PDMI PREPRINT — 16/2004

DIRICHLET TO NEUMANN OPERATOR ON DIFFERENTIAL FORMS

Mikhail I. Belishev^1 and Vladimir A. Sharafutdinov^2

1 Steklov Mathematical Institute at St. Petersburg Fontanka 27, St. Petersburg 191011 Russia (E-mail: belishev@pdmi.ras.ru) 2 Sobolev Institute of Mathematics 4, Koptjug Avenue Novosibirsk, 630090, Russia (E-mail: sharaf@math.nsc.ru)

October 16, 2004

ABSTRACT

We define the Dirichlet to Neumann operator on exterior differential forms for a compact Riemannian manifold with boundary and derive an explicit formula expressing Betti numbers of the manifold through the DN operator. We express also the Hilbert transform through the DN map. The Hilbert transform connects boundary traces of conjugate co-closed forms.

1 Supported by RFBR grants 02-01-00260 and NS-2261.2003.1. 2 Partly supported by NSF grant DMS-0404096.

Typeset by AMS-TEX

1 Introduction

Throughout the paper, M is a connected compact oriented Riemannian manifold of dimension n with nonempty boundary ∂M. Let Δ : C^∞(M) → C^∞(M) be the Laplace– Beltrami operator. The classical Dirichlet to Neumann (DN) map Λ_{cl} : C^∞(∂M) → C^∞(∂M) is defined by Λ_{cl}φ = ∂ω/∂ν, where ω is the solution to the Dirichlet problem { Δω = 0, ω|_{∂M} = φ (1.1)

and ν is the unit outer normal to the boundary. We use the term “classical DN map” and notation Λ_{cl} in order to make a distinction between this operator and the generalization Λ defined below.

In the scope of inverse problems of reconstructing a manifold from boundary measurements, the following question is of great theoretical and applied interest: to what extent are the topology and geometry of M determined by the DN map? It is proved in the two-dimensional case that M is determined by Λ_{cl} up to a conformal equivalence [1, 4]. There is the conjecture that Λ_{cl} determines M up to an isometry in the case of n ≥ 3. The latter is proved for real analytic manifolds [5]. In the general case, it is proved that the boundary C^∞-jet of the metric is determined by Λ_{cl} for n ≥ 3 [6].

In [1], an explicit formula is obtained which expresses the Euler characteristic of M through Λ_{cl} in the case of a two-dimensional M with a connected boundary. The Euler characteristic completely determines the topology of M in the latter case. In the threedimensional case, the vector DN map −→ Λ : C^∞(T (∂M)) → C^∞(T (∂M)) is defined on the space of vector fields in [2], and some formulas are obtained which express the Betti numbers β_1(M) and β_2(M) in terms of Λ_{cl} and −→ Λ . Here we present a multidimensional generalization of the latter results. We define a DN map on the space of differential forms of all degrees and express Betti numbers in terms of the map. As well as in the case of n = 2, 3; the background of our formula is the Friedrichs decomposition of the space of harmonic fields. We also consider the Hilbert transform on differential forms and express it in terms of the DN map.

2 Preliminaries

Here, following [7] and mostly adhering to notations of the book, we recall some known facts on differential forms.

Let Ω^k(M) be the space of smooth real exterior differential forms of degree k and Ω(M) = ⊕^n_{k=0}Ω^k(M) the graded algebra of all forms. We use the following standard operators on Ω(M): the differential d, codifferential δ, Laplace operator Δ = dδ + δd, and Hodge star ⋆. Recall the relations ⋆⋆ = (−1)^{k(n−k)}, ⋆δ = (−1)^kd⋆, ⋆d = (−1)^{k+1}δ ⋆ on Ω^k(M). The L^2-product on Ω(M) is defined by (α, β) = ∫ M α ∧ ⋆β under the agreement that ∫ M φ = 0 for φ ∈ Ω^k(M) with k < n. Recall Green’s formula (dα, β) − (α, δβ) = ∫ ∂M j^∗(α ∧ ⋆β), where j : ∂M → M is the embedding.

Elements of the space H^k(M) = {λ ∈ Ω^k(M) | dλ = 0, δλ = 0} are named harmonic fields. Recall the L^2-orthogonal Hodge–Morrey decomposition Ω^k(M) = E^k(M) ⊕ C^k(M) ⊕ H^k(M).

Here E^k(M) = {dα | α ∈ Ω^{k−1}(M), j^∗α = 0} is the space of exact forms and C^k(M) = {δα | α ∈ Ω^{k+1}(M), j^∗(⋆α) = 0} is the space of co-exact forms.

There are two finite dimensional subspaces distinguished in H^k(M)

H^k_D(M) = {λ ∈ H^k(M) | j^∗λ = 0} and H^k_N (M) = {λ ∈ H^k(M) | j^∗(⋆λ) = 0} whose elements are named Dirichlet and Neumann harmonic fields respectively. Dimensions of these spaces are expressed by dim H^k_N (M) = dim H^{n−k}_D (M) = β_k(M), where β_k(M) is the kth Betti number. There are two L^2-orthogonal Friedrichs decompositions H^k(M) = H^k_D(M) ⊕ H^k_{co}(M), H^k(M) = H^k_N (M) ⊕ H^k_{ex}(M). Here H^k_{ex}(M) = {λ ∈ H^k(M) | λ = dα} and H^k_{co}(M) = {λ ∈ H^k(M) | λ = δα} are the spaces of exact harmonic, and co-exact harmonic fields.

The operator ⋆ maps the space H^k_D(M) isomorphically onto H^{n−k}_N (M). Introduce the trace spaces j^∗H^k(M) = {j^∗λ | λ ∈ H^k (M)}, j^∗H^k_N (M) = {j^∗λ_N | λ_N ∈ H^k_N (M)}. A Neumann harmonic field λ_N is uniquely determined by its trace j^∗λ_N . Therefore the dimension of the space j^∗H^k_N (M) is equal to β_k(M). Let us prove the equality j^∗H^k(M) = E^k (∂M) + j^∗H^k_N (M). (2.1) Indeed, any harmonic field λ ∈ H^k (M) can be represented in the form λ = dη + λ_N , λ_N ∈ H^k_N (M) by the second Fridrichs decomposition. This implies

j^∗λ = d(j^∗η) + j^∗λ_N .

Conversely, for φ ∈ Ω^{k−1}(∂M) and λ_D ∈ H^{k+1}_D (M), ∫ ∂M dφ ∧ j^∗(⋆λ_D) = 0 since exact forms constitute the ideal in the algebra of closed forms. Thus, the form α = dφ satisfies dα = 0 and ∫ ∂M α ∧ j^∗(⋆λ_D) = 0 ∀ λ_D ∈ H^{k+1}_D (M). (2.2)

By Theorem 3.2.5 of [7], (2.2) is the necessary and sufficient condition for the existence of such λ ∈ H^k(M) that α = j^∗λ.

By the first of Friedrichs decompositions, a harmonic field λ ∈ H^k(M) can be represented as λ = δα + λ_D, λ_D ∈ H^k_D(M). (2.3) We will need the following remark: in the representation, the form α can be chosen such that dα = 0 and Δα = 0. Indeed, first consider representation (2.3) with some α and decompose α by Hodge–Morrey α = dβ + δγ + λ^′, dλ^′ = δλ^′ = 0. This implies δα = δdβ. Therefore, in (2.3), α can be replaced with the form α̃ = dβ which satisfies dα̃ = 0. Next, if the form α in (2.3) satisfies dα = 0, then it satisfies also the equation Δα = 0 as is seen by applying the operator d to equation (2.3). A similar remark is valid on the second Friedrichs decomposition.

3 DN operator For any 0 ≤ k ≤ n − 1, the DN operator

Λ : Ω^k(∂M) → Ω^{n−k−1}(∂M) (3.1)

is defined as follows. Given φ ∈ Ω^k(∂M), the boundary value problem { Δω = 0, j^∗ω = φ, j^∗(δω) = 0 (3.2)

is solvable, see Lemma 3.4.7 of [7]. The solution ω ∈ Ω^k(M) is unique up to an arbitrary Dirichlet harmonic field λ_D ∈ H^k_D(M). Therefore the form

Λφ = j^∗(⋆dω) = (−1)^{k+1}j^∗(δ ⋆ ω) (3.3)

is independent of the choice of the solution ω.

In the scalar case of k = 0, our definition is equivalent to the classical one. Indeed, in this case the boundary value problem (3.2) coincides with (1.1) and definition (3.3) gives

Λφ = ∂ω ∂ν μ_∂ (φ ∈ Ω^0(∂M)),

where μ_∂ ∈ Ω^{n−1}(∂M) is the boundary volume form. Thus, in the case of k = 0, our operator Λ differs from the classical operator Λ_{cl} by the presence of the factor μ_∂ . However, some authors prefer to consider the form-valued operator Λ : Ω^0(∂M) → Ω^{n−1}(∂M), see, for example, [8].

The boundary value problem (3.2) can be written in a slightly different form as the following statement shows.

Lemma 3.1. Given φ ∈ Ω^k(∂M), let ω ∈ Ω^k(M) be a solution to the boundary value problem (3.2). Then dω ∈ H^{k+1}(M) and δω = 0. In particular, (3.2) is equivalent to the boundary value problem { Δω = 0, δω = 0, j^∗ω = φ. (3.4)

Proof. Let λ = dω ∈ Ω^{k+1}(M). We state that λ is a harmonic field. Indeed, dλ = ddω = 0. Since d and Δ commute, Δλ = Δdω = dΔω = 0.

The boundary conditions j^∗δλ = j^∗δdω = −j^∗dδω = −d(j^∗δω) = 0 and j^∗(⋆dλ) = j^∗(⋆ddω) = 0 are satisfied. Thus, λ solves the boundary value problem Δλ = 0, j^∗(⋆dλ) = 0, j^∗δλ = 0. This implies, with the help of Proposition 3.4.5 (iv) of [7], that λ is a harmonic field.

Let now ε = δω. Then ε is a harmonic field. Indeed, δε = δδω = 0 and dε = dδω = −δdω = −δλ = 0. Since j^∗ε = 0 by the second of the boundary conditions (3.2), ε is a Dirichlet harmonic field. We have thus proved that ε = δω is a co-exact harmonic field and it is a Dirichlet harmonic field. This implies, by the first Fridrichs decomposition, that ε = 0. The lemma is proved.

The operator Λ is nonnegative in the following sense: the integral ∫ ∂M φ ∧ Λφ is nonnegative for any φ ∈ Ω(∂M). This follows from the next more precise statement. Given two forms φ, ψ ∈ Ω(∂M), let ω and ε be the corresponding solutions to the boundary value problem (3.2), i.e., { Δω = 0, j^∗ω = φ, j^∗(δω) = 0, { Δε = 0, j^∗ε = ψ, j^∗(δε) = 0. (3.5)

Then ∫ ∂M φ ∧ Λψ = ∫ ∂M ψ ∧ Λφ = D(ω, ε) := (dω, dε) + (δω, δε). (3.6) Indeed, by Green’s formula (dω, dε) = (ω, δdε) + ∫ ∂M (j^∗ω) ∧ (j^∗ ⋆ dε), (δω, δε) = (ω, dδε) − ∫ ∂M (j^∗δε) ∧ (j^∗ ⋆ ω). Taking the sum of the latter two equations and using (3.5), we obtain (3.6).

To find the dual operator Λ^∗, we write the first of equalities (3.6) in the form (φ, ⋆_∂ Λψ) = (ψ, ⋆_∂ Λφ), (3.7) where ⋆_∂ : Ω(∂M) → Ω(∂M) is the Hodge star on ∂M. Setting ψ = ⋆_∂ψ^′ in (3.7), we obtain (φ, ⋆_∂ Λ ⋆_∂ ψ^′) = (⋆_∂ ψ^′, ⋆_∂ Λφ) = (ψ^′, Λφ).

The last equality holds because ⋆_∂ is the L^2-isometry of Ω(∂M). We have thus obtained Λ^∗ = ⋆_∂ Λ ⋆_∂ . (3.8) The kernel and range of the operator Λ are described by the following Lemma 3.2. The kernel of Λ coincides with the range of Λ. A form φ ∈ Ω^k(∂M) belongs to Ker Λ = Ran Λ if and only if it is a trace of a harmonic field, i.e., φ = j^∗λ for λ ∈ H^k (M).

Proof. If φ ∈ Ker Λ and ω is a solution to the boundary value problem (3.2), then φ = j^∗ω and D(ω, ω) = ∫ ∂M φ ∧ Λφ = 0

by (3.6). This means that ω ∈ H^k(M). Conversely, if φ = j^∗ω for ω ∈ H^k(M), then ω is a solution to the boundary value problem (3.2) and Λφ = j^∗(⋆dω) = 0.

A form ψ ∈ Ω^k(∂M) belongs to Ran Λ if and only if the boundary value problem { Δω = 0, j^∗δω = 0, j^∗(δ ⋆ ω) = ψ has a solution. By Lemma 3.4.9 of [7], the necessary and sufficient condition for solvability of the latter problem is ∫ ∂M ψ ∧ j^∗λ = 0 ∀λ ∈ H^{n−k−1}(M). With the help of (2.1), we see that the latter condition is equivalent to the following one:

dψ = 0 and ∫ ∂M ψ ∧ j^∗λ_N = 0 ∀λ_N ∈ H^{n−k−1}_N (M). (3.9) On the other hand, (3.9) is the necessary and sufficient condition for the existence of such λ ∈ H^k(M) that j^∗λ = ψ by Theorem 3.2.5 of [7].

Corollary 3.3. The operator Λ possesses the following properties:

Λd = 0, dΛ = 0, Λ^2 = 0. (3.10)

Proof. The first of equalities (3.10) means that any exact form is the trace of a harmonic field. The latter is true by (2.1). The second of equalities (3.10) is equivalent to the obvious fact: the trace of a harmonic field is a closed form. The last of equalities (3.10) follows from the relation Ker Λ = Ran Λ.

Corollary 3.4. The operator dΛ^{−1}d is well defined, i.e., the equation Λφ = ψ has a solution φ for any exact form ψ, and dφ is uniquely determined by ψ.

Proof. An exact form ψ is the trace of a harmonic field by (2.1). Therefore ψ ∈ Ran Λ. If Λφ_1 = Λφ_2, then the form φ_1 − φ_2 is closed since it is the trace of a harmonic field. Therefore dφ_1 = dφ_2.

Remark 1. There is some freedom in the definition of the DN operator. One can define the DN map as Λ̃ = (−1)^{kn} ⋆_∂ Λ : Ω^k(∂M) → Ω^k(∂M).

This operator preserves the degree of a form. Moreover, it is a nonnegative self-dual operator, i.e., (Λ̃φ, φ) ≥ 0 and Λ̃^∗ = Λ̃ as is seen from (3.6) and (3.8). Thus, the operator Λ̃ has more conventional properties than Λ. Nevertheless, we have chosen Λ in our definition of the DN map since we share the opinion by J. Sylvester [8]: the DN operator should transform a k-form to an (n − k − 1)-form.

Remark 2. Quite different definition of the DN map is chosen in [3]. By this definition, the DN operator maps a form φ ∈ Ω^k(∂M) to ∂ω/∂ν, where ω is the solution to the boundary value problem (1.1). The main result of [3] is that the full symbol of the latter DN map determines the boundary C^∞-jet of the metric.

4 Betti numbers

If we know the kernel of Λ, we can write down some low bounds for Betti numbers as is seen from the following

Theorem 4.1. Let Λ_k denote the restriction of the operator Λ to Ω^k(∂M). The kernel Ker Λ_k contains the space E^k(∂M) of exact forms and dim [ Ker Λ_k/E^k(∂M) ] ≤ min{β_k(M), β_k (∂M)}. Proof. Consider the Hodge decomposition for ∂M Ω^k(∂M) = C^k(∂M) ⊕ E^k(∂M) ⊕ H^k (∂M). The space of closed forms coincides with the sum of two last summands of the decomposition.

The kernel Ker Λ_k consists of closed forms by Lemma 3.2 and contains all exact forms by (3.10), i.e., E^k (∂M) ⊂ Ker Λ_k ⊂ E^k(∂M) ⊕ H^k(∂M).

This implies dim [ Ker Λ_k/E^k (∂M) ] ≤ dim H^k(∂M) = β_k(∂M). By Lemma 3.2 and (2.1), Ker Λ_k = E^k (∂M) + j^∗H^k_N (M).

Therefore dim [ Ker Λ_k/E^k(∂M) ] ≤ dim H^k_N (M) = β_k(M).

The theorem is proved.

The main result of the article is the following Theorem 4.2. For any 0 ≤ k ≤ n − 1, the operator Λ + (−1)^{kn+k+n}dΛ^{−1}d : Ω^k(∂M) → Ω^{n−k−1}(∂M) has the finite dimensional range whose dimension is equal to β_{n−k−1}(M). Proof. We will prove that ( Λ + (−1)^{kn+k+n}dΛ^{−1}d ) Ω^k(∂M) = j^∗H^{n−k−1}_N (M). (4.1) Given φ ∈ Ω^k(∂M), let ω ∈ Ω^k(M) be a solution to the boundary value problem (3.2).

By Lemma 3.1, dω ∈ H^{k+1}(M). We apply the first Friedrichs decomposition to dω dω = δα + λ_D, where λ_D ∈ H^{k+1}_D (M). (4.2) As is mentioned at the end of Sec. 2, the form α ∈ Ω^{k+2}(M) can be chosen such that dα = 0, Δα = 0. (4.3) We set β = ⋆α ∈ Ω^{n−k−2}(M). (4.3) implies δβ = 0, Δβ = 0. (4.4) Substituting the value α = (−1)^{k(n−k)} ⋆ β into (4.2), we have dω = (−1)^{k(n−k)}δ ⋆ β + λ_D. (4.5) Apply the operator j^∗ to equation (4.5) j^∗(dω) = (−1)^{k(n−k)}j^∗(δ ⋆ β). (4.6) Using the relations j^∗(dω) = d(j^∗ω) = dφ and δ ⋆ β = (−1)^{n−k−1} ⋆ dβ, we rewrite (4.6) in the form dφ = (−1)^{kn+n+1}j^∗(⋆dβ). (4.7) Formulas (4.4) and (4.7) mean that dφ = (−1)^{kn+n+1}Λj^∗β. (4.8) Next, we apply the operator ⋆ to equation (4.5) ⋆dω = (−1)^{k(n−k)} ⋆ δ ⋆ β + ⋆λ_D and take the restriction to the boundary j^∗(⋆dω) = (−1)^{k(n−k)}j^∗(⋆δ ⋆ β) + j^∗(⋆λ_D). (4.9) The left-hand side of this formula is equal to Λφ. Using the relation ⋆δ ⋆ β = (−1)^{kn}dβ, we transform the first term on the right-hand side of (4.9) as follows: j^∗(⋆δ ⋆ β) = (−1)^{kn}j^∗dβ = (−1)^{kn}d(j^∗β). Thus, (4.9) is equivalent to the equation Λφ = (−1)^kd(j^∗β) + j^∗(⋆λ_D). (4.10) The form j^∗β can be eliminated from the system of equations (4.8) and (4.10). Indeed, (4.8) implies with the help of Corollary 3.3 d(j^∗β) = (−1)^{kn+n+1}(dΛ^{−1}d)φ.

Inserting this expression into (4.10), we obtain ( Λ + (−1)^{kn+k+n}dΛ^{−1}d ) φ = j^∗(⋆λ_D). We have thus proved that the left-hand side of (4.1) is a subset of the right-hand side.

To prove the converse inclusion, we first recall that H^k_D(M) ∩ H^k_N (M) = 0.

Together with Friedrichs decompositions, this implies that H^k(M) = H^k_{ex}(M) + H^k_{co}(M), i.e., a harmonic field can be represented as a sum of exact and co-exact harmonic fields.

Given λ_N ∈ H^{n−k−1}_N (M), the representation λ_N = dα + δβ (4.11) exists by the remark of the previous paragraph. The forms α and β can be chosen such that δα = 0, Δα = 0 (4.12) and dβ = 0, Δβ = 0. (4.13) The latter statement is proved by the same argument as one used at the end of Sec. 2.

We set ω = (−1)^{kn+1} ⋆ β, ε = (−1)^{kn+k+n}α. Relations (4.12)–(4.13) imply δω = 0, Δω = 0, (4.14) δε = 0, Δε = 0, (4.15) and equation (4.11) is rewritten in the form λ_N = ⋆dω + (−1)^{kn+k+n}dε. (4.16) Applying the operator ⋆ to the latter equation, we obtain ⋆λ_N = (−1)^{kn+k+n}(⋆dε − dω). (4.17) We define forms φ, ψ ∈ Ω(∂M) by φ = j^∗ω, ψ = j^∗ε. (4.18) Restricting equation (4.16) to the boundary, we obtain j^∗λ_N = j^∗(⋆dω) + (−1)^{kn+k+n}d(j^∗ε). (4.19) Equations (4.14) and the first of equalities (4.18) mean that j^∗(⋆dω) = Λφ. Therefore (4.19) can be rewritten as j^∗λ_N = Λφ + (−1)^{kn+k+n}d(j^∗ε). (4.20) On the other hand, restricting equation (4.17) to the boundary, we obtain j^∗(⋆dε) = d(j^∗ω). (4.21) Equations (4.15) and the second of equalities (4.18) mean that j^∗(⋆dε) = Λψ. Therefore (4.21) can be rewritten as Λψ = dφ. (4.22) Finally, we eliminate the form ψ from the system of equations (4.20) and (4.22) with the help of Corollary 3.3 and obtain j^∗λ_N = ( Λ + (−1)^{kn+k+n}dΛ^{−1}d ) φ. This completes the proof of the theorem.

5 Hilbert transform One of equivalent definitions of the classical Hilbert transform H on the unit circle S = {e^{iθ}} is as follows. Let f = ε + iω be a holomorphic function in the disc {re^{iθ} | 0 ≤ r ≤ 1} so that ω and ε are conjugate by Cauchy–Riemann: dω = ⋆dε. If φ = ω|_S and ψ = ε|_S are the boundary traces, then H^{dφ}_{dθ} =^{dψ}_{dθ} .

Returning to the general case, we define the Hilbert transform as follows: H = dΛ^{−1} : E^k(∂M) → E^{n−k}(∂M). This is a well defined operator by Corollary 3.4.

Let ω ∈ Ω^k(M) and ε ∈ Ω^{n−k−2}(M) (0 ≤ k ≤ n − 2) be two co-closed forms, δω = 0, δε = 0. The form ε is named the conjugate form of ω if dω = ⋆dε. (5.1) This implies immediately that Δω = 0, Δε = 0, and (−1)^{kn+k+n+1}ω is the conjugate form of ε.

Not any ω satisfying Δω = 0 and δω = 0 has a conjugate form. The remarkable fact is that the existence of the conjugate form can be checked in terms of the trace φ = j^∗ω and of the operator Λ.

Theorem 5.1. A form ω ∈ Ω^k(M) satisfying Δω = 0 and δω = 0 has a conjugate form if and only if the trace φ = j^∗ω satisfies ( Λ + (−1)^{kn+k+n}dΛ^{−1}d ) φ = 0. (5.2) In this case, if ε is the conjugate form of ω and ψ = j^∗ε, then Hdφ = dψ. (5.3) Proof. Necessity. Let a co-closed form ω ∈ Ω^k(M) has a conjugate co-closed form ε ∈ Ω^{n−k−2}(M). Set φ = j^∗ω and ψ = j^∗ε. The forms ω and ε solve boundary value problems (3.5). Therefore Λφ = j^∗(⋆dω), Λψ = j^∗(⋆dε). (5.4) The second of equalities (5.4) and (5.1) imply Λψ = j^∗dω = d(j^∗ω) = dφ. Applying the operator ⋆ to (5.1), we get ⋆dω = (−1)^{kn+k+n+1}dε.

Together with the latter relation, the first of equalities (5.4) gives Λφ = (−1)^{kn+k+n+1}j^∗dε = (−1)^{kn+k+n+1}d(j^∗ε) = (−1)^{kn+k+n+1}dψ. We have thus proved that { Λφ = (−1)^{kn+k+n+1}dψ, Λψ = dφ. (5.5)

Eliminating ψ from the latter system, we obtain (5.2). The second of equations (5.5) is equivalent to (5.3).

Sufficiency. Let a form φ ∈ Ω^k(∂M) satisfy (5.2) and ω be a solution to the boundary value problem (3.2). Applying the operator H = dΛ^{−1} to equation (5.2), we obtain ( I + (−1)^{kn+k+n}H^2 ) dφ = 0, (5.6)

where I is the identity operator.

By Corollary 3.4, the equation Λψ = dφ (5.7) is solvable. Fix a solution ψ to the equation and consider the boundary value problem { dε = χ := (−1)^{kn+k+n+1} ⋆ dω, δε = 0, j^∗ε = ψ. (5.8)

By Theorem 3.2.5 of [7], the necessary and sufficient conditions for solvability of the problem are dχ = 0, j^∗χ = dψ, and (χ, λ_D) = ∫ ∂M ψ ∧ j^∗(⋆λ_D) ∀ λ_D ∈ H^{n−k−1}_D (M). (5.9) The first condition is satisfied since dχ = ±d ⋆ dω = ± ⋆ δdω = ± ⋆ Δω = 0. The second condition holds since, by (5.2), j^∗χ = (−1)^{kn+k+n+1}j^∗(⋆dω) = (−1)^{kn+k+n+1}Λφ = dΛ^{−1}dφ = dψ. It remains to check (5.9).

The left-hand side of (5.9) is equal to zero for any Dirichlet harmonic field λ_D. Indeed, substituting the value of χ from (5.8), we can write (χ, λ_D) = ±(⋆dω, λ_D) = ±(dω, ⋆λ_D). The right-hand side of the latter formula is zero by the second Fridrichs decomposition since dω is an exact harmonic field and ⋆λ_D is a Neumann harmonic field. Condition (5.9) is thus reduced to the following one: ∫ ∂M ψ ∧ j^∗λ_N = 0 ∀ λ_N ∈ H^{k+1}_N (M). (5.10)

By Theorem 4.2, j^∗H^{k+1}_N (M) coincides with the range of the operator G := Λ + (−1)^{kn+k+n}dΛ^{−1}d : Ω^{n−k−2}(∂M) → Ω^{k+1}(∂M). (5.11) Therefore condition (5.10) can be rewritten as follows: (ψ, ⋆_∂ Gη) = ± ∫ ∂M ψ ∧ Gη = 0 ∀ η ∈ Ω^{n−k−2}(∂M). In other words, ψ must belong to the kernel of the operator (⋆_∂ G)^∗, (⋆_∂ G)^∗ψ = 0. (5.12) One easily obtains from (3.8) G^∗ = ⋆_∂ G⋆_∂ and (⋆_∂ G)^∗ = ± ⋆_∂ G.

Therefore (5.12) is equivalent to the equation Gψ = 0. (5.13) Finally, substituting the values ψ = Λ^{−1}dφ and G = Λ + (−1)^{kn+k+n}dΛ^{−1}d into (5.13), we see that the latter equation is equivalent to (5.6).

We have thus proved the solvability of the boundary value problem (5.8). The solution ε to the problem is the conjugate form of ω. The theorem is proved. Corollary 5.2. For 1 ≤ k ≤ n − 1, introduce the space B^k(∂M) = {dφ | φ ∈ Ω^{k−1}(∂M), Gφ = 0} ⊂ E^k(∂M), where the operator G : Ω(∂M) → Ω(∂M) is defined by (5.11). The Hilbert transform H maps B^k(∂M) isomorphically onto B^{n−k}(∂M). If H̃_k : B^k(∂M) → B^{n−k}(∂M) (5.14) is the restriction of H to B^k(∂M), then H̃^{−1}_k = (−1)^{kn+k}H̃_{n−k}.

Proof. For a form φ ∈ Ω^{k−1}(∂M) satisfying Gφ = 0, let ω ∈ Ω^{k−1}(M) be a solution to the boundary value problem (3.2). Then ω has a conjugate form ε ∈ Ω^{n−k−1}(M) by Theorem 5.1. The trace ψ = j^∗ε satisfies (5.3). The form ε has the conjugate (−1)^{kn+k}ω, and Gψ = 0 by Theorem 5.1. Now, (5.3) shoes that Hdφ = dψ ∈ B^{n−k}(∂M). We have thus proved that H maps B^k(∂M) to B^{n−k}(∂M) and operator (5.14) is well defined. By (5.6), H̃_{n−k}H̃_k = (−1)^{kn+k}I. Therefore H̃_k is an isomorphism.

Corollary 5.3. Let 1 ≤ k ≤ n − 1. If β_k(M) = β_{n−k}(M) = 0, then the Hilbert transform H maps E^k (∂M) isomorphically onto E^{n−k}(∂M). If H_k : E^k(∂M) → E^{n−k}(∂M) is the restriction of H to E^k(∂M), then H^{−1}_k = (−1)^{kn+k}H_{n−k}.

Proof. If β_k(M) = β_{n−k}(M) = 0, then the operator G vanishes on Ω^{k−1}(∂M) and on Ω^{n−k−1}(∂M) by Theorem 4.2. Therefore B^k(∂M) = E^k(∂M) and B^{n−k}(∂M) = E^{n−k}(∂M). It remains to apply Corollary 5.2.

References

1. M. I. Belishev, The Calderon problem for two-dimensional manifolds by the BC-method. SIAM J. Math.

Anal., 35 (1), 172–182 (2003).

2. M. I. Belishev, Some remarks on the impedance tomography problem for 3d-manifolds. PDMI PRE- PRINT – 05/2004; www.pdmi.ras.ru/activities/publishing/preprints/2004.

3. M. S. Joshi and W. R. B. Lionheart, An inverse boundary value problem for harmonic differential forms. Asymptotic Analysis (To appear).

4. M. Lassas and G. Uhlmann, On determining the Riemannian manifold from the Dirichlet to Neumann map. Ann. Sci. Ecole Norm. Sup., (4), 34, 771–787 (2001).

5. M. Lassas, M. Taylor, and G. Uhlmann, The Dirichlet to Neumann map for complete Riemannian manifolds with boundary. Comm. Anal. Geom., 11, no 2, 207–221 (2003).

6. J. Lee and G. Uhlmann, Determining anisotropic real-analytic conductivities by boundary measurements. Comm. Pure Appl. Math., 42, 1097–1112 (1989).

7. G. Schwarz, Hodge Decomposition – a Method for Solving Boundary Value Problems. Springer (1995). 8. J. Sylvester, An anisotropic inverse boundary value problem. Communications of Pure and Applied Mathematics, 43, 201–232 (1990).