PDMI PREPRINT — 15/2003

ON BOUNDARY CONTROLLABILITY OF DYNAMICAL SYSTEM GOUVERNED BY THE WAVE EQUATION

ON A CLASS OF GRAPHS (TREES)

M. I. Belishev

Russian Academy of Sciences Steklov Mathematical Institute

191011, St.Petersburg, Fontanka, 27 October 26, 2003

ABSTRACT The boundary control problem for the wave equation on a planar graph consisting of strings of variable densities with Dirichlet control at the boundary vertices is considered. The exact controllability in L2-classes of controls and states is established in the case that the grapf is a tree; a sharp estimate of the time of controllability is given.

Saint-Petersburg Deptartment of the Steklov Mathematical Institute (POMI), 27 Fontanka, St. Petersburg 191011, Russia; belishev@pdmi.ras.ru

Supported by the RFBR grants 02–01–00260 and NS–2261.2003.1.

Typeset by AMS-TEX

0 Introduction

0.1 About the paper.

Mechanical object inspiring the problem is a planar graph consisting of a finite set of strings of variable densities. Graph can be displaced in direction normal with respect to the plane; displacement of its boundary vertices (the Diriclet boundary control) generates a wave propagating in the graph. We consider the question: Managing boundary control, can one create the waves of prescribed shape? In the case that the graph is a tree (doesn’t contain cycles), the answer turns out to be positive: we find a sharp estimate of the time such that the “control → wave” map becomes surjective (from L_2-space of controls onto L_2-space on the graph) and describe a constructive procedure which inverts this map.

0.2 Statement and main result.

Let Ω ⊂ R^2 be a finite connected planar graph with edges {e} = E (intervals of straight lines), vertices {v_1, . . . , v_m} = V and boundary vertices {γ_1, . . . , γ_n} = Γ ⊂ V . The graph is equipped with density ρ which is a function on Ω strictly positive and C^2-smooth on the edges. The value

d (Ω) : = sup_{a,b∈Ω} inf_{π[a,b]} ∫ π[a,b] √ ρ |dx| (|dx| is the length element on Ω induced by the R^2-metric; inf is taken over the paths π[a, b] ⊂ Ω connecting a and b) is the optical diameter of the graph.

To the graph one associates the dynamical system ρ u_{tt} − u_{ee} = 0 in {Ω \ V } × (0, T ) ; ∑ e∼v u_e |_{x=v} = 0 for all v ∈ V \ Γ ; u |_{t=0} = u_t |_{t=0} = 0 in Ω ; u = f on Γ × [0, T ] , where ( · )_e is differentiation along the edge; the sum is taken over the edges incident to vertex v, (·)_e |_v is the derivative along e in direction from v taken at v; f = f(γ, t) is the boundary control; u = u^f (x, t) is the solution.

The following is the main result of the paper.

Theorem 1. If Ω is a tree, for any T ≥^{d (Ω)}_2 and y ∈ L_{2,ρ}(Ω) (with measure ρ|dx|) there exists a control f ∈ L_2(Γ × [0, T ]) providing the equality u^f (·, T ) = y . In other words, the dynamical system associated to a tree and gouverned by the wave equation is exactly controllable at times ≥^{d (Ω)}_2 . Our proof is constructive: we propose a procedure determining f from y.

0.3 Remarks.

Our statement of the boundary control problem is motivated by inverse problems on graphs (see [2, 3r]); it differs from the traditional one which is to control the complete dynamical state {u^f (·, T ), u^f_t (·, T )} (see [1, 6, 7]).

In the case that all the vertices are available for control, exact controllability of the tree was established in [1] by means of a spectral (frequency-domain) technique. Perhaps, this approach may be extended on the case of boundary control. Nevertheless, we use another (time-domain) approach going back to A. S. Blagovestchenskii (see e.g. [4]): as we guess, it is more natural and, in contrast to the spectral technique, gives a sharp estimate of the time of controllability.

In order to restrict the volume of the paper, we omit some of technical details (mainly in Secs. 2.2–2.4). In particular, we don’t prove results placed in Propositions: they are either known or their proofs should present no problems.

1 The graph

1.1 Terminology.

An edge is a finite interval of a straight line on the plane R^2: e = { col {x^1, x^2} | | x_i = a_i + b_is, a_i , b_i = const, s ∈ (0, 1)} ;

a vertex is a point v ∈ R^2. A graph Ω ⊂ R^2 is the disjoint sum Ω = E ∪ V of a finite set of edges E = {e} and a finite set of vertices V = {v} such that Ω is a closed connected set on the plane.

We say that v ∈ V and e ∈ E are incident (and write e ∼ v , v ∼ e) if v ∈ e (the closure in R^2) and denote r(v) := ♯{e ∈ E | e ∼ v}. Just for simplicity we consider only the graphs satisfying r( · ) ≠ 2.

The set Γ := {v ∈ V | r(v) = 1} is the boundary of Ω; the set int Ω := Ω \ Γ is interior points of the graph.

A path π[a, b] ⊂ Ω connecting points a, b ∈ Ω is the image of the segment [0,1] through a homeomorphism φ : [0, 1] → Ω such that φ(0) = a , φ(1) = b; the notations π [a, b), π (a, b], π (a, b) are also of the clear meaning.

Graph Ω is a tree if any a, b ∈ Ω , a ≠ b are connected by the unique path (so, there are no cycles in Ω). In this paper we deal mainly with trees.

A tree may be semiordered in a standard way. Namely, let ξ ∈ Ω be fixed and declared to be the root; for a, b ∈ Ω we write a ⪯ b (a ≺ b) if a ∈ π [ξ, b] (a ∈ π [ξ, b)). Of course, this semiorder is determined by the choice of ξ.

1.2 Optical metric.

A function ρ defined on Ω \ V is said to be a density if (i) ρ is strictly positive: ρ ( · ) ≥ ρ_0 > 0;

(ii) at each edge e ∈ E, the function ρ|_e may be extended on e up to a function of the class C^2(e).

Thus, the boundary values ρ(γ), γ ∈ Γ are well-defined whereas at interior vertices v ∈ V \ Γ the density may be considered as an r(v)-valued function.

Let |dx|^2 be the Euclidean length element induced on Ω by the R^2-metric. The optical metric τ on the graph is determined by the element dτ^2 := ρ(x)|dx|^2 , x ∈ Ω \ V ;

by the properties of ρ this metric is equivalent to the Euclidean one. If Ω is a tree one easily has τ (a, b) = ∫ π[a,b] √ ρ |dx| , a ≠ b; 0, a = b. We denote B_r[a] := {x ∈ Ω | | | τ (a, x) < r} ; the value d (Ω) := sup_{a,b ∈ Ω} τ (a, b) ;

is called by the (optical) diameter of the graph; the value

T_∗ := d (Ω) 2 is its radius. The point x_∗ ∈ Ω satisfying τ (x_∗, Γ) = T_∗ is called by the (optical) center of the graph.

Proposition 1. The center of a tree is unique.

1.3 Spaces and classes on graph.

Introduce the (real) Hilbert space H = L_{2,ρ}(Ω),

(y, w)_H := ∫ Ω yw ρ |dx| = ∑ e∈E ∫ e yw ρ |dx|.

We assigne a function y on Ω to the class H^1_0 if

(i) y ∈ C(Ω);

(ii) y |_e belongs to the Sobolev class H^1(e) on every edge e; (iii) y = 0 on Γ, and denote (y, w)_H1_0 := ∫ Ω ∇y · ∇w |dx| = ∑ e∈E ∫ e dy de dw de |dx|,

where ∇ is the Euclidean gradient on Ω,^d_{de} is the differentiation with respect to Euclidean length in any (but one and the same for y and w) direction along e.

We also introduce the tripple (the rigged Hilbert space)

H^1_0 ⊂ H ⊂ H^{−1}

where H^{−1} is dual to H^1_0 with respect to the product ( · , · )_H. As is customary, we denote by (h, y)_H the value of the functional h ∈ H^{−1} on the element y ∈ H^1_0. The well known fact is that the Dirac measures defined by (δ_ξ, y)_H = y(ξ) belong to H^{−1}.

Let us say that function y ∈ H belongs to the class K if (i) y ∈ C(Ω);

(ii) y |_e ∈ C^2(e) on every e ∈ E;

(iii) for each interior vertex v ∈ V \ Γ the equality (the Kirchhoff’s law) ∑ e∼v dy de (v) = 0 (1)

holds where dy de (v) := lim x∈e, x→v y(x) − y(v) |x − v| . At last, let us agree to say that function y is piecewise smooth if there exists a finite set of points A_y := {a_1, . . . , a_N } ⊃ V such that for any open interval ω ⊂ Ω \ A the reduction y |_ω may be extended on ω up to the function of the class C^2(ω).

2 Waves on the graph 2.1 Dynamical system.

Speaking about dynamical system associated to the graph, we mean the initial boundary value problem of the form

ρ u_{tt} − u_{ee} = 0 in {Ω \ V } × (0, T ) ; (2.1) u ( · , t) ∈ K , for all t ∈ [0, T ] ; (2.2) u |_{t=0} = u_t |_{t=0} = 0 in Ω ; (2.3) u = f on Γ × [0, T ] , (2.4)

with the (Dirichlet) boundary control f = f(γ, t); the solution u = u^f (x, t) describes a wave initiated at Γ and propagating in Ω. Recall the well-known fact: by virtue of the conditions on the density ρ, if f is C^2-smooth with respect to t and vanishes near t = 0 the problem has the unique classical solution u^f .

The space of controls F^T := L_2 (Γ × [0, T ]) with the inner product

(f, g)_F T = ∑ γ∈Γ T∫ 0 f(γ, t) g(γ, t) dt

is called by the outer space of the system (2.1)–(2.4).

The space H is the inner space; the waves (states) u^f ( · , t) are time-dependent elements of H.

The “input → state” correspondence is realized by the control operator W^T : F^T → H,

W^T f := u^f (·, T )

defined on controls producing the classical solutions to (2.1)–(2.4). 2.2 Propagation of singularities.

All the results of Secs. 2.2 and 2.3 are valid for any graphs (not only for trees). Fundamental solution. Fix γ ∈ Γ and denote

δ_γ (γ^′) := { 0, γ^′ ≠ γ; 1, γ^′ = γ.

Take χ ∈ C^2[0, T ] such that χ ≥ 0, supp χ ⊂ (0, T ), and T∫ 0 χ(t)dt = 1. Choose a small

ε > 0 and denote

χ_ε(t) :=

{_1 ε χ(^t_ε ), 0 ≤ t ≤ εT ; 0, εT < t < T ;

let u^{δγχε} be the classical solution to (2.1)–(2.4) corresponding to the control f(γ^′, t) = δ_γ (γ^′)χ_ε(t). As may be shown, tending ε → 0 (so that χ_ε tends to the Dirac δ-function) the limit passage gives a function

u^{δγ δ} := lim_{ε→0} u^{δγ χε} ∈ C ( [0, T ] ; H^{−1} )

which is the fundamental solution to the problem (2.1)–(2.4). This solution describes the wave initiated by the instanteneous source supported at γ. In the rest of Sec. 2.2 we consider the properties of u^{δγδ} in more detail.

First edge. Recall that τ (a, b) is the optical distance between a, b ∈ Ω. Let e be the edge incident to γ, and v ∈ V the second vertex incident to e. For times 0 < t ≤ τ (γ, v) the well-known representation (time-domain WKB expansion)

u^{δγ δ}(x, t) = [ ρ(x) ρ(γ) ]_− 1_4 δ ( t − τ (x, γ) ) + u_γ(x, t) , x ∈ Ω (2.5)

holds, where u_γ is a bounded function C^2-smooth on [supp u_γ ] \ {(γ, 0)} and satisfying supp u_γ( · , t) ⊆ B_t[γ] ⊆ e (see e.g. [4]). The first term in (2.5) is interpreted as the leading singularity which moves from γ towards v along e with variable speed ρ^{−1/2}: see the point l on Fig. 1a.

Passing through the first vertex. At the moment t = τ (γ, v) the singularity reaches v and, then, passes through v. A simple analysis using (2.5) and the Kirchhoff law (1.1) gives the following representation for times τ (γ, v) < t ≤ τ (γ, v) + ε (with small ε > 0):

u^{δγ δ}(x, t) = α(x) δ ( t − τ (γ, v) − τ (v, x) ) + u_γ(x, t) , x ∈ Ω (2.6)

with a bounded u_γ satisfying supp u_γ( · , t) ⊆ B_t[γ] and piecewise smooth on supp u_γ( · , t). The amplitude α is a piecewise smooth function strictly positive on another edges e^′ ∼ v , e^′ ≠ e incident to v.

Fig. 1. Passing through v

Note in addition that α |_e can be negative. From the physical point of view, this means that the reflected part of the singularity moving back to γ (point r on Fig. 1b) can have the phase opposite to one of the incident singularity (point l on Fig. 1a; in both cases the ball B_t[γ] is contoured).

First reflection from the boundary. Let γ^′ ∈ Γ be a boundary vertex nearest to v: τ (γ^′, v) = min_{γ′′∈Γ} τ (γ^{′′}, v)

(may be γ = γ^′). As t → τ (γ, v) + τ (v, γ^′) − 0, the singularity passed through v (and, perhaps, through another vertices or reflected from v back to γ) approaches to γ^′ (see the point l on Fig. 2a). Then the singularity is reflected by γ^′ (the point r on Fig. 2b). A simple analysis using the condition

u^{δγδ}( · , t) |_Γ = 0 , t > 0

leads to the representation u^{δγ δ}(x, t) = α(x) δ ( t − τ (γ, v) − τ (v, γ^′) − τ (γ^′, x) ) + u_γ(x, t) (2.7)

which is valid for times τ (γ, v) + τ (v, γ^′) < t ≤ τ (γ, v) + τ (v, γ^′) + ε at points x close to γ^′, with a bounded piecewise smooth u_γ. If γ^′ ≠ γ, the amplitude α is negative which means that reflection from the boundary inverts the phase of the incident singularity.

Fig. 2. Reflecting from γ^′ ≠ γ

Arbitrary times. Representations (2.5)–(2.7) are sifficient for further analysis of propagation of singularities in Ω. Omitting technical details, let us summarize the results.

In the space-time domain Ω ×R_+, for a fixed (x_0, t_0) let us define the characteristic cone

C_{(x0,t0)} := { (x, t) | t − t_0 = τ (x, x_0) } ; for a subset A ⊂ Ω × R_+ we denote

C_A := ⋃ (x,t) ∈ A C_{(x,t)} .

Introduce also the characteristic set T_{(x0,t0)} which is defined by the following recurrent procedure:

Step 0: put T^{[0]}_{(x0,t0)} := C_{(x0,t0)} and V^{[0]}_{(x0,t0)} := { (x, t) ∈ T^{[0]}_{(x0,t0)} | x ∈ V } ; ......................................... Step j = 1,2,. . . : put T^{[j]}_{(x0,t0)} := T^{[j−1]}_{(x0,t0)} ⋃ C_V[j−i]_{(x0,t0)} and V^{[j]}_{(x0,t0)} := { (x, t) ∈ T^{[j]}_{(x0,t0)} | x ∈ V } ; ....................................... ; define T_{(x0,t0)} := ∞⋃ j=0 T^{[j]}_{(x0,t0)} .

Note that T_{(x0,t0)} can be also characterized as the minimal subset in Ω × R_+ sutisfying the conditions:

(i) C_{(x0,t0)} ⊂ T_{(x0,t0)} ;

(ii) if v ∈ V and t_v ∈ R_+ are such that (v, t_v) ∈ T_{(x0,t0)} then C_{(v,tv )} ⊂ T_{(x0,t0)}. This set is of the form of a space-time graph; Fig.3 illustrates the case of x_0 = γ , t_0 = 0.

Fig. 3. The set C_{(γ,0)} We also denote by C^s_{(x0,t0)} := {x ∈ Ω | (x, s) ∈ C_{(x0,t0)}} ; T^s_{(x0,t0)} := {x ∈ Ω | (x, s) ∈ T_{(x0,t0)}} the crossections by the plane t = s; notice the simple equality C^s_{(x0,t0)} = {x ∈ Ω | τ (x, x_0) = s − t_0} .

Proposition 2. The leading singularities of u^{δγ δ} (as a space-time distribution) are located on the characteristic set T_{(γ,0)}. For any t > 0 the representation u^{δγδ}( · , t) = ∑ ξ ∈ C^t(_{γ,}0)

α_γ(ξ) δ_ξ ( · ) + ∑ η ∈ T^t(_{γ,}0)\C^t(_{γ,}0)

β_γ (η, t) δ_η( · ) + u_γ( · , t) (2.8)

holds in Ω where:

δ_ξ ∈ H^{−1} are the Dirac measures;

the amplitude function α_γ is strictly positive on Ω piecewise smooth and C^2-smooth out of the interior vertices; the value α_γ (ξ) is determined by the density ρ |_{π[γ,ξ]} ;

β_γ is a piecewise smooth function defined on T_{(γ,0)} \ C_{(γ,0)} ;

u_γ( · , t) is a bounded piecewise smooth function (with possible discontinuities on T^t_{(γ,0)} ) satisfying supp u_γ( · , t) ⊂ B_t[γ] .

The first sum in (2.8) selects the so-called forward singularities which lie on the forward front of the wave u^{δγ δ}( · , t) moving from γ. These singularities are present only if t < max_{x∈Ω} τ (x, γ) whereas α_γ (ξ) is the amplitude of the first (in time) singularity arriving at ξ from γ at the moment t = τ (ξ, γ).

The second sum contains the secondary singularities appearing in result of reflections from vertices and supported into B_t[γ].

A typical picture is shown on Fig. 4 where the points ξ_1, . . . , ξ_5 support the forward singularities whereas ξ_6, . . . , ξ_9 support the secondary ones (the ball B_t[γ] is contoured).

Fig. 4. Singularities of u^{δγ δ}(·, t)

2.3 Generalized solutions.

Here we describe some of the properties of the solutions to the problem (2.1)–(2.4) which may be easily derived from the representation (2.8). Let F^T_γ := { f ∈ F^T | supp f ⊂ γ × [0, T ] }

be the subspace of controls acting from γ ∈ Γ ; introduce the classes

(F^T )^1_0 := { f ∈ F^T | f( · , t) = ∑ γ ′ ∈Γ δ_{γ ′}( · )g_{γ ′}(t) , g_{γ ′} ∈ H^1_0 [0, T ] }

(so that controls belonging to this class satisfy f( · , 0) = f( · , T ) = 0 ) and

(F^T_γ )^1_0 := (F^T )^1_0 ⋂ F^T_γ . Let H^1 := H^1(Ω) ⊃ H^1_0 be the Sobolev class of functions on Ω satisfying (i), (ii), Sec. 1.4.

(i) (The Duhamel formula). If f is such that u^f is classical, the representation u^f (x, t) = ∑ γ∈Γ [ u^{δγ δ}(x, · ) ∗ f(γ, · ) ] ( t ) (2.9)

(the convolution with respect to time) holds.

(ii) (Generalized solutions). For any f ∈ F^T the right hand side of (2.9) is well-defined and belongs to the class C ([0, T ] ; H) ; it defines the (generalized) solution u^f to (2.1)–(2.4) of this class. As result, the control operator W^T : F^T → H is continuous that is the well-known fact (see e.g. [1]).

(iii) (Localization of solutions). For controls f ∈ F^T_γ the inclusion

supp u^f ( · , t) ⊂ B_t[γ] , t ≥ 0

holds.

(iv) (Delayed solutions). For f ∈ F^T denote

f_{t0} ( · , t) := { 0, 0 ≤ t < t_0; f( · , t − t_0), t_0 ≤ t ≤ T . Since the graph and its density do not depend on time, one has

u^{ft0} ( · , t) = u^f ( · , t − t_0) . (2.10)

As result, if f( · , t) = 0 for 0 ≤ t ≤ t_0 then one has

supp u^f ( · , t) ⊂ B_{t−t0} [γ] , t ≥ 0 . (2.11)

(v) (Smoothness). In the case of f ∈ (F^T )^1_0 one has u^f ( · , t) ∈ H^1 for all t ∈ [0, T ] and u^f ( · , T ) ∈ H^1_0.

3 Controllability

3.2 Boundary control problem.

Here we consider the question: Managing the boundary control, can one create the waves of prescribed shape? In rigorous formulation, this is a variant of the boundary control problem for the system (2.1)–(2.4) (see e.g. [1]): given function y ∈ H to find a control f ∈ F^T providing u^f ( · , T ) = y . (3.1)

In the case that Ω is a tree, Theorem 1 gives a positive answer: for times T ≥ T_∗ the equation (3.1) turns out to be solvable with respect to f. For the reader’s convenience, the proof is devided on a few parts presented in sec. 3.2–3.6 Recall that radius T_∗ and center x_∗ of the tree were introduced in Sec. 1.2.

3.2 Control f_ξ.

In what follows we assume Ω semiordered with respect to the root x_∗ and say that b lies back of a if b ≻ a. To each a ∈ int Ω, a ≠ x_∗ we associate the subtree Ω_a := {x ∈ Ω | x ⪰ a} = {x ∈ Ω | τ (x, x_∗) ≥ τ (a, x_∗)} and denote Γ_a := Ω_a ⋂ Γ. Fix a point ξ ∈ Ω\V, ξ ≠ x_∗; let Ω_ξ be the corresponding subtree, and the vertex γ_ξ ∈ Γ_ξ such that τ (ξ, γ_ξ) = max_{γ∈Γξ} τ (ξ, γ) ;

we call γ_ξ by the controlling vertex. Note the simple relations τ (ξ, γ_ξ) < T_∗ and B_{τ(ξ,γξ)}[γ_ξ] ⊆ Ω_ξ.

Return to the system (2.1)–(2.4) and take T = T_∗. In this part of the proof we will establish that there exists a (singular) control f_ξ such that the relation

u^{fξ} ( · , T_∗) = α(ξ) δ_ξ ( · ) + u_ξ( · ) in Ω (3.2)

holds with a piecewise smooth strictly positive α and a piecewise smooth u_ξ satisfying supp u_ξ ⊂ Ω_ξ. The control f_ξ will be found in the form f_ξ(γ, t) = δ_{γξ} (γ) δ ( t − [T_∗ − τ (ξ, γ_ξ)] ) +

+ ∑ γ^′ ∈Γ δ_γ′ (γ) N(γ^′)∑

j=1 κ^j_γ′ δ ( t − [T_∗ − t^j_γ′ ] ) (3.3)

with coefficients κ^j_γ and times t^j_γ satisfying t^j_γ < τ (ξ, γ_ξ), i.e. in the form of a combination of delayed pointwise instanteneous sources. Correspondingly, u^{fξ} will be a linear combination of the delayed fundamental solutions.

Step 1 (creating the singularity at ξ). Take

f^{(0)}_ξ (γ, t) := δ_{γξ} (γ) δ ( t − [T_∗ − τ (ξ, γ_ξ)] ) .

In accordance with the delay relation (2.10) one has

u^{f (0)ξ} ( · , T_∗) = u^{δγξ δ}( · , τ (ξ, γ_ξ ))

whereas (2.8) gives the representation

u^{f (0)ξ} ( · , T_∗) = α_{γξ} (ξ) δ_ξ ( · ) + u^{(0)}_ξ ( · ) (3.4)

where the term u^{(0)}_ξ ∈ H^{−1} satisfies supp u^{(0)}_ξ ⊂ B_{τ(ξ,γξ)}[γ_ξ] ⊂ Ω_ξ and is regular (doesn’t contain Dirac measures) in a neighbourhood of ξ. The control f^{(0)}_ξ is considered as a zero iteration of the required f_ξ : it creates the wanted singularity at the point ξ.

However, in general case, the term α_{γξ} δ_ξ in (3.4) is not the unique singularity of u^{f (0)ξ} (·, T_∗): control f^{(0)}_ξ can produce also another singularities in Ω_ξ (see (2.8)). Setting the goal to provide (3.2), these additional singularities are undesirable and must be removed.

Step 2 (removing the nearest singularity). Detalizing u^{(0)}_ξ in (3.4), one can write

u^{f (0)ξ} ( · , T_∗) = α_{γξ} (ξ) δ_ξ ( · ) + β δ_η( · ) + u^{(00)}_ξ ( · ) (3.5)

where η ∈ Ω_ξ is a point which supports the singularity of u^{f (0)ξ} ( · , T_∗) nearest (in optical metric) to ξ and lying back of ξ, whereas u^{(00)}_ξ is regular on π [ξ, η].

Consider the subtree Ω_η ⊂ Ω_ξ, choose its controlling vertex γ_η , and define

g^{(0)}_η (γ, t) := − β α_{γη} (η) δ_{γη} (γ) δ ( t − [T_∗ − τ (η, γ_η)] ) .

By virtue of the evident inequality τ (η, γ_η) < τ (ξ, γ_ξ) the control g^{(0)}_η is delayed with respect to f^{(0)}_ξ . In accordance with (2.8), (2.10), (2.11), such the control creates the wave

u^{g(0)η} ( · , T_∗) = −β δ_η( · ) + u^{(0)}_η ( · ) (3.6)

with u^{(0)}_η supported in Ω_η and regular near η.

Denoting f^{(1)}_ξ := f^{(0)}_ξ + g^{(0)}_η and comparing (3.5) with (3.6) one easily obtains

u^{f (1)ξ} ( · , T_∗) = α_{γξ} (ξ) δ_ξ ( · ) + u^{(1)}_ξ ( · ) (3.7)

where u^1_ξ := u^{(00)}_ξ +u^{(0)}_η is supported in Ω_ξ and is regular on π [ξ, η]. Thus, the first iteration f^{(1)}_ξ preserves the singularity wanted at ξ and removes the unnecessary one at η. In other words, we succeded to clean of singularities a part of Ω_ξ \{ξ} containing the segment π (ξ, η].

Step 3 (extending the part cleaned). Detalizing (3.7), one has

u^{f (1)ξ} ( · , T_∗) = α_{γξ} (ξ) δ_ξ ( · ) + β^′ δ_η′ ( · ) + u^{(11)}_ξ ( · )

where η^′ ∈ Ω_ξ is a point which supports a singularity of u^{f (1)ξ} ( · , T_∗) nearest to ξ and, obviously, satisfies τ (η^′, ξ) ≥ τ (η, ξ) whereas u^{(11)}_ξ is regular on π [ξ, η^′]. Applying the trick of Step 2 to the subtree Ω_η′ , one can remove β^′ δ_η′ and clean π (ξ, η^′] of singularities.

Continuing this procedure, on each step we preserve α_{γξ} δ_ξ and extend the part of Ω_ξ \ {ξ} free of singularities. At the same time, removing a next singularity, we create the new ones lying back of the removed. Therefore, one needs to justify that Ω_ξ \ {ξ} will be exhausted in a whole after a finite number of elementary operations described in Steps 1–3.

3.3 Justification.

(i) The nearest singularity at η mentioned in Step 2 can not lie too close to ξ ; namely, the estimate

τ (ξ, η) ≥ 2 min { τ (ξ, v_ξ) , min_{e∈E} d (e) } (3.8)

holds where v_ξ ∈ Ω_ξ ∩ V is the vertex nearest to ξ (back of ξ). Let us prove this inequality.

Begin with the case that η is a secondary singularity of the wave u^{f (0)ξ} ( · , T_∗) lying at the same edge as ξ (see Fig. 5a). The unique possible mechanism giving rise such the secondary singularity is the reflection from endpoins of the edges of Ω_ξ which either abut on or are incorporated into the path π[γ_ξ, ξ]. The forward singularity initiated at γ_ξ moves along this path and, when passing through vertices v_1, v_2, . . . , v_ξ ∈ π[γ_ξ, ξ], produces singularities moving along the edges mentioned above. The second endpoints of the edges reflect these singularities; they return back to v_1, v_2, . . . , v_ξ, pass through and, eventually, turn out to be injected into π[γ_ξ, ξ]. Then such the singularities move towards ξ in the wake of the forward one (see Fig. 5a: the solid line marks the trajectory of the forward singularity; the dotted line is the trajectory giving rise the secondary singularity at η). Taking into account the travel time along the edges and back, we have τ (ξ, η) ≥ 2 min {d (e) | e ∩ π[γ_ξ, ξ] ≠ {∅} } ≥ λ (3.9) where

λ := 2 min_{e∈E} d (e) .

At the same time, if ξ is close enough to v_ξ, the nearest singularities (forward and secondary) at η, η^′, . . . are separated from ξ with the distance

τ (ξ, η) = 2 τ (ξ, v_ξ ) (3.10)

(see Fig. 5b). Comparing (3.9) with (3.10) we get (3.8).

Fig. 5. Separation of singularities

(ii) Assume that the edge e_ξ ∋ ξ contains secondary singularities of u^{f (0)ξ} ( · , T_∗) (see Fig. 5a); let us estimate the number of elementary operations required to remove them (to clean e_ξ).

Recall that all the singularities of u^{f (0)ξ} ( · , T_∗) can be located only at the points of the crossection of the characteristic set T^{T∗}_{(γξ,T∗ −τ(γξ,ξ))} . Introduce the “density of singularities”

p := max (γ,t)∈Γ×[0,T_∗ ) a,b ∈Ω: τ(a,b)=λ ♯ { T^{T∗}_{(γ,t)} ⋂ π [ a , b ] } ,

and represent

π [ ξ , v_ξ ) = n_ξ+1⋃

j=1 π [ ξ_{j−1} , ξ_j ) ,

where ξ =: ξ_0 ≺ ξ_1 ≺ · · · ≺ ξ_{nξ+1} := v_ξ ; τ (ξ_{j−1}, ξ_j ) = λ , j = 1, . . . ,

n_ξ := Ent τ (ξ, v_ξ) λ

(Ent is the integer part), so that τ (ξ, v_ξ) = n_ξ λ + τ (ξ_{nξ} , ξ_{nξ+1}) (Fig. 6 corresponds to n_ξ = 3).

Fig. 6. Cleaning procedure

Returnt to the solution u^{f (0)ξ} ( · , T_∗); at the beginning of the cleaning procedure the situation is the following. By virtue of (3.8), the part π [ ξ_0 , ξ_1 ) contains the unique (forward) singularity at ξ_0 = ξ whereas each of the parts π [ ξ_j , ξ_{j+1} ) , j = 1, 2, . . . , n_ξ can contain at most p secondary singularities (see η , η^′ on Fig.6a). Therefore, to remove the secondary singularities from π [ ξ_1 , ξ_2 ) one needs no more than p elementary operations.

Every single operation can induce additional singularities back of the one being removed but, by virtue of (3.8), only into the parts π [ ξ_2 , ξ_3 ) , π [ ξ_3 , ξ_4 ) . . . and not more than p singularities per each of these parts. Therefore, once π [ ξ_1 , ξ_2 ) has been cleaned, the picture turns out to be the following (see Fig. 6b). Each of the parts π [ ξ_2 , ξ_3 ) , π [ ξ_3 , ξ_4 ) , . . . contains at most p + p · p = p (p + 1) singularities, and to clean π [ ξ_2 , ξ_3 ) one needs at most p (p + 1) operations. Realizing them, we add some a number of singularities on the parts π [ ξ_3 , ξ_4 ) , . . . ; in result, on each of π [ ξ_j , ξ_{j+1} ) , j > 3 it turns out to be no more than p (p + 1) + p · p (p + 1) = p (p + 1)^2 singularities (see Fig. 6c).

Going on the procedure, we can easily count that to create αδ_ξ and to clean π ( ξ , v_ξ ) one needs at most

1 + p + p (p + 1) + p (p + 1)^2 + · · · + p (p + 1)^{nξ−1} =

= 1 + p

(p + 1)^{nξ} − 1 (p + 1) − 1

= (p + 1)^{nξ}

elementary operations.

(iii) After e_ξ one needs to clean another edges incident to v_ξ which already contain singularities appeared when e_ξ was being cleaned, and so on, cleaning the rest of Ω_ξ. A simple count of elementary operations gives the following (rather rough) estimate: total number of them doesn’t exceed

( p + 1 )^A, A := Ent ∑ e∈E d (e) λ + 1 .

So, our procedure cleans Ω_ξ \{ξ} in a finite number of operations. The cases ξ = x_∗ and/or ξ ∈ V can be considered quite analogously.

This completes the construction of the control f_ξ providing the relation (3.2). Let us give an illustration for a simple graph.

Fig. 7. Control f_ξ

For ξ shown at Fig.7a, the controlling vertex is γ_1 and the control (3.3) takes the form:

f_ξ(γ, t) = δ_{γ1} (γ) δ ( t − [T_∗ − τ (γ_1, ξ)] ) + κ^1_{γ1} δ_{γ1} (γ) δ ( t − [T_∗ − t^1_{γ1} ] ) + + κ^1_{γ2} δ_{γ2} (γ) δ ( t − [T_∗ − t^1_{γ2} ] ) . The required singularity at (ξ, T_∗) is created by the forward singularity starting from (γ_1, T_∗ − τ (γ_1, ξ)). Passing through v_1, it produces two additional singularities moving from v_1 to γ_1 and to γ_2. These (unnecessary) singularities must be removed; at the moment t = T_∗ they are compensated by the singularities arriving from (γ_1, T_∗ − t^1_{γ1} ) and (γ_2, T_∗ − t^1_{γ2} ).

In conclusion, let us notice a pecularity of the procedure described above. Once an edge has been cleaned, beginning to clean a next one, we need to choose a next controlling vertex which can be not unique. Up to this choice, the procedure is well-determined and gives a certain f_ξ. Nevertheless, it is not difficult to see that, in the case of arbitrary tree, another versions of the procedure solving the same problem can exist. In other words, in general case, the control f_ξ which produces the wave supported in Ω_ξ and possessing the required singularity at ξ is not unique.

Note in addition that a more delicate analysis shows that, adding regular terms to the right-hand side of (3.3), one can construct f_ξ such that (3.2) holds with u_ξ ∈ C^k(Ω) with any prescribed k = 0, 1, . . . .

3.4 Dependence on ξ.

Return again to the illustration on Fig. 7. Playing the role of parameters of f_ξ, the values τ (γ_1, ξ) , κ^1_{γ1} , κ^1_{γ2} , t^1_{γ1} , t^1_{γ2} , depend on ξ in themselves. As is easy to see, they are piecewise smooth functions of ξ ∈ Ω smooth out of the vertices v_1, v_2, and the relations − d τ (γ_1, ξ) d ξ = | | | d t^1_{γi} d ξ | | | = 1

hold where^d_{d ξ} :=^d_{d τ(x∗,ξ)} . These relations show that the maps ξ → τ (γ_1, ξ) , ξ → t^1_{γi} (ξ) are local diffeorphisms from Ω into R.

A simple analysis shows that such the dependence on ξ is a fact of general character.

Proposition 3. Out of a finite set of points Ξ = {ξ_1, . . . , ξ_q} ⊂ Ω including the interior vertices of the tree, the parameters γ_ξ, τ (γ_ξ, ξ), N_γ = N_γ (ξ), κ^j_{γi} = κ^j_{γi} (ξ), t^j_{γi} = t^j_{γi} (ξ) entering into representation (3.3) depend on ξ smoothly. The maps ξ → γ_ξ from Ω into Γ and ξ → N_γ (ξ) from Ω into R are piecewise constant. The functions τ (γ_ξ, ξ), κ^j_γ(ξ), t^j_γ (ξ) of ξ ∈ Ω are piecewise smooth on their natural domains of definitions whereas the relations − d τ (γ_ξ, ξ) d ξ = | | | | d t^j_γ d ξ | | | | = 1

are valid for ξ ∉ Ξ, so that ξ → τ (γ_ξ, ξ) and ξ → t^j_γ (ξ) are the local diffeomorphisms.

Let ω = π(ξ^′, ξ^{′′}) ⊂ Ω be a small enough open interval which doesn’t contain exeptional points ξ_1, . . . , ξ_q and let γ_ξ ≡ γ̃, N_γ(ξ) ≡ N_γ for ξ ∈ ω whereas t^j_γ ( · ) : ω → R are diffeomorphisms. Taking ψ ∈ H such that supp ψ ⊂ ω, one can define a superposition ∫ ω f_ξ ψ(ξ) |dξ| of functionals (distributions) f_ξ by setting (∫ ω f_ξ ψ(ξ) |dξ| , g ) F^{T∗} := ∫ ω (f_ξ , g)_F T∗ ψ(ξ) |dξ| for test functions g ∈ (F^{T∗} )^1_0. Taking into account Proposition 3, representation (3.3) easily gives: ∫ ω f_ξ(γ, t) ψ(ξ) |dξ| = δ_{γ̃}(γ) ψ ( τ^{−1}(T_∗ − t, γ̃) ) +

+ ∑ γ^′ ∈Γ δ_γ′ (γ) N(γ^′)∑

j=1 s^j_γ′ κ^j_γ′ ( (t^j_γ′ )^{−1}(T_∗ − t) ) ψ ( (t^j_γ′ )^{−1}(T_∗ − t) ) , (γ, t) ∈ Γ × [0, T ] , where τ^{−1}( · , γ̃) , (t^j_γ )^{−1} are the functions inverse to τ ( · , γ̃) , t^j_γ ; s^j_γ = ±1. Using this explicit expression, it is not difficult to show that the map ψ → ∫ ω f_ξ ψ(ξ) |dξ| is continuous

from L_2(ω) into F^{T∗} .

Covering Ω \ Ξ by intervals ω, we easily arrive to the following result. For any ψ ∈ H the superposition ∫ Ω f_ξ ψ(ξ) |dξ| is well-posed as an element of F^{T∗} whereas the map Q^{T∗} : ψ → ∫ Ω f_ξ ψ(ξ) |dξ| is a linear continuous operator from H into F^{T∗} .

Using this fact, it is not a problem to justify the following calculation: W^{T∗} Q^{T∗} ψ = W^{T∗} ∫ Ω f_ξ ψ(ξ) |dξ| = ∫ Ω [ W^{T∗} f_ξ ] ψ(ξ) |dξ| =

= ∫ Ω u^{fξ} ( · , T_∗) ψ(ξ) |dξ| = ⟨ see (3.2) ⟩ = α ψ + ∫ Ω u_ξ( · ) ψ(ξ) |dξ| . (3.11) 3.5 Triangularity.

In the inner space H consider the increasing family of subspaces (the nest)

H^μ := { y ∈ H | | | supp y ⊂ Ω \ BT_∗−μ [x∗] } , 0 ≤ μ ≤ T_∗ , so that H^0 = {0} , H^{T∗} = H. As is easy to check, this nest is continuons:

P^μ = s − lim_{ν→μ} P^ν ,

where P^μ is the (orthogonal) projection in H onto H^μ.

Introduce the integral operator V : H → H,

(V y)(x) := ∫ Ω u_ξ(x) y(ξ) |dξ| , x ∈ Ω

where the kernel is the regular term u_ξ(x) of representation (3.2). This kernel is a piecewise smooth function on Ω×Ω; its principle property which, basically, motivates the construction of control f_ξ is the following. Since supp u_ξ ⊂ Ω_ξ, one has u_ξ(x) ≡ 0 for x ≺ ξ. Therefore, the integral defining V in fact is taken only over the path connecting x with the center of the tree: (V y)(x) = ∫ π [x,x_∗] u_ξ(x) y(ξ) |dξ|

which implies the triangularity of V with respect to the family {H^μ}: V H^μ ⊂ H^μ , 0 ≤ μ ≤ T_∗ . Due to the piecewise smoothness of its kernel, V is a compact operator in H. Triangularity with respect to continuous nest plus compactness provide V to be a Volterra operator : its spectrum consists of the unique point λ = 0 (see [5]).

3.6 Completing the proof of Theorem 1.

Return again to (3.2) and introduce the operator C : H → H ,

(Cy)(x) := ∫ Ω u^{fξ} (x, T_∗) y(ξ) |dξ| =

= α(x) y(x) + ∫ Ω u_ξ(x) y(ξ) |dξ| = ([A + V ] y) (x) , x ∈ Ω , where the operator A multiplies functions by the amplitude α separated from zero. Since A is boundedly invertible, whereas V is a Volterra operator, the operator C turns out to be boundedly invertible.

Comparing the definition of C with (3.11), one has the operator equality W^{T∗} Q^{T∗} = A + V leading to the relation W^{T∗} Q^{T∗} [ A + V ]^{−1} = 1I .

The relation implies that for a given y ∈ H the control f = Q^{T∗} [ A + V ]^{−1}y satisfies the equality W^{T∗} f = y, i.e. solves the boundary control problem (3.1) at the time T = T_∗.

Since the reachable set {u^f ( · , T ) | f ∈ F^T } doesn’t decrease as T grows, the problem is solvable for any T > T_∗. Theorem 1 is proved.

3.7 Comments.

• In terms of Control Theory, Theorem 1 establishes the exact boundary controllability of the system (2.1)–(2.3) and gives an estimate of the time of controllability T_{contr} ≤^{d (Ω)}_2 . The example of a tree consisting of unique edge controlled from both of its endpoints (with obvious T_{contr} =^{d (Ω)}_2 ) shows that this estimate is sharp. At the same time, it is not difficult to give examples realizing T_{contr} <^{d (Ω)}_2 .

• Our scheme may be easily adapted to the case of more general wave equation ρ u_{tt} − (μu_e)_e + qu = 0 with variable ρ, μ, q. The only modification required is to define the optical metric as dτ^2 =^ρ_μ |dx|^2.

• The author is grateful to S. A. Ivanov for useful discussions and to G. Leugering for kind consultations.

References

1. S. A. Avdonin and S. A. Ivanov. Families of exponentials. The Method of Moments in Controllability Problems for Distributed Parameter Systems. 1995, Cambridge: Cambridge University Press.

2. M. I. Belishev. Boundary control in reconstruction of manifolds and metrics (the BC-method). Inverse Problems, 13(5):R1–R45, 1997.

3. M. I. Belishev. Inverse problems on a class of graphs (trees) by the BC-method. PDMI PREPRINT– 07/2003, June 23, 2003, 32 p.

4. A. S. Blagovestchenskii. Inverse problems of wave processes. VSP, Nitherlands, 2001. 5. I. Ts. Gokhberg and M. G. Krein. Theory and Applications of Volterra Operators in Hilbert Space (transl. of Monographs 24). 1970, Providence, RI: AMS.

6. J. E. Lagnese, G. Leugering, and E. J. P. G. Schmidt. Modeling, Analysis, and Control of Dynamic Elastic Multi-Link Structures. 1994, Burkhausser, Boston–Basel–Berlin.

7. G. Leugering and E. Zuazua. On exact controllability of generic trees. In preparation, 2003.