăčăěňëě ćĺďă x̂ix̂j ć^^H ćłńîçăîâ âőńìłő łőňňãâĺàãîéĺě őŕěàăâőàë. Ŋěâàãďŋő ŕàőćěàĺâì âăłęě, çâő łćăŋâőćëě ăŋăńőčĺ ćáěå àăááňőâàěŋŋëå ćëèě łńăááĺçěáłĺå ĺŋâěčàăńőć ďćĺęěŋĺï^^H1,^^H2,^^C1,^^C2 łőňňãâĺàãîâ ďàãč á ďàãčőň. Łăł ĺ ć łńăááĺçěáłőň áńãçăě, äĺłáĺàãï ğŋăçěŋĺï ŕőáâőïŋŋëå f ĺ g, ňë ŕőńãçăěň ŋěğăćĺáĺňëě àěăńĺğăæĺĺ łćăŋâőćëå ãàăćŋěŋĺľ ďćĺęěŋĺï ć äőàňě Čěľğěŋąěàčă á àăğńĺçŋëňĺ čăňĺńìâőŋĺăŋăňĺ. Ŋăŕàĺňěà, ŕőńőęĺć f = −^1_ω2_{1 ω}2 , g = 0 (áà. á äőàňãńőľ (19)) ĺńĺ f = 0, g = 1, (áà. (20)), ňë ŕőńãçăěň, áőőâćěâáâćěŋŋő, ŕěàćőě ĺńĺ ćâőàőě ãàăćŋěŋĺï ih̄ dx̂_i dt = [x̂_i, Ĉ_1]_1, ih̄ dx̂_i dt = [x̂_i, Ĉ_2]_2

ć łőâőàëå ďńï ćëçĺáńěŋĺï łőňňãâăâőàă [., .]1 ŋăďő ĺáŕőńìğőćăâì ŕěàćëľ ŋăąőà łőŋáâăŋâ, ă ďńï ćëçĺáńěŋĺï łőňňãâăâőàă [., .]2 - ćâőàőľ, ă àőńì čăňĺńìâőŋĺăŋőć ĺčàăîâ őŕěàăâőàë

Ĉ_1 = −^1_2 ω2_1 ω2x̂2 +^1_2 (ω2_1 + ω2)x̂2_3 +^1_2x̂2_4 + ω2_1ω2x̂_1x̂_3,

Ĉ_2 =^1_2 ω2_1ω2x̂2_1 +^1_2 (ω2_1 + ω2)x̂2 −^1_2 x2_3 + x̂_2x̂_4. (25)

Šăłĺň őąàăğőň ňë ŕőńãçăěň, çâő łćăŋâőćăï ćěàáĺï ŐŔŞ çěâćěàâőčő ŕőàïďłă, âăłęě łăł ĺ łńăááĺçěáłăï, ïćńïěâáï ąĺčăňĺńìâőŋőćőľ áĺáâěňőľ.

Ńĺŋěľŋőáâì łćăŋâőćëå ãàăćŋěŋĺľ ďćĺęěŋĺï (23) ŕőğćőńïěâ ńěčłő ćëŕĺáăâì ĺå őŕěàăâőàŋëě àěèěŋĺï

x̂_1 = e�^{iω1t}a_1 + a_2e�^{iω2t}a_2 + í.á. , x̂_2 = −iω_1e�^{iω1t}a_1 − iω_2e�^{iω2t}a_2 + í.á. , x̂_3 = −ω^2_1e�^{iω1t}a_1 − ω^2 e�^{iω2t}a_2 + í.á. , x̂_4 = iω^3_1e�^{iω1t}a_1 + iω^3_2e�^{iω2t}a_2 + í.á. ,

(26)

čďě ňë ãçńĺ âàěąãěňãî áăňőáőŕàïęěŋŋőáâì őŕěàăâőàőć x̂i. Ĺáŕőńìğãï ŕěàěáâăŋőćőçŋëě áőőâŋőèěŋĺï ňěęďã őŕěàăâőàăňĺ ďĺŋăňĺçěáłĺå ŕěàěňěŋŋëå (22), ŕőńãçăěň łőňňãâăâőàë őŕěàăâőàőć ai, a^+_i , i = 1, 2

[a_1, a^+_1 ] = h̄(ω^2f + g)

2ω_1(ω^2 − ω^2_1)

, [a_2, a^+_2 ] = − h̄(ω^2_1f + g)

2ω_2(ω^2 − ω^2_1)

, (27)

ĺ őáâăńìŋëě łőňňãâăâőàë àăćŋë ŋãńî. Ĺğ ãáńőćĺï

[a_1, a^+_1 ] = [a_2, a^+_2 ] = 1, (28)

ŋăłńăďëćăěňőčő ŋă łőňňãâăâőàë őąëçŋëå őŕěàăâőàőć àőęďěŋĺï ĺ ãŋĺçâőęěŋĺï, őďŋőğŋăçŋő äĺłáĺàãěň ŕőáâőïŋŋëě f ĺ g

f = 2 h̄ (ω_1 + ω_2), g = − 2 h̄ (ω^3_1 + ω^3_2). (29)

Ŕőďáâăćńïï àěèěŋĺě (26) ďńï x̂i ć ćëàăęěŋĺï ďńï^^H1,^^H2,^^H,^^C1,^^C2 áőőâćěâáâćěŋŋő ĺ ãçĺâëćăï łőňňãâăæĺőŋŋëě áőőâŋőèěŋĺï á őŕàěďěńěŋŋëňĺ ćëèě f ĺ g (29), ŕőńãçăěň

Ĥ_1 = Ĉ_1 + ω2Ĉ_2 = 2ω2_1 (ω2 − ω2_1)2(a^+_1 a_1 +^1_2 ),

Ĥ_2 = Ĉ_1 + ω2_1Ĉ_2 = 2ω2 (ω2 − ω2_1)2(a^+_2 a_2 +^1_2 ), (30)

Ĥ = a_1Ĥ_1 + a_2Ĥ_2 = h̄ω_1(a^+_1 a_1 + 1 2 ) + h̄ω_2(a^+_2 a_2 + 1 2 ) (31)

ĺ_{Ĉ1 = 2(ω2}

2 − ω^2_1) ( −ω^4_1 (a^+_1 a_1 +^1_2 ) + ω^4_2 (a^+_2 a_2 +^1_2 ) , Ĉ_2 = 2(ω2 − ω2_1) ( ω^2_1 (a^+_1 a_1 +^1_2 ) − ω^2(a^+_2 a_2 +^1_2 ) ) . (32)

Ťőàňãńë (30), (31) ŕőłăğëćăîâ, çâő ŕàĺ ω1 ≠ ω2 łćăŋâőćëľ ŐŔŞ çěâćěàâőčő ŕőàïďłă íłćĺćăńěŋâěŋ ăŋĺğőâàőŕŋőňã čăàňőŋĺçěáłőňã őáæĺńńïâőàã. Ŕőíâőňã, ĺáŕőńìğãï őŕěàăâőàë a^+_i ĺ ai, ďńï ŋěčő ňőęŋő ŕőáâàőĺâì áâăŋďăàâŋőě čĺńìąěàâőćő ŕàőáâàăŋáâćő áőáâőïŋĺľ H á ŕőńőęĺâěńìŋő ŋőàňĺàőćăŋŋëňĺ ąăğĺáŋëňĺ ćěłâőàăňĺ |ψ_{mn} >= 1 √ m!n! (a^+_1 )^m(a^+_2 )^n|0 >,

ĺ ćăłããňŋëň ćěłâőàőň, ãďőćńěâćőàïîéĺň ãáńőćĺî

a_1|0 >= a_2|0 >= 0.

Őáâăńìŋëě łćăŋâőćëě ĺŋâěčàăńë ďćĺęěŋĺï^^Ci,^^Hi ďĺăčőŋăńìŋë ć íâőň ąăğĺáě.

4. Ćěàŋěňáï ł áńãçăî őáæĺńńïâőàőć Ŕăĺáă-Şńěŋąěłă ŕàőĺğćőńìŋőčő ŕőàïďłă, ŕőćâőàĺć àăááãęďěŋĺï ŕàěďëďãéěčő ŕãŋłâă. Ŕěàěŕĺèěň ãàăćŋěŋĺě (1) ć ćĺďě n∏ i=1 ( d^2

dt^2

+ ω^2_i )x = n∑ j=0 σ^n_j d^{2(n}�^{j)}x

dt^{2(n}�^{j)}

= 0,

čďě σ^n_j - íńěňěŋâăàŋëľ áĺňňěâàĺçěáłĺľ ŕőńĺŋőň ŕő ω^2_i , â.ě. áãňňă ŕàőĺğćěďěŋĺľ j àăğńĺçŋëå łćăďàăâőć çăáâőâ (0 ≤ j ≤ n)

σ^n_j = ∑ 1ˇi1<...<ij ˇn ω^2_{i1} ω^2_{i2} ...ω^2_{ij} , σ^n_0 = 1,

ćğïâăï ŕő ćáěň ãŕőàïďőçěŋŋëň ćëąőàłăň j çăáâőâ ĺğ ŕőńŋőčő ŋăąőàă n çăáâőâ Ω. Ć íâĺå őąőğŋăçěŋĺïå ãàăćŋěŋĺě ďćĺęěŋĺï (1) íłćĺćăńěŋâŋő áĺáâěňě 2n ďĺääěàěŋæĺăńìŋëå ãàăćŋěŋĺľ dx_i dt = x_{i+1}, i = 1, ..., 2n − 1, dx_{2n} dt = − n∑ j=1 σ^n_j x_{2(n}�_{j)+1}, x_1 = x. (33)

Śĺáâěňă (33) ďőŕãáłăěâ n ĺŋâěčàăńőć ďćĺęěŋĺï. Ć ŕěàěňěŋŋëå

q_i = n�1_∑ j=0 σ^n�^1_j (î)x_{2(n}�_{j)}�_1, p_i = n�1_∑ j=0 σ^n�^1_j (î)x_{2(n}�_{j)}, i = 1, ..., n, (34)

čďě σ^n�^1_j (^^i) őąőğŋăçăěâ áãňňã ŕàőĺğćěďěŋĺľ j àăğńĺçŋëå łćăďàăâőć çăáâőâ, ćğïâãî ŕő ćáěň ãŕőàïďőçěŋŋëň ćëąőàłăň j àăğńĺçŋëå çăáâőâ ĺğ ŋăąőàă n − 1 çăáâőâ Ω(^^i) á ĺáłńîçěŋŋőľ çăáâőâőľ ωi, íâĺ ĺŋâěčàăńë ŕàĺŋĺňăîâ ćĺď íŋěàčĺľ čăàňőŋĺçěáłĺå őáæĺńńïâőàőć

H_i = 1 2 (p^2_i + ω^2_i q^2_i ).

Łăł ĺ ć áńãçăě őáæĺńńïâőàă çěâćěàâőčő ŕőàïďłă, ŕàĺ àăćěŋáâćě ŋěłőâőàëå çăáâőâ áőőâćěâáâćãîéĺě ĺŋâěčàăńë ďćĺęěŋĺï áőćŕăďăîâ, ŕőíâőňã ŋă àőńì čăňĺńìâőŋĺăŋă, ŕőàőęďăîéěčő ãàăćŋěŋĺï ďćĺęěŋĺï (33), âàěąãěâáï ŋăľâĺ ŕőďåőďïéãî ńĺŋěľŋãî łőňąĺŋăæĺî Hi. Ŋăŕàĺňěà, ňőęŋő ŕőńőęĺâì H = n∑ i=1 b_iH_i, b_i = 1 ω_i ∏n j=1,î(ω 2 i − ω^2_j )

, (35)

čďě^^i őğŋăçăěâ, çâő ŕőď ğŋăłőň ŕàőĺğćěďěŋĺï őŕãéěŋ ňŋőęĺâěńì á j = i. Ć íâőň áńãçăě ŕãăááőŋőćă áâàãłâãàă Π, ŕőàőęďăîéăï ãàăćŋěŋĺï ďćĺęěŋĺï (33) á ŕőňőéìî čăňĺńìâőŋĺăŋă (35), őŕàěďěńïěâáï áńěďãîéĺňĺ ŋěàăćŋëňĺ ŋãńî âěŋğőàŋëňĺ łőňŕőŋěŋâăňĺ

Π^{i,i+1+2j} = (−1)^j τ_{2i}�_{1+2j} , τ_k = 2 n∑ i=1 ω^k_i , i = 1, ..., 2n − 1, 0 ≤ j ≤ [ 2n − i − 1 2 ] , (36)

čďě [a] - æěńăï çăáâì çĺáńă a. Łćăŋâőćăŋĺě ŐŔŞ ŕőàïďłă 2n őáãéěáâćńïěň ŕő âőľ ęě áåěňě, çâő ĺ ćëèě. Ŕőńăčăěň, çâő łőňňãâăæĺőŋŋëě áőőâŋőèěŋĺï ňěęďã íàňĺâőćëňĺ őŕěàăâőàăňĺ, áőőâćěâáâćãîéĺňĺ łćăŋâőćëň ďĺŋăňĺçěáłĺň ŕěàěňěŋŋëň, ĺňěîâ łćăğĺłńăááĺçěáłĺľ ćĺď

[x̂_i, x̂_j] = ih̄ Π^{ij} . (37)

Ĺáŕőńìğãï íâĺ áőőâŋőèěŋĺï ĺ łćăŋâőćëľ čăňĺńìâőŋĺăŋ^^H, ŕőńãçěŋŋëľ ĺğ łńăááĺçěáłőčő čăňĺńìâőŋĺăŋă (35), (34) ŕőďáâăŋőćłőľ xi → x̂i, i = 1, ..., 2n, ŕàőćěàïěň, çâő łćăŋâőćëľ ăŋăńőč ďĺŋăňĺçěáłĺå ãàăćŋěŋĺľ (33) dx̂_i dt = x̂_{i+1}, i = 1, ..., 2n − 1, dx̂_{2n} dt = − n∑ j=1 σ^n_j x̂_{2(n}�_{j)+1}

ĺňěěâ čěľğěŋąěàčőćã äőàňã (24). Ĺáŕőńìğãï őŕěàăâőàŋëě àěèěŋĺï íâĺå ãàăćŋěŋĺľ (âőńìłő ŋăçĺŋăï á íâőčő ňőňěŋâă ćăęŋő, çâő ćáě çăáâőâë àăğŋëě!)

x̂_1 = n∑ i=1 e�^{iωit}a_i + í.á., x̂_i = dx̂_i�_1 dt , i = 1, ..., 2n, (38) ĺ áőőâŋőèěŋĺï (37), ŕőńãçăěň łőňňãâăæĺőŋŋëě áőőâŋőèěŋĺï ňěęďã őŕěàăâőàăňĺ àőęďěŋĺï ĺ ãŋĺçâőęěŋĺï ai, a^+_i , i = 1, ..., 2n

[a_i, a^+_j ] = δ_{ij} , [a_i, a_j] = [a^+_i , a^+_j ] = 0, i, j = 1, ..., 2n. (39)

Ŕőďáâăŋőćłă àěèěŋĺľ (38) ć čăňĺńìâőŋĺăŋ^^H ďăěâ čăňĺńìâőŋĺăŋ ăŋĺğőâàőŕŋőčő nňěàŋőčő őáæĺńńïâőàă

Ĥ = h̄^n∑ i=1 ω_i(a^+_i a_i + 1 2 ). (40)

5. Ć ğăłńîçěŋĺĺ áłăęěň ŋěáłőńìłő áńőć ő ćëàőęďěŋŋőň áńãçăě, łőčďă ŋěłőâőàëě ĺğ çăáâőâ ŋăąőàă Ω áőćŕăďăîâ. Ďńï őŕàěďěńěŋŋőáâĺ őčàăŋĺçĺňáï őáæĺńńïâőàőň Ŕăĺáă- Şńěŋąěłă çěâćěàâőčő ŕőàïďłă. Łăł ãęě ãłăğëćăńőáì, ć ŕàěďěńě ω1 = ω2 = ω ĺŋâěčàăńë

H_1 ĺ H_2 áőćŕăďăîâ (11), ŕőíâőňã áńěďãěâ ĺáŕőńìğőćăâì ĺŋâěčàăńë ďćĺęěŋĺï

C_{s1} =^1_2 x^2_4 + ω^2x^2_3 + ω^4x_1x_3 −^1_2 ω^4x^2, C_{s2} = −^1_2 x^2_3 + ω^2x^2 +^1_2 ω^4x^2_1 + x_2x_4.

(41)

Śłőąłĺ Ŕãăááőŋă ĺňěîâ ćĺď

{x_1, x_2} = f, {x_1, x_4} = g, {x_2, x_3} = −g, {x_3, x_4} = −ω^4f − 2ω^2g. (42)

Ĺŋâěčàăńë Ci, i = 1, 2, âăłęě ŋăåőďïâáï ć ĺŋćőńîæĺĺ ŕő őâŋőèěŋĺî ł íâĺň áłőąłăň. Řěèěŋĺě łćăŋâőćëå ãàăćŋěŋĺľ ďćĺęěŋĺï ďăěâáï ć ćĺďě

x̂_1 =e�^{iωt}a_1 + te�^{iωt}a_2 + í.á. , x̂_2 =−iωe�^{iωt}a_1 + (1 − iωt)e�^{iωt}a_2 + í.á. , x̂_3 =−ω^2e�^{iω1t}a_1 − ω(2i + ωt)e�^{iωt}a_2 + í.á. , x̂_4 =iω^3e�^{iω1t}a_1 + ω^2(−3 + itω)e�^{iωt}a_2 + í.á.. (43)

Ĺáŕőńìğãï ŕěàěáâăŋőćőçŋëě áőőâŋőèěŋĺï, ŕőńãçăěň ďńï őŕěàăâőàőć ai, a^+_i

[a_1, a^+_1 ] = h̄ 4 3ω^2f + g ω^3

, [a_2, a^+_2 ] = 0, [a_1, a^+_2 ] = [a^+_1 , a_2] = − ih̄ 4 ω^2f + g ω^2

. (44)

Ğăňěâĺň, çâő ŕăàă őŕěàăâőàőć a2, a^+_2 łőňňãâĺàãěâ ŕàĺ ńîąëå ğŋăçěŋĺïå f, g. İâĺ ŕőáâőïŋŋëě ãďőąŋő äĺłáĺàőćăâì âăłĺň őąàăğőň, çâőąë őŕěàăâőàë a^+_1 , a1 ãďőćńěâćőàïńĺ őąëçŋëň ŕěàěáâăŋőćőçŋëň áőőâŋőèěŋĺïň őŕěàăâőàőć àőęďěŋĺï ĺ ãŋĺçâőęěŋĺï, ă őáâăńìŋëě łőňňãâăâőàë àăćŋïńĺáì ąë ŋãńî. Ŕőńőęĺň, ŕőíâőňã, g = −ω^2f ĺ f =^{2ω}_{h̄} ĺ ŕőńãçĺň ěďĺŋáâćěŋŋőě ŋěŋãńěćőě łőňňãâăæĺőŋŋőě áőőâŋőèěŋĺě [a1, a^+_1 ] = 1. Ć âěàňĺŋăå

a^+_i , a_i ĺŋâěčàăńë ďćĺęěŋĺï ŕàĺőąàěâăîâ ćĺď

C_{s1} = 16ω^4a^+_2 a_2 + 4iω^5(a_2a^+_1 − a_1a^+_2 ),

C_{s2} = −8ω^4a^+_2 a_2 − 4iω^3(a_2a^+_1 − a_1a^+_2 ).

Şďőąŋő ććěáâĺ ŋőćëě ĺŋâěčàăńë

E_1 = iω^5(a_2a^+_1 − a_1a^+_2 ), E_2 = ω^4a^+_2 a_2.

Ŕőáłőńìłã a2, a^+_2 łőňňãâĺàãîâ ĺ ďàãč á ďàãčőň, ĺ á őŕěàăâőàăňĺ a^+_1 , a1, ŕàĺ ŕőáâàőěŋĺĺ ŕàőáâàăŋáâćă áőáâőïŋĺľ áĺáâěňë ĺå, áńěďãěâ őâőęďěáâćńïâì á ŋěłćăŋâãěňëň łńăááĺçěáłĺň ŕőńěň, ćğăĺňőďěľáâćãîéĺň á łćăŋâőćëň őáæĺńńïâőàőň.

Śáëńłĺ

[1] A. Pais and G. E. Uhlenbeck, Phys. Rev. 79, 145 (1950).

[2] P.D. Mannheim, A. Davidson, Phys. Rev. A 71, 0421110, (2005), (hep-th/0408104). [3] A.V. Smilga, Ghost-free higher-derivative theory, (hep-th/0503213). [4] F. Magri, J. Math. Phys. 19 (1978), 1156–1162.

[5] Ŕ.Ŕ. Łãńĺè, Ă.Č.Řěľňăŋ, Ğăŕ.ŋăãç.áěň. ŃŐŇĹ, â.77, á. 134 -147, (1978).

[6] K. Bolonek, P. Kosiński, Acta Phys.Polon. B 36, 2115 (2005), (quant-ph/0501024).

[7] Ć.Ĺ. Ăàŋőńìď, Ňăâěňăâĺçěáłĺě ňěâőďë łńăááĺçěáłőľ ňěåăŋĺłĺ. Ŋăãłă, Ň. (1974).

[8] P.J. Olver, Applications of Lie Groups to Differential Equations. Springer, New York, (1993).