PDMI PREPRINT — 23/2002

EXPANSIONS OF THE L^2 SPACES OVER GENERAL LÉVY PROCESSES, AND FOCK FACTORIZATIONS

Natalia TSILEVICH^1 Anatoly VERSHIK^2 St.Petersburg Department of St.Petersburg Department of Steklov Institute of Mathematics Steklov Institute of Mathematics 27 Fontanka, 191011, St. Petersburg 27 Fontanka, 191011, St. Petersburg Russia Russia

E-mail: natalia@pdmi.ras.ru E-mail: vershik@pdmi.ras.ru

December 25, 2002

Abstract

We construct explicitly and study the isometry between the spaces of square integrable functionals of an arbitrary Lévy process and a vector-valued Gaussian white noise. In particular, we obtain explicit formulas for this isometry at the level of multiplicative functionals and orthogonal decompositions, and find its kernel. The key role in our considerations is played by the notion of measure and Hilbert factorizations and related notions of multiplicative and additive functionals and logarithm. The obtained results allow us to introduce a canonical Fock structure (an analogue of the Wiener-Itô decomposition) in the L^2 space over an arbitrary Lévy process.

1Partially supported by RFBR grant 02-01-00093 and RFBR-DFG grant 99-01-04027. 2Partially supported by RFBR grants 02-01-00093 and 00-15-96090.

Contents

1 Introduction: the problem and main results 2

2 Basic definitions 5 2.1 Factorizations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 2.2 The first examples: Fock factorizations, Gaussian and Poisson processes . . . . . . . 7 2.3 The logarithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 2.4 General Lévy processes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

3 Canonical isometry between the factorizations generated by Gaussian and Poisson processes 12 3.1 The restriction of the canonical isometry onto the subspace of single-generated functionals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13 3.2 The restriction of the canonical isometry to the subspace of finitely-generated functionals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15 3.3 Logarithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15 3.4 Orthogonal decompositions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17 3.5 Kernel . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

4 The isometry for general Lévy processes 22

5 Representations of the current group SL(2, R)^X 24 5.1 The Fock model of the canonical representation . . . . . . . . . . . . . . . . . . . . . 25 5.2 The Lebesgue model of the canonical representation . . . . . . . . . . . . . . . . . . 26 5.3 An isomorphism of the Fock and Lebesgue models of the canonical representation . . 27

Appendix 27 A. Cycle index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27 B. Orthogonal polynomials . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

1 Introduction: the problem and main results

In this paper we prove that there is a natural isometry between the Hilbert spaces of square integrable functionals of two arbitrary random processes with independent values (Lévy processes) with the same number of points in the support of the Lévy measure and find explicit formulas for this isometry. More exactly, we describe the isometry between the L^2 space over an arbitrary Lévy process and the L^2 space over the (multidimensional) Gaussian white noise. The isometry is natural in the sense that the image of a functional depending only on the restriction of the first process to a certain subset of the base space also depends only on the restriction of the second process to the same subset; in other words, the isometry preserves the so-called Hilbert factorization determined by the process (see Sect. 2.1). The existence of such an isometry means, in particular, that the factorization determined by any Lévy process is isomorphic to the factorization generated by the (vector-valued) white noise, or, in other words, that the L^2 space over any Lévy process has a canonical Fock space structure, i.e., the orthogonal decomposition into subspaces similar to the Wiener–Itô subspaces (“chaoses”).

Though there are numerous (mostly technical) papers devoted to the construction of stochastic integrals and analogues of the Wiener–Itô decomposition for Lévy processes, the important fact of the isomorphism of factorizations remained up to now in the background. It is closely related to the remarkable Araki–Woods theorem [2] (though does not follow from it) which claims that a factorization having sufficiently many multiplicative vectors is isomorphic to a Fock factorization, see [2, 17, 4]. In probabilistic terms this condition means that the existence of the canonical Fock (or Wiener–Itô) structure in the L^2 space over any Lévy process follows from the totality of the set of multiplicative functionals of the process. Recall that a subset of a Hilbert space is called total if its linear span is everywhere dense, and that a functional of a process defined on an interval (set) X is called multiplicative if its value at an arbitrary realization of the process is equal to the product of its values at the restrictions of this realization to subsets forming an arbitrary finite partition of the whole interval (set) X (see Sect. 2.1 for a precise definition). A multiplicative functional of a Gaussian process is the exponential of a linear functional, however for a general Lévy process the set of multiplicative functionals is much wider (see Sect. 3.3).

The simplest example of the isometry under consideration is the isometry between the L^2 spaces over Poisson and Wiener processes. An analogy between the orthogonal structures in these spaces was observed in many papers; however the underlying isometry was not expicitly stated even in this case. The existence of this isometry was originally deduced from the equivalence of two realizations of the canonical representation of the groups of diffeomorphisms [21]; later it was studied in [8] in terms of the so-called holomorphic model of the Fock space (i.e., the Fock space realized as the Hilbert space of holomorphic functionals) which is more popular among physicists. Final explicit formulas for the isometry between the L^2 spaces over Poisson and Gaussian processes are apparently new.

The general case of the isometry between an arbitrary Lévy process and a Gaussian process of an appropriate dimension can be reduced to the above-mentioned Poisson–Gauss case by means of the Lévy–Khintchin decomposition, or Poissonian construction of Lévy processes. In this case we need to consider vector-valued white noises. Namely, the L^2 space over the Lévy process with Lévy measure Λ is naturally isometric to the L^2 space over the L^2(Λ)-valued white noise. In particular, in the case of a Poisson process this space is one-dimensional, hence the Poissonian factorization is isomorphic to the factorization generated by the ordinary (one-dimensional) Wiener process.

Explicit construction of the Fock–Wiener–Itô structure in the L^2 space over an arbitrary Lévy process, i.e., the decomposition of this space into an orthogonal sum of symmetric tensor powers of the first “chaos”, reduces to calculating the “logarithm” of multiplicative functionals, which yields additive functionals of the process, i.e., the space of the first chaos. However, the rule for calculating this “logarithm” substantially depends on the factorization, and in general it does not coincide with the ordinary logarithm (the coincidence takes place only for the Gaussian white noise; in this case the space of additive functionals coincides with the space of linear functionals). The existence of this “logarithm” for general Lévy processes is not obvious; the proof of the Araki–Woods theorem consists essentially in construction of this logarithm (in a slightly more general context); a more explicit version of this construction can be found in [17, Appendix A]. Below (Sect. 3.3) we calculate the logarithm for the Gaussian and Poisson cases (which, as we have mentioned above, exhaust the general case of Lévy processes).

To determine the isometry it suffices to establish a correspondence between the sets of multiplicative functionals, or between the linear subspaces of additive functionals (“first chaoses”); if we fix a bijection between the canonical bases in these subspaces, then the isometry is unique. The isometry can be also defined by a kernel, i.e., a generalized function in realizations of the two processes. This kernel for the Poisson–Gauss case is computed in Sect. 3.5; it is defined in purely combinatorial terms. The correspondence of chaoses in this case reduces to a correspondence between Hermite and Charlier functionals. The kernel is not positive, hence the isometry is neither Markovian, nor multiplicative operator.

Thus the only Hilbert invariant (i.e., invariant up to arbitrary isometries of the Hilbert space) of factorizations arising in the theory of Lévy processes is the dimension of the space L^2(Λ), i.e., the number of points in the support of the Lévy measure. For example, the stable and gamma processes generate the same factorization as a Wiener process with values in an infinite-dimensional Hilbert space. At the same time, the metric invariants of factorizations generated by Lévy processes, i.e., invariants up to measure-preserving transformations, are much more detailed; namely, two measure factorizations generated by Lévy processes with Lévy measures Λ_1 and Λ_2 are isomorphic if and only if (R, Λ_1 ) and (R, Λ_2 ) are isomorphic as measure spaces, see [4]. The metric classification of processes plays an important role in the theory of decreasing families of σ-fields (filtrations).

The established Fock structure in the L^2 spaces over Lévy processes and the isometry between these spaces and the L^2 spaces over Gaussian processes make unnecessary numerous special constructions of orthogonal decompositions (stochastic integrals) in each special case. The key point here is the notion of factorization which was overlooked by the researchers working in this field. Another important detail is that it does not make any difference over which base space the process is considered: it may be an arbitrary measure space, rather than an interval or the line as usual. In particular, the isometry under consideration applies to random fields. The only advantage of the one-dimensional situation is that in this case one may argue in terms of processes with independent increments, rather than independent values, and consider the Wiener process instead of the white noise, which is sometimes more convenient. However, we consider Lévy processes over an arbitrary base space.

One of the most important applications of isometries between the Hilbert spaces of functionals over various Lévy processes is the theory of representations of infinite-dimensional groups, namely, of current and gauge groups, and of Kac–Moody algebras. Unitary representations of these groups naturally generate Hilbert factorizations, and they are usually realized in the Fock space. The realizations of the Fock space as the L^2 space over the white noise or as the space of holomorphic functions in infinitely many variables are only two of possible models. If we fix an arbitrary commutative subgroup (subalgebra) of the infinite-dimensional group (algebra), and construct the representation of this algebra where this subgroup (subalgebra) is diagonalized, then we obtain immediately one of these models. For instance, the commutative model of the canonical representation of the group of SL(2, R)-currents (see [19]) with respect to the subgroup of unipotent matrices yields the isometry of the L^2 spaces over the infinite-dimensional white noise and the gamma process (see [5], and also §5). In particluar, this observation led to discovering new symmetry properties of the gamma process. This example is considered in detail in [15].

It should be mentioned that not only vector-valued Lévy processes, but also processes with independent values in Lie groups and even in infinite-dimensional groups generate Fock-type factorizations. More precisely, it is proved ([16, Theorem 1.6]) that the factorizations generated by Gaussian processes (white noises) with values in the infinite-dimensional unitary group and its continuous subgroups (in particular, in locally compact separable groups) are of Fock type; the question for general groups is still open. At the same time, in [17] there were discovered non-Fock metric factorizations, in dimensions 0 and 1, which have no nonconstant multiplicative and additive functionals. These factorizations are not generated by any group-valued random processes, they are of more complicated nature (the so-called “black noise”).

In conclusion we would like to say some words on the combinatorial and analytical aspects of the problem. The isometry under consideration for a general Lévy process with Lévy measure Λ can be stated in a very explicit form if the moment problem for the measure t^2dΛ(t) is definite. In this case we can consider the basis of orthogonal polynomials in L^2(R_+ , t^2dΛ(t)), and obtain interesting relations between orthogonal polynomials with respect to various measures on R (see, for instance, (14)). The most important role is played by the Hermite and Charlier polynomials. Combinatorial aspects of stochastic integrals for a wide class of processes were considered in [11].

The paper is organized as follows.

§2 contains the necessary background on factorizations and processes with independent values. We also give the definition of the logarithm determined by a factorization. In §3 we consider the fundamental special case — the canonical isometry between the spaces of square integrable functionals over Poisson and Gaussian processes. For both processes we compute all the above-mentioned characteristics (multiplicative and additive functionals, logarithm, orthogonal decomposition). As model cases, we consider the finite-dimensional analogues of the processes which correspond to a finite base space. We would like to draw the reader’s attention to formula (14) for the classical Hermite and Charlier orthogonal polynomials, which is apparently new. Formula (27) for the kernel is doubtless new. There are several proofs of this formula including a purely combinatorial one. In §4 we study the isometry for a general Lévy process; this requires no substantially new ideas, since a well-known construction allows one to represent a general Lévy process as a vector-valued Poisson process. Though this representation is well-known, it was not apparently realized that the L^2 space over a general Lévy process with Lévy measure Λ is isometric to the L^2 space over a L^2(R_+ , Λ)-valued Wiener process. Thus all formulas in the general case merely reproduce the corresponding formulas for the Poisson–Gauss case. Finally, in §5 we consider a representationtheoretic application of the isometry between the Fock space and the space of square integrable functionals over the gamma process. In fact, it was this example that gave rise to the series of papers [19, 20, 21, 22, 5, 15] resulting in the present understanding of the whole situation.

2 Basic definitions

2.1 Factorizations

We will consider two types of factorizations: Hilbert factorizations and measure factorizations.

Given a Hilbert space H, denote by B(H) the algebra of all bounded linear operators on H, and by R(H), the lattice of all von Neumann algebras on H (recall that the lattice operations in R(H) are as follows: R_1 ∧R_2 = R_1 ∩R_2, and R_1 ∨R_2 = (R_1 ∪R_2)^{′′}, where R^′ = {a ∈ B(H) : ar = ra ∀r ∈ R} is the commutant of R). The following definition of a Hilbert factorization goes back to von Neumann.

Definition 1. A (type I) Hilbert factorization of a Hilbert space H over a Boolean algebra A is a map ξ : A → R(H) such that each ξ(A) is a type I factor, and

• ξ(A_1 ∧ A_2) = ξ(A_1) ∧ ξ(A_2);

• ξ(A_1 ∨ A_2) = ξ(A_1) ∨ ξ(A_2);

• ξ(A^′) = ξ(A)^′;

• ξ(0_A) = {α · Id_H, α ∈ C } = 1_H^1, where Id_H is the identity operator in H;

1The algebra {α · IdH, α ∈ C } is traditionally denoted by 1H, though it is the zero of the lattice of von Neumann algebras in H.

• ξ(1_A) = B(H) for all A, A_1, A_2, . . . ∈ A. A factorized Hilbert space (H, ξ) is a Hilbert space H equipped with a Hilbert factorization ξ of its operator algebra.

The notion of a measure factorization was introduced by Feldman [4]. We follow the presentation of [17].

Definition 2. Let (Ω, A, P) be a probability space. Denote by Σ(P) the complete lattice of all subσ-fields of A containing all negligible sets. A measure factorization of (Ω, A, P) over a Boolean algebra A is a map ζ : A → Σ(P) such that for all A, A_1, A_2, . . . ∈ A the following conditions (not independent) hold:

• ζ(A_1 ∧ A_2) = ζ(A_1) ∧ ζ(A_2);

• ζ(A_1 ∨ A_2) = ζ(A_1) ∨ ζ(A_2);

• if A_1 ∧ A_2 = 0, then ζ(A_1) and ζ(A_2) are independent;

• ζ(0_A) = A_0 (the trivial σ-field), ζ(1_A) = A;

• if A_1 ∧ A_2 ∧ . . . = 0 and A_1 ∨ A_2 ∨ . . . = A, then ζ(A) = ζ(A_1) ∨ ζ(A_2) ∨ . . .. A factorized measure space (Ω, A, P, ζ) is a probability space equipped with a measure factorization ζ over some Boolean algebra A.

The most important examples are factorizations over the Boolean algebra B of Borel sets of a standard Borel space (X, B), and over the algebra of mod0 classes of measurable subsets of a Lebesgue space (X, ν). In this paper we consider only factorizations of these types. Moreover, in all our examples, a factorization over a Borel space can be extended to a factorization over the corresponding Lebesgue space (in fact, this is a consequence of the fact that all factorizations considered in this paper turn out to be Fock factorizations, see below).

Definition 3. 1) Two factorized Hilbert spaces (H_1, ξ_1) and (H_2, ξ_2) over Boolean algebras A_1 and A_2 respectively, are called isomorphic if there exists an isomorphism of Boolean algebras S : A_1 → A_2 and an isometry of the Hilbert spaces T : H_1 → H_2 such that the following diagram (where T̄ is the operator from R(H_1) to R(H_2) generated by T ) is commutative: A_1^S−−−−→ A_2 ξ_1 ξ_2 R(H_1)^{T̄}−−−−→ R(H_2). 2) In a similar way, two factorized measure spaces (Ω_1, A_1, P_1, ζ_1) and (Ω_2, A_2, P_2, ζ_2) over Boolean algebras A_1 and A_2 respectively, are called isomorphic if there exists an isomorphism of Boolean algebras S : A_1 → A_2 and an isomorphism of measure spaces T : (Ω_1, A_1, P_1) → (Ω_2, A_2, P_2) such that the following diagram is commutative: A_1^S−−−−→ A_2 ζ1 ζ2 Σ(P_1)^T−−−−→ Σ(P_2).

3) If two factorizations (Hilbert or measure) are defined over the same Boolean algebra A, and S is the identity automorphism, then the corresponding isomorphism T is called special.

The following lemma is obvious.

Lemma 1. Each measure factorization (Ω, A, P, ζ) over a Boolean algebra A generates a Hilbert factorization in H = L^2(Ω, P) over the same Boolean algebra A. Namely, for each A ∈ A, let H_A = L^2(Ω, ζ(A), P|_{ζ(A)}) ⊂ L^2(Ω, A, P). Then the map ξ : A → R(H) given by

ξ(A) = B(H_A) ⊗ 1_{HA′} (1)

is a Hilbert factorization in H.

In this paper we deal only with Hilbert factorizations of this type. Note that nonisomorphic measure factorizations may generate isomorphic Hilbert factorizations, since not every isometry of L^2 spaces is generated by some isomorphism of the underlying measure spaces. Remark. In fact, a measure factorization is a triple (ξ, Z, ψ), where ξ : A → B(H) is a Hilbert factorization, Z ⊂ B(H) is a maximal commutative subalgebra, and ψ ∈ H is a factorizable vector (see Definition 4 below) such that Z ∩ ξ(A) is a maximal commutative subalgebra of ξ(A) for each A ∈ A, and ψ is Z-cyclic.

The key role in the study of factorizations is played by the notion of multiplicative and additive functionals.

Definition 4. Let (Ω, A, P, ζ) be a factorized measure space over a Boolean algebra A. A measurable function F : Ω → C is called an additive (resp., multiplicative) functional if for any finite partition A_1, . . . , A_n of the unity element 1_A there exist functions F_{A1} , . . . , F_{An} : Ω → C such that F_{Ak} is ζ(A_k)-measurable, and F = F_{A1} + . . . + F_{Ak} (resp., F = F_{A1} · . . . · F_{Ak} ).

Given a Hilbert factorization (H, ξ) over A, a vector h ∈ H is called factorizable if for any finite partition A_1, . . . , A_n of 1_A there exist vectors h_{Ai} ∈ H_{Ai} such that h = h_{A1} ⊗ . . . ⊗ h_{An} .

If a factorized Hilbert space (L^2(Ω, P), ξ) is generated by a factorized measure space (Ω, A, P, ζ) as in Lemma 1, then the set of factorizable vectors in L^2(Ω, P) coincides with the set of square integrable multiplicative functionals in (Ω, A, P, ζ). Since in this paper we consider only Hilbert factorizations of this type, we will use the term “multiplicative functionals” for factorizable vectors in L^2(Ω, P).

2.2 The first examples: Fock factorizations, Gaussian and Poisson processes

Fock spaces and Fock factorizations

The (boson) Fock space EXP H over a Hilbert space H is defined as EXP H = S^0H ⊕ S^1H ⊕ . . . ⊕ S^nH ⊕ . . . , where S^nH is the nth symmetric tensor power of H. Given h ∈ H, let

EXP h = 1 ⊕ h ⊕ 1 √ 2! h ⊗ h ⊕ 1 √ 3! h ⊗ h ⊗ h ⊕ . . . . The vectors {EXP h}_{h∈H} are linearly independent, and

(EXP h_1, EXP h_2)_{EXP H} = exp(h_1, h_2)_H , where (·, ·)_{EXP H} stands for the scalar product in EXP H. In particular,

‖ EXP h‖^2 = exp ‖h‖^2.

The principal example of a Hilbert factorization is given by the following construction.

Definition 5. Given a Lebesgue space (X, ν), consider the direct integral of Hilbert spaces K = ∫_⊕ K(x)dν(x), and the corresponding Fock space H = EXP K. For each measurable A ⊂ X, let H_A = EXP K(A), where K(A) = ∫_⊕ A K(x)dν(x), and set ξ(A) = B(H_A) ⊗ 1_{HA′} . The obtained Hilbert factorization (H, ξ) is called a Fock factorization.

In particular, if dim K(x) ≡ 1, then H = EXP L^2(X, ν), and H_A = EXP L^2(A, ν_A), where ν_A is the restriction of ν to A. More generally, if dim K(x) ≡ n (n = 1, 2, . . . , ∞), then H can be identified with EXP L^2((X, ν); H), where H is a Hilbert space with dim H = n, and L^2((X, ν); H) is the space of square integrable H-valued functions on (X, ν). The corresponding factorization is called a homogeneous Fock factorization of dimension n.

Fock factorizations are characterized by the following well-known theorem.

Theorem 1 (Araki–Woods [2]). 1) A Hilbert factorization (H, ξ) over a nonatomic Boolean algebra A is a Fock factorization if and only if the set of factorizable vectors is total in H.

2) The complete invariant of a Fock factorization is its spectrum, i.e., {n ∈ {0, 1, . . . ; ∞} : ν({x : dim K(x) = n}) > 0}. That is, two Fock factorizations are isomorphic if and only if their spectra coincide.

The total set of multiplicative (factorizable) vectors in the Fock space H = EXP K is M = {c · EXP h, h ∈ K, c ∈ C }. On the groups of automorphisms of factorizations

According to Definition 3, the group AUT(H, ξ) of automorphisms of a factorized Hilbert space (H, ξ) over a Boolean algebra A consists of isometries T of H such that T̄ ∘ ξ = ξ ∘ S for some automorphism S of A (recall that T̄ stands for the operator in R(H) generated by T ). The subgroup SAUT(H, ξ) of special automorphisms consists of automorphisms that leave the base unchanged: T̄ ξ(A) = ξ(A) for all A ∈ A (i.e., S is the identity automorphism of A). The subgroup SAUT_ψ(H, ξ) ⊂ SAUT(H, ξ) consists of special automorphisms of (H, ξ) that leave a multiplicative vector ψ ∈ H (the vacuum) unchanged.

Remark. If the Hilbert factorization is generated by a measure factorization as in Lemma 1, then we may consider also the group of automorphisms of the underlying measure factorization, which is obviously a subgroup of AUT(H, ξ). This group may be different for different measure factorizations generating the same Hilbert factorization. For example, the measure factorization generated by the Gaussian white noise has the greatest group of isomorphisms among the measure factorisations generating the same Fock factorization.

For a Fock factorization, the groups SAUT(H, ξ) and SAUT_ψ(H, ξ) were computed in [1].

Proposition 1. For a homogeneous Fock factorization in H = EXP L^2((X, ν); H), the group AUT(H) of automorphisms consists of operators of the form EXP h → e^{ib− ‖ψ‖2 −(ψ,Uh(S−1·))} · EXP(Uh(S^{−1}·) + ψ), (2) where b ∈ R, ψ ∈ L^2((X, ν); H), S is an isomorphism of the measure space (X, ν), and U is a unitary operator in L^2((X, ν); H) that commutes with all projections P_A to subspaces of the form L^2((A, ν_A); H), where A is a measurable subset of X, and ν_A is the restriction of ν to A.

The subgroup SAUT(H) consists of operators (2) with S = Id (the identity map in X), and SAUT_1(H) is the subgroup of SAUT(H) with ψ = 0.

Remark. In particular, if dim H = 1, that is, we have a Fock space H = EXP L^2(X, ν) of dimension 1, then the Spectral Theorem implies that U is a multiplicator h(·) → a(·)h(·) by a measurable function a : X → C with |a| ≡ 1. Thus AUT(H) is isomorphic to the semidirect product (Aut(X, ν) ⋌ T^X ) ⋌ (L^2(X, ν) ⋌ T), where the semidirect product of the additive group of the Hilbert space L^2(X, ν) with the unit circle T = {e^{ib}, b ∈ R} is determined by the cocycle c((ψ_1, b_1), (ψ_2, b_2)) = b_1 + b_2 − Im(ψ_2, ψ_1); Aut(X, ν) is the group of isomorphisms of the measure space (X, ν) which acts on T^X = {a : X → C : |a(x)| ≡ 1} as Sa(·) = a(S^{−1}·), and the pair (S, a) sends (ψ, b) to (a(·)ψ(S^{−1}·), b).

Gaussian white noise

Let (X, ν) be a standard Borel space with a continuous finite positive measure. Consider the Gaussian white noise on the space (X, ν), that is, the standard Gaussian measure μ in the nuclear extension Ĥ of the Hilbert space L^2(X, ν) with Fourier transform E e^{i⟨h,·⟩} dμ(·) = e^{− 12 ‖h‖2} , h ∈ L^2(X, ν), (3) where ⟨h, ·⟩ is the linear functional on Ĥ defined by a vector h ∈ L^2(X, ν), and ‖h‖ is the norm of h in L^2(X, ν).

It is well-known that the space L^2(Ĥ, μ) of square integrable functionals of the white noise is canonically isomorphic to the Fock space EXP H, where H = L^2(X, ν). This isomorphism is given by the formula EXP h ↔ e^{− ‖h‖} 2 2 +⟨h,·⟩. (4) In particular, the vacuum vector EXP 0 corresponds to the unity function 1 ∈ L^2(Ĥ, μ), and the nparticle subspace S^nH is identified with the subspace of L^2(Ĥ, μ) spanned by n-multiple stochastic integrals, i.e., by generalized Hermite functionals of order n, see Sect. 3.4. It is worth mentioning that the structure of a unitary ring in L^2(Ĥ, μ) is described axiomatically in [18].

The following well-known proposition is a consequence of the isomorphism (4) between L^2(Ĥ, μ) and EXP L^2(X, ν).

Proposition 2. The Gaussian white noise on an arbitrary Lebesgue space (X, ν) generates a Fock factorization.

In particular, the set of multiplicative functionals in the L^2 space over the Gaussian white noise on (X, ν) is {c · e^{⟨h,·⟩}, h ∈ L^2(X, ν), c ∈ C }, and the set of additive functionals is {c · ⟨h, ·⟩, h ∈ L^2(X, ν), c ∈ C } (see Sect. 3.3).

Poisson process

By definition, a point configuration in X is a (non-ordered) empty, finite, or countable set of points of X with positive (integral) multiplicities. Denote by E = E(X) the set of all point configurations on X.

The point Poisson process on the space X with mean measure ν (in short, the Poisson process on (X, ν)) is a random configuration ω ∈ E such that

• for each measurable A ⊂ X, Prob{#{ω ∩ A} = n} =^{ν(A)n}_{n!} e^{−ν(A)};

• for any disjoint measurable subsets A_1, . . . , A_n ⊂ X, the random variables #{ω ∩ A_k}, k = 1, . . ., n, are independent.

Let P be the distribution of this Poisson process (a probability measure in E).

2.3 The logarithm

In this section we describe the operation of “logarithm”, introduced in [17], which allows one to construct the space of additive functionals of a factorized measure space (Ω, A, P, ζ), given the set of multiplicative functionals. For example, if the set of multiplicative functionals is total in L^2(Ω, P), then, by the Araki–Woods theorem, the corresponding Hilbert factorization of L^2(Ω, P) is a Fock factorization, and Theorem 2 allows one to construct the first chaos, and hence to recover the whole Fock structure in L^2(Ω, P) by means of the standard orthogonalization process (see Sect. 3.4). The operation of logarithm depends substantially on the factorization. In general it does not coincide with the ordinary logarithm.

Let (Ω, A, P, ζ) be a factorized measure space over a Lebesgue space (X, ν). Denote by A the space of all square integrable additive functionals, and by M the space of all square integrable multiplicative functionals on this factorized space. Given F ∈ M, denote by F_A(·) the ζ(A)- measurable function from the definition of a multiplicative functional (it is defined uniquely up to scalar factor). For each measurable A ⊂ X, let m_F (A) = log E |F_A (·)|^2 − log |E F_A (·)|^2. Then m_F is a nonatomic measure on X ([17, Lemma A2]).

Theorem 2 ([17], Theorem A6). There is a natural one-to-one correspondence LOG_ζ : M → A. Given F ∈ M with EF = 1,

LOG_ζ F (·) = lim

max m_F (A_k)→0 ∑ k (F_{Ak} (·) − 1) in L^2(Ω, P), (5)

where A_1, . . . , A_k is a measurable partition of X, and each F_{Ak} is assumed to be normalized so that E F_{Ak} (·) = 1.

In Sect. 3.3 we use this theorem to compute additive functionals for Gaussian and Poisson processes.

Note that multiplicative and additive functionals can be defined in an obvious way for general processes. However, if the process is not with independent values, then it does not determine a factorization, so that formula (5) does not make sense, and the logarithm is not defined.

Thus if we have two factorized measure spaces with isomorphic Hilbert factorizations of the corresponding L^2 spaces, then this isomorphism can be determined by indicating the correspondence either between multiplicative functionals, or between additive functionals, or between all chaoses. We will construct all these correspondences for the Poisson–Gauss and Lévy–Gauss isomorphisms.

2.4 General Lévy processes

Let (X, ν) be a metric space with a continuous finite measure ν. Denote by F the space of bounded continuous functions on X, and by F^′, the corresponding space of distributions on F.

Let Π be a Borel measure on R with Π({0}) = 0 and ∫ R t^2 1+t^2 dΠ(t) < ∞. The homogeneous

process with independent values (without Gaussian component) on the space (X, ν) corresponding to the Lévy–Khintchin measure Π is a generalized process on F^′ such that for all a ∈ F E e^{i⟨a,·⟩} = exp (∫ X log ϕ(a(x))dν(x) ) , where log ϕ(y) = iαy + ∫ R ( e^{ity} − 1 − ity 1 + t^2 ) dΠ(t). The following lemma is well-known.

Lemma 2. Let η be an arbitrary process with independent values on a standard Borel space (X, B) with a continuous finite measure ν. For each A ∈ B, let ζ(A) be the σ-field generated by the restriction of η to A. Then ζ is a measure factorization over the Borel algebra B which can be extended to a measure factorization over the algebra of mod0 classes of measurable functions (i.e., over the corresponding Lebesgue space).

According to general construction of Lemma 1, η defines also a Hilbert factorization ξ in the space of square integrable functionals H = L^2(η) of the process; namely, ξ(A) = B(H_A) ⊗ 1_{HX\A} , where H_A is the set of square integrable functionals that depend only on the restriction of η to A.

A very important problem is to classify processes according to the corresponding factorizations. It turns out that all processes with independent values generate Fock factorizations, and the complete invariant of this Fock factorization is the number of points in supp Π. We will give a constructive proof of this theorem in a particular case of Lévy processes (Theorem 6). In particular, the Poisson and Gaussian processes generate isomorphic factorizations, since in both cases the support of the Lévy-Khintchin measure Π consists of a single point.

Note that the measure factorizations generated by processes with independent values with the same cardinality of supp Π need not be isomorphic. For example, Poisson and Gaussian processes generate nonisomorphic measure factorizations. The result of Feldman [4] claims that two measure factorizations generated by processes with independent values are isomorphic if and only if the measure spaces (R, Π_1 ) and (R, Π_2 ), where Π_1 and Π_2 are the corresponding Lévy–Khintchin measures, are isomorphic.

Lévy processes are a particular case of processes with independent values corresponding to subordinators for X = R_+ . Let Λ be a measure on R_+ such that ∫_∞ 0 (1 − e^{−s})dΛ(s) < ∞. A Lévy process on (X, ν) with Lévy measure Λ is a generalized process on F^′ such that E e^{−⟨a,η⟩} = exp (∫ X log ψ_Λ(a(x))dν(x) ) , a ∈ F, a ≥ 0, (6) where ψ_Λ is the Laplace transform of the infinitely divisible distribution F_Λ with Lévy measure Λ:

ψ_Λ(t) = exp ( − ∫_∞ 0 (1 − e^{−ts})dΛ(s) ) .

The following explicit Poissonian construction of Lévy processes (see [7, Ch. 8]) plays a key role in our considerations. Consider a Poisson point process on the space X × R_+ with mean measure ν × Λ. We associate with a realization Π = {(X_i, Z_i)} of this process the element η = ∑ (X_i,Z_i)∈Π Z_iδ_{Xi} ∈ F^′. (7)

Then η is the Lévy process with Lévy measure Λ. In particular, it follows that the law P_Λ of the Lévy process is concentrated on the cone D^+, where D = {∑ z_iδ_{xi} , x_i ∈ X, z_i ∈ R, ∑ |z_i| < ∞ }

is the real linear space of all finite real discrete measures on X, and D^+ = { ∑ z_iδ_{xi} ∈ D : z_i > 0} ⊂ D is the cone in D consisting of all positive measures.

3 Canonical isometry between the factorizations generated by Gaussian and Poisson processes

In this section we study the isometry between the spaces of square integrable functionals of the Gaussian and Poisson processes with the same base space. Many authors observed that these spaces have many common features. However, the isometry was first established in [21] from representation-theoretic considerations, and explicitly described in [8] as an isometry between the L^2 space over the Poisson process and the holomorphic model of the boson Fock space.

From now on we fix the base space (X, ν) which is a standard Borel space with a finite positive continuous measure ν.

Theorem 3. There exists a unity-preserving isometry (isomorphism of Hilbert factorizations)

Φ : L^2(Ĥ, μ) → L^2(E, P).

On the set of multiplicative functionals it is given by the following formula: for each h ∈ L^2(X, ν), Φ : e^{<h,·>− ‖h‖} 2 2 → ∏ x∈ω (1 + h(x)) · e^− ∫ h(x)dν(x), ω ∈ E. (8)

This is the unique unity-preserving special real (i.e., preserving the real subspace of real-valued functionals) isomorphism of Hilbert factorizations in L^2(Ĥ, μ) and L^2(E, P).

Proof. Formula (8) follows from the description of the boson–Poisson correspondence, which was given in [8] in terms of the holomorphic model of the Fock space, and formula (4) for the isomorphism between L^2(Ĥ, μ) and the boson Fock space. It is also easy to verify directly that the map defined by (8) is an isomorphism with desired properties.

Obviously, any two isomorphisms with desired properties differ from each other by a vacuumpreserving special automorphism of the Fock factorization in EXP H, where H = L^2(X, ν). Thus the uniqueness part follows from Proposition 1.

Remark. In particular, we obtain that the set of multiplicative functionals in L^2(E, P) is {c · ∏ x∈ω(1 + h(x)), h ∈ L^2(X, ν)}.

Our purpose is to study the isometry (8) in more detail. In particular, we would like to find its kernel, that is, a (generalized) function K(ω, f) on E × Ĥ such that for every F ∈ L^2(E, P)

(Φ^{−1}F )(·) = ∫ E K(ω, ·)F (ω)dP(ω). (9) Given a process η with independent values on (X, ν), a functional F ∈ L^2(η) is called singlegenerated if it depends only on the integral of η over the whole space X. Similarly, F is called finitely generated if there is a finite measurable partition X = A_1 ∪ . . . ∪ A_n such that F depends only on the integrals of η over A_1, . . . , A_n. Clearly, each factorizable map on L^2(η) must preserve the set of n-generated functionals. Moreover, L^2(η) is the projective limit of the subspaces of finitely-generated functionals with respect to refinement of partitions.

3.1 The restriction of the canonical isometry onto the subspace of single-generated functionals

Since the isometry (8) preserves the subspaces of single-generated functionals, we may consider its restriction to this subspace. If η is the Gaussian process on the space (X, ν) with ν(X) = a, then η(X) is the random Gaussian variable with zero mean and variance a, and the subspace of single-generated functionals is naturally isometric to the L^2 space over the Gaussian process on the space consisting of a single point with weight a. Analogously, the subspace of single-generated functionals of the Poisson process ω on (X, ν) is isomertric to the L^2 space over the Poisson process on the same one-point space. Let us consider this situation in detail.

Let X = {x} be a one-point space, and ν(X) = a. Then Ĥ = R, and μ is the ordinary normal law on R with zero mean and variance a, so that L^2(Ĥ, μ) = L^2(R, N(0, a)).

On the other hand, in this case we have E = Z_+, and P is the Poisson distribution P_a on Z_+ with parameter a, so that L^2(E, P) is the space of sequences b = {b_n}_{n≥0} with scalar product (b, b^′) = e^{−a} ∞∑ n=0 a^n n! b_nb^′_n. Formula (8) takes the following form: for all t ∈ R e^{tx− at22} ↔ { e^{−at}(1 + t)^k }_∞ k=0 . (10)

The left-hand side of (10) is the generating function for the Hermite polynomials H^a_n(x), and the right-hand side, the generating function for the Charlier polynomials C^a_n(k) (see Appendix, (50), (54)). These polynomials constitute orthogonal families in L^2(R, N(0, a)) and L^2(Z_+, P_a), respectively, and ‖H^a_n‖^2_{L2(R,N(0,a))} = ‖C^a_n‖^2_{L2(Z+,Pa)} = a^nn!, hence

Φ(H^a_n) = C^a_n. (11)

We see that formula (10) is precisely the expression of (11) in terms of generating functions.

Proposition 3. The kernel (9) of the unitary isomorphism between L^2(R, N(0, a)) and L^2(Z_+, P_a) is given by the formula K^a(k, x) = e^{− a2 −x} H^a_k (x + 2a) a^k . (12)

Proof. Observe that if ν_1 and ν_2 are arbitrary measures on R with finite moments, and P^{(j)}_n are the orthonormalized polynomials with respect to ν_j , j = 1, 2, then the kernel of the unitary isomorphism between L^2(R, ν_1 ) and L^2(R, ν_2 ) is given by the formula K(x, y) = ∞∑ n=0 P^{(1)}_n (x)P^{(2)}_n (y),

provided that the series converges in L^2(R, ν_1 ) for each y.

Thus let us consider the series_∞ ∑ n=0 H^a_n(x)C^a_n(k) a^nn! . We would like to prove that this series converges in L^2(R, N(0, a)) for each k ∈ Z_+. Since H^a_n are orthogonal polynomials in L^2(R, N(0, a)), and ‖H^a_n‖^2 = n!a^n, it suffices to check that ∞∑ n=0 |C^a_n(k)|^2 a^nn! < ∞. (13)

But in view of (56),^{|Can(k)|2}_{an} = |C^a_k (n)|^2a^{n−2k} ≤ const · n^{2k}a^{n−2k}, since C^a_k is a polynomial of degree k, and (13) follows immediately.

Thus we have K(k, x) := K^a(k, x) = ∞∑ n=0 H^a_n(x)C^a_n(k) a^nn! . Consider the generating function K(t, x) = ∞∑ k=0 t^k k! K(k, x). Changing the order of summation yields K(t, x) = ∞∑ n=0 H^a_n(x) n! ∞∑ k=0 t^k k! C^a_n(k) a^n . In view of (56) and (54), the internal sum equals ∞∑ k=0 (−1)^{n+k} t^k a^kk! C^a_k (n) = (−1)^ne^t ( 1 − t a )_n . Thus K(t, x) = ∞∑ n=0 H^a_n(x)a^n n! ( t a − 1 )_n e^t = exp ( 2t + tx a − x − t^2 2a − a 2 )

which coincides in view of (50) with the generating function for e^{− a}2^{−x Hak (x+2a)}_{ak} .

Remark. Formula (12) can also be checked directly using a known formula (see, e.g., [12, formula 7.377 of the fourth Russian edition]) 1 √ 2π ∫_∞ −∞ e^{− x22} H_n(x + a)H_m(x + b)dx = m!(−b)^{n−m}L^{n−m}_m (−ab), m ≤ n, where L^α_n(x) is a Laguerre polynomial with parameter α, and the formula C^a_n(x) = n!L^{x−n}_n (a) relating the Charlier and Laguerre orthogonal polynomials.

Corollary 1. We have proved the following identity for the Hermite and Cahrlier orthogonal polynomials_∞ ∑ n=0 H^a_n(x)C^a_n(k)a^n n! = e^{− a2 −x} H^a_k (x + 2a) a^k . (14)

In particular, denoting C_n(·) = C^1_n(·), we obtain ∞∑ n=0 H_n(x)C_n(k) n! = e^{− 12 −x}H_k(x + 2). (15)

Thus in the case of a one-point space X we have the description of the Gauss–Poisson isomorphism at three levels:

• correspondence of multiplicative functionals: (10); • correspondence of orthogonal polynomials: (11); • explicit kernel: (12).

Our purpose is to obtain the formulas of the second and third level for general spaces.

3.2 The restriction of the canonical isometry to the subspace of finitely-generated functionals Let us consider a measurable partition X = A_1 ∪ . . . ∪ A_m of the space X with ν(A_j ) = a_j , and the corresponding subspaces of finitely-generated functionals in L^2(Ĥ, μ) and L^2(E, P). Then we arrive at the following situation.

Let the space X = {s_1, . . ., s_m} consist of m points with measures ν(s_j) = a_j, j = 1, . . ., m. Then

L^2(Ĥ, μ) = m⨂ j=1 L^2(R, N(0, a_j )),

L^2(E, P) = m⨂ j=1 L^2(Z_+, P_{aj} ), m∏ j=1 H^{aj}_{kj} (·) ↔ m∏ j=1 S^{aj}_{kj} (·), and for k = (k_1, . . ., k_m) ∈ Z^n_+, and x = (x_1, . . ., x_m) ∈ R^n , K(k, x) = m∏ j=1 e^{− aj2 −xj} H^{aj}_{kj} (x_j + 2a_j ) a^{kj}_j . (16)

3.3 Logarithm In this section we apply the logarithm construction of Theorem 2 to compute the sets of additive functionals for Gaussian and Poisson processes.

Poisson process In this case (Ω, P) = (E(X), P), and normalized multiplicative functionals are given by the formula F_A(ω) = ∏ x∈ω∩A (1 + h(x))e^− ∫ A h(x)dν(x), h ∈ L2(X, ν),

for each measurable A ⊂ X. Lemma 3. LOG F_A(ω) = ∑ x∈ω∩A h(x) − ∫ A h(x)dν(x). Proof. Denote the right-hand side by G_A(ω). Note that ‖ ∑ k (F_{Ak} (·) − 1) − G(·)‖^2 = ‖ ∑ k (F_{Ak} (·) − 1 − G_{Ak} (·))‖^2 = ∑ k ‖F_{Ak} (·) − 1 − G_{Ak} (·)‖^2, since the restrictions of the Poisson process to disjoint subsets are independent. Using Campbell’s theorem for sums and products over Poisson processes (see, e.g., [7], Sect. 3.2, 3.3), it is not difficult to compute that in our case m_F (A) = ∫ A h^2(x)dν(x), and ‖F_{Ak} (·) − 1 − G_{Ak} (·)‖^2 = e^{mF (Ak)} − 1 − m_F (A_k).

Assume that m_F (A_k) < δ for all k. Then for δ small enough we have ‖F_{Ak} (·) − 1 − G_{Ak} (·)‖^2 < C · m_F (A_k)^2.

Hence ‖ ∑ k (F_{Ak} (·) − 1) − G_{Ak} (·)‖^2 ≤ C · ∑ k m_F (A_k)^2 ≤ C · ∑ k δ · ∫ A_k h^2(x)dν(x) ≤ C · ‖h‖^2 · δ, which is arbitrarily small for sufficiently small δ, and we are done.

Thus we obtain that the space of additive functionals (“the first chaos”) of the Poisson process is { ∑ x∈ω h(x) − ∫ X h(x)dν(x), h ∈ L^2(X, ν) } . (17)

Gaussian process Let us now compute the logarithm for Gaussian processes. In this case a normalized multiplicative functional is given by the formula F_A(η) = e^{⟨h,ηA⟩− 12} ∫ A h^2(x)dν(x), h ∈ L2(X, ν), where η_A is the restriction of η to A ⊂ X.

Lemma 4. LOG F (η) = ⟨h, η⟩.

Proof. Let G_A(η) = ⟨h, η_A⟩. It is easy to compute that in this case m_F (A) = log E ‖e^{⟨h,ηA ⟩− 12} ∫ A h^2(x)dν(x)‖2 = ∫ A h^2(x)dν(x), and ‖F_A(·) − 1 − G_A(·)‖^2 = E‖e^{⟨h,ηA ⟩− 12} ∫ A h^2(x)dν(x) − 1 − ⟨h, η A⟩‖^2 = e^{mF (A)} − 1 − m_F (A),

exactly as in the Poissonian case, so the proof just reproduces the proof of Lemma 3.

3.4 Orthogonal decompositions

In this section we state the canonical isometry (8) at the level of orthogonal decompositions. By orthogonal decomposition we mean the result of the orthogonalization process starting from the subspace of additive functionals, i.e., from the first chaos. The problem of constructing such a decomposition for general processes with independent values can be addressed within the following general scheme.

Let ϕ be an arbitrary process with independent values on X (which can be regarded as a random measure on X). We will construct an orthogonal decomposition in the space L^2(ϕ) of square integrable functionals of this process. Set H_0 = C . Let H_1 the subspace of centralized (i.e., orthogonal to constants) additive functionals in the factorization ζ generated by η (if we are given the set M of square integrable multiplicative functionals in ζ, then the space H_1 of centralized square integrable additive functionals can be obtained by the logarithm construction from Theorem 2). Assuming that we have already constructed H_1, . . . , H_{n−1}, the next space H_n is defined as the orthogonal complement to H_1 ⊕. . .⊕H_{n−1} in the subspace spanned by the functionals of order n, that is, products of n additive functionals: H_n = {F_1(ϕ) · . . . · F_n(ϕ), F_k ∈ H_1} ⊖ (H_0 ⊕ . . . ⊕ H_{n−1}). The space H_n is called the space of generalized n-multiple stochastic integrals of the process ϕ, or the nth chaos of ϕ. We have L^2(ϕ) = ⊕^∞_{n=0}H_n.

Note that for general Lévy processes the space of additive functionals H_1 is wider than the space of linear functionals L_1 (see §4). If we carry out the above orthogonalization process with H_1 replaced by L_1, then the nth subspace L_n will be the space of ordinary n-multiple stochastic integrals of ϕ, but the sum of this subspaces will not exhaust the whole space L^2(ϕ). However, for the Gaussian and Poisson processes the spaces of linear and additive functionals coincide, hence H_n = L_n for all n.

The spaces L_n can be described explicitly using the general combinatorial approach to stochastic integrals suggested in [11]. Denote by Δ_n the nth diagonal measure of ϕ, that is, Δ_n(A) = ϕ^{⊗n}{(x, . . . , x) : x ∈ A} for each measurable A. Then it follows easily from the results of [11] (see also [13]) that L_n is spanned (as a closed subspace) by the n-multiple stochastic integrals of the form

I_n(f_1, . . . , f_n) = ∫ f_1(x_1). . .f_n(x_n) dϕ(x_1, . . ., x_n) = ∑ g∈S_n(x_1,...,x_n) (−1)^{n−c(g)} ∏ (x_{i1} ...x_{ik} )∈C(g) ∫ f_{i1} (x). . .f_{in} (x)dΔ_k(x), (18)

where S_n(x_1, . . ., x_n) is the symmetric group of degree n realized as the group of permutations of the set {x_1, . . . , x_n}, C(g) is the set of cycles of a permutation g, and c(g) = #C(g) is the number of cycles of g.

In particular, in the case when ϕ is the Gaussian white noise on (X, ν), we have Δ_2 = ν, Δ_3 = Δ_4 = . . . = 0 ([11], Example G), whence H_n = L_n is spanned by

I^g_n(f_1, . . ., f_n) = ∑ g∈Inv_n ∏ i∈C_1(g) ⟨f_i, ·⟩ ∏ {j,k}∈C_2(g) (−(f_j, f_k)) , (19)

where Inv_n is the set of all involutions in S_n, C_k(g) is the number of cycles of length k of a permutation g ∈ S_n, and (f_j, f_k) = ∫ X f_j(x)f_k(x)dν(x) is the scalar product in L^2(X, ν). The functional I^g_n(f_1, . . ., f_n) is called the nth generalized Hermite functional. In particular, for f_1 = f_2 = . . . = f_n = f we obtain (see Appendix B, (51)) I^g_n(f, . . ., f) = ∑ g∈Inv_n ⟨f, ·⟩^{c1(g)} · (−‖f‖^2)^{c2(g)} = H^σ_n (⟨f, ·⟩), (20) the nth ordinary Hermite polynomial in ⟨f, ·⟩ with parameter σ = ‖f‖^2. The corresponding orthogonal decomposition of L^2(Ĥ, μ)

L^2(Ĥ, μ) = ∞⨁ n=0 H_n (21)

is the classical Wiener-Itô decomposition. Notice that in terms of the Fock space EXP H, the subspace H_n is precisely the n-particle subspace S^nH.

The corresponding orthogonal decomposition for the Poisson process was first discussed by Itô [6], and explicitly constructed by Ogura [10]. Within the combinatorial approach of [11] it is obtained as follows. In this case ϕ is the compensated Poisson process on (X, ν), that is ϕ = ∑ x∈ω δ_x −ν, where ω is the Poisson process on (X, ν), and the diagonal measures equal Δ_2 = Δ_3 = . . . = ω ([11], Example CP). Thus we have

L^2(E, P) = ∞⨁ n=0 V_n, (22)

where V_0 = C , and V_n is the closed space generated by the n-multiple stochastic integrals given by the formula

I^p_n(f_1, . . ., f_n) = ∑ g∈S_n (−1)^{n−c(g)} ∏ i∈C_1(g) ( ∑ x∈ω f_i(x) − ∫ X f_i(x)dν(x) )

· ∏ (x_{i1} ,...,x_{ik} )∈C(g) ∑ x∈ω f_{i1} (x). . .f_{ik} (x). (23)

I^p_n(f_1, . . ., f_n) is called the nth generalized Charlier functional (see [10]). If f_1 = . . . = f_n = χ_A, where χ_A is the characteristic function of a measurable set A ⊂ X, then I^p_n(χ_A, . . ., χ_A) = ∑ g∈S_n (#(ω ∩ A) − ν(A))^{c1(g)} · #(ω ∩ A)^{−c2(g)+c3(g)−...} = C^σ_n (#(ω ∩ A)), (24)

the nth ordinary Charlier polynomial with parameter σ = ν(A) (see Appendix B, (55)). (Note that in this case, unlike the Gaussian one, I^p_n(f, . . ., f) for an arbitrary f is not an ordinary Charlier polynomial. The reason is that all linear functionals of the Gaussian process have Gaussian distributions, while in the Poissonian case only integrals over subsets of X have Poisson distributions.) In particular, the first chaos of the Poisson process is given by (17), and the second chaos is generated by the functionals of the form

I^p_2 (f, g) = I^p_1 (f)I^p_1 (g) − ∑ x∈ω f(x)g(x), (25) where I^p_1 (f) = ∑ x∈ω f(x) − ∫ X f(x)dν(x) are the functionals of the first chaos.

Corollary 2. The canonical isometry Φ sends the generalized Hermite functional to the corresponding generalized Charlier functional:

Φ(I^g_n(f_1, . . ., f_n)) = I^p_n(f_1, . . ., f_n). (26)

3.5 Kernel

For the sake of simplicity we will consider the case when X = [0, 1] and ν is the Lebesgue measure on [0, 1], that is, μ is the distribution of the standard white noise on [0, 1], and P is the distribution of the homogeneous Poisson process on [0, 1] with unit rate. The case of an arbitrary continuous Lebesgue space (X, ν) is completely analogous.

Let us introduce the following notation. Given a point configuration ω ∈ E (since the parameter measure ν is continuous, all configurations of the Poisson process are simple, i.e., each point has multiplicity one; thus we may consider only simple (multiplicity-free) configurations), denote by Π_{≤2}(ω) the set of partitions of the set ω into subsets consisting of at most two points.

For example, if ω = {x, y, z}, then Π_{≤2}(ω) = {{{x}, {y}, {z}}, {{x, y}, {z}}, {{x}, {y, z}}, {{x, z}, {y}}} . For each partition R ∈ Π_{≤2}, let C_k(R) be the set of k-point subsets in R, k = 1, 2, and |R| = #C_2(R).

Theorem 4. The kernel (9) of the isomorphism (8) between L^2(Ĥ, μ) and L^2(E, P) is given by the following formula: K(ω, η) = e^{− 12 −⟨η,1⟩} ∑ R∈Π_{≤2}(ω) (−1)^{|R|} ∏ z∈C_1(R) (η + 2)(z) ∏ {x,y}∈C_2 (R) δ(x − y) (27)

for almost all ω, η.

(Here η + 2 is a generalized function: ⟨η + 2, h⟩ = ⟨η, h⟩ + 2 ∫ h(t)dt, and the product is the direct product of generalized functions.)

Remark. The kernel K(ω, η) is a generalized function on E × Ĥ. For any measurable A ⊂ E and B ⊂ Ĥ, set ρ(A, B) = ∫ A ∫ B K(ω, η)dP(ω)dμ(η). Then ρ is an additive set function on E × Ĥ.

Thus K can be regarded as the density of a signed measure (of infinite variation) on E × Ĥ.

Proof. It suffices to check that (9) holds for multiplicative functionals F , that is, to show that E ( ∏ x∈ω (1 + h(x))K(ω, η) ) = exp ( − ‖h‖^2 2 + ⟨η + 1, h⟩ ) (28)

for all h ∈ L^2(X, ν). It is more convenient to rewrite the sum in (27) over permutations rather than partitions. Given an n-point configuration ω = {x_1, . . ., x_n} let S_n(ω) be the symmetric group of degree n realized as the group of all permutations of the set {x_1, . . . , x_n}. Let C_i(g) be the set of all cycles of length i in the permutation g ∈ S_n, and c_i(g) = #C_i(g). Finally, denote by Inv(ω) the subset of S_n(ω) consisting of all involutions (i.e., permutations with cycles of length at most two). Recall that the number of points of the homogeneous Poisson process on [0, 1] obeys the Poisson distribution with parameter one, and given the number of points equal to n, these points are distributed as n i.i.d. variables with uniform distribution on [0, 1]. Then the left-hand side of (28) equals

e^{−3/2−⟨η,1⟩} ∞∑ n=0 1 n! ∫_1 0 . . . ∫_1 0 (1 + h(x_1)) . . . (1 + h(x_n)) · ∑ g∈Inv(x_1,...,x_n) ∏ {x_i,x_j }∈C_2(g) (−δ(x_i − x_j)) · ∏ x_k∈C_1(g)

(η(x_k) + 2) dx_1 . . . dx_n.

The contribution of each pair {x, y} ∈ C_2(g) is equal to − ∫_1 0 ∫_1 0 (1 + h(x))(1 + h(y))δ(x − y)dxdy = − ∫_1 0 (1 + h(x))^2dx,

and the contribution of each element x ∈ C_1(g) is equal to ∫_1 0 (1 + h(x))(η(x) + 2)dx = ⟨η + 2, 1 + h⟩.

Thus the sum under consideration equals e^{−3/2−⟨η,1⟩} ∞∑ n=0 1 n! ∑ g∈Inv_n t^{c1(g)}_1 t^{c2(g)}_2 , (29)

where

t_1 = ⟨η + 2, 1 + h⟩,

t_2 = −

∫_1 0 (1 + h(x))^2dx.

But the sum in (29) is just the augmented cycle index Z̃(S_n)[t_1, t_2, 0, 0, . . .] (see Appendix A, (46)). Thus applying (47) with z = 1 we obtain that (29) is equal to exp ( −3/2 − ⟨η, 1⟩ + ⟨η + 2, 1 + h⟩ − 1 2 ∫ (1 + h(x))^2dx ) , and (28) follows by trivial computations.

Remark. There is another proof of Theorem 4 which allows to derive formula (27) rather than to check it. The idea of this proof is as follows. Observe that

L^2(Ĥ, μ) = lim←− A_n,

where A_n is the subspace consisting of functionals F (η) depending only on ⟨η, χ_{[0,} 1_{n ]}⟩, . . . , ⟨η, χ_[ n−1_{n ,1]}⟩. Obviously, A_n is isometric to_m ⨂ j=1 L^2(R, N(0, 1/n)). Then one should apply (16) and pass (carefully!) to the limit.

Example 1. Let A_n be the subset in L^2(E, P) consisting of functions supported by n-point configurations, n = 1, 2, . . .. Then it follows from (27) that the image of A_1 under the canonical isomorphism is the subspace of functions of the form e^{− 32 −⟨η,1⟩}⟨η + 2, f⟩, f ∈ L^2([0, 1], ν); the image of A_2 consists of functions of the form e^{− 32 −⟨η,1⟩} 1 2! [∫_1 0 ∫_1 0 f(x, y)(η + 2)(x)(η + 2)(y)dxdy − ∫_1 0 f(x, x)dx ] , where f ∈ L^2([0, 1] × [0, 1], ν × ν); and the image of L_3 is e^{− 32 −⟨η,1⟩} · 1 3! [∫_1 0 ∫_1 0 ∫_1 0 f(x, y, z)(η + 2)(x)(η + 2)(y)(η + 2)(z)dxdydz − ∫_1 0 ∫_1 0 f(x, x, z)(η + 2)(z)dxdz − ∫_1 0 ∫_1 0 f(x, y, y)(η + 2)(x)dxdy − ∫_1 0 ∫_1 0 f(z, y, z)(η + 2)(y)dydz ] , f ∈ L^2([0, 1] × [0, 1] × [0, 1], ν × ν × ν).

Example 2. Each function h ∈ L^2(E, P) determines a“linear” functional F_h(ω) = ∑ x∈ω h(x). Let us compute its image in L^2(Ĥ, μ). We have

E K(ω, η)F_h (ω) = e^{−3/2−⟨η,1⟩} ∞∑ n=0 1 n! ∫_1 0 . . . ∫_1 0 n∑ l=1 h(x_l) ∑ g∈Inv(x_1,...,x_n) ∏ {x_i,x_j }∈C_2 (g) (−δ(x_i − x_j)) · ∏ x_k∈C_1(g)

(η + 2)(x_k)dx_1 . . . dx_n.

It is easy to check that each summand h(x_l) contributes { ⟨h, η + 2⟩(⟨1, η⟩ + 2)^{c1(g)−1}(−1)^{c2(g)}, if x_k ∈ C_1(g) ⟨h⟩(⟨1, η⟩ + 2)^{c1(g)}(−1)^{c2(g)}, if x_k ∈ C_2(g).

Thus the sum under consideraton equals e^{−3/2−⟨η,1⟩}(S_1 + S_2), where

S_1 = ⟨h, η + 2⟩ ∞∑ n=0 1 n! ∑ g∈Inv(x_1,...,x_n) c_1(g)(⟨1, η⟩ + 2)^{c1(g)−1}(−1)^{c2(g)},

S_2 = 2⟨h⟩ ∞∑ n=0 1 n! ∑ g∈Inv(x_1,...,x_n) c_2(g)(⟨1, η⟩ + 2)^{c1(g)}(−1)^{c2(g)}.

Notice that the sum in S_1 is the derivative of the augmented cycle index Z̃(S_n) in t_1 calculated at t = (⟨1, η⟩ + 2, −1, 0, 0, . . . ), hence S_1 = ⟨h, η + 2⟩e^{⟨1,η⟩+3/2} . Similarly, S_2 is the derivative of the same cycle index in t_2, thus S_2 = −⟨h⟩e^{⟨1,η⟩+3/2}, where ⟨h⟩ = ∫ X h(x)dν(x), and simple computations show that the image of the functional F_h in L^2(Ĥ, μ) equals F_h(η) = ⟨h, η⟩ + ∫ X hdν(x), in agreement with (17).

4 The isometry for general Lévy processes

The purpose of this section is to apply the results on the Poisson–Gauss isomorphism to general Lévy processes.

In view of the Poissonian representation (7) of Lévy processes, L^2(D, P_Λ) is isometric to the space of square integrable functionals of the Poisson process on the product space X ×R_+ with mean measure ν ×Λ. Thus let μ^Λ be the law of the Gaussian white noise on the space (X ×R_+ , ν ×Λ), i.e., the standard Gaussian measure in the nuclear extension ^H^Λ of the Hilbert space L^2(X ×R_+ , ν ×Λ). Note that this process may be also regarded as a L^2(R_+ , Λ)-valued Gaussian process on (X, ν), that is, L^2(^H^Λ, μ^Λ) can be identified with the homogeneous Fock space EXP L^2((X, ν); L^2(^H^Λ, μ^Λ)). The spaces L^2(^H^Λ, μ^Λ) and L^2(D, P_Λ) are equipped with natural Hilbert factorizations over (X, ν).

Theorem 5. There exists a unity-preserving isometry (isomorphim of Hilbert factorizations)

Φ : L^2(^H^Λ, μ^Λ) → L^2(D, P_Λ).

On the set of multiplicative functionals it is given by the following formula: for each h ∈ L^2(x × R_+ , ν × Λ), Φ : e^{<h,·>− ‖h‖} 2 2 → ∏ i (1 + h(x_i, t_i)) · e^− ∫ ∫ h(x,t)dν(x)dΛ(t), η = ∑ i t_iδ_{xi} ∈ D. (30) This is the unique real special vacuum-preserving automorphism of the Hilbert factorizations that acts identically on L^2(R_+ , Λ).

Proof. The existence follows immediately from the above observations and Theorem 3.

In order to find the group of special automorphisms of the Hilbert factorization of the Fock space L^2(^H^Λ, μ^Λ) = EXP L^2((X, ν); L^2(^H^Λ, μ^Λ)) over (X, ν), we retrace the proof of Theorem 3 and see that the set of operators in L^2((X, ν); L^2(^H^Λ, μ^Λ)) that commute with all projections P_A for A ⊂ X is L^∞(X, ν)⊗B(L^2(R_+ , Λ)). Thus the group of special vacuum-preserving automorphims is generated by operators of the form EXP(h_1(·) ⊗ h_2(·)) → EXP((a(·)h_1(·)) ⊗ (Uh_2(·))), where h_1 ∈ L^2(X, ν), h_2 ∈ L^2(R_+ , Λ), a is a complex-valued measurable function on X with |a| ≡ 1, and U is an arbitrary unitary operator in L^2(R_+ , Λ), and Theorem follows.

Remark. In order to determine the isomorphism uniquely, one can, for example, fix a basis in L^2(R_+ , Λ). We do this below by considering orthogonal polynomials.

Theorem 5 implies immediately

Theorem 6. Let η be a Lévy process on (X, ν) corresponding to the Lévy measure Λ. Then the Hilbert factorization determined by η is a homogeneous Fock factorization, and its dimension depends only on the number of points in supp Λ.

Remark. This theorem also holds for general processes with independent values. We have proved it only in the particular case of Lévy processes in order to avoid technical difficulties.

Theorem 5 states the Lévy–Gauss isomorphism at the level of multiplicative functionals. Let us now describe it in terms of orthogonal decompositions. By (22) we have

L^2(D, P_Λ) = ∞⨁ n=0 V_n, where V_n is the space generated by the nth generalized Charlier functionals (23) in the space (X × R_+ , ν × Λ). In particular, additive functionals of the Lèvy process are of the form ∑ i h(x_i, t_i), h ∈ L^2(X × R_+ , ν × Λ). Note that if supp Λ does not consist of a single point, that is, the Lévy process is neither Gaussian, nor Poisson, the space of additive functionals does not coincide with the space of linear functionals ⟨a, η⟩ = ∫ X a(x)dη(x) = ∑ i a(x_i)t_i, a ∈ L^2(X, ν). (31) This is exactly the reason of the well-known fact (see, e.g., [3]) that the only Lévy processes with the so-called chaotic representation property (which means that the L^2 space can be decomposed into a direct sum of ordinary multiple stochastic integrals) are the Gaussian and Poisson processes.

In the rest of this section we assume that the measure t^2Λ(t) has finite moments of all orders, and the moment problem for this measure is definite. In this case we can obtain a more detailed description of the orthogonal decomposition.

Let {P_k(t)}^∞_{k=0} be the family of orthogonal polynomials on R_+ with respect to the measure t^2Λ(t), and let V_{n,k} = {I^p_n(a_1(x)tP_{k−1}(t), . . . , a_n(x)tP_{k−1}(t)); a_1, . . . , a_n ∈ L^2(X, ν)} (32) be the closed subspace spanned by the nth generalized Charlier functionals corresponding to functions of the form f(x, t) = a(x)tP_{k−1}(t). For example, let f_a(η) = ∑ i a(x_i)t_i − ∫ a(x)dν(x). Then V_{1,1} = {f_a}, V_{2,1} = { f_af_b − ∑ a(x_i)b(x_i)t^2_i } , V_{1,2} = { ∑ a(x_i)t_iP_1(t_i)}, etc.

It is not difficult to see that

V_n = ∑ λ⊢n ⨁ (i1,...,ik ) distinct k⨂ j=1 V_{λj ,ij} ,

where λ = (λ_1 ≥ . . . ≥ λ_k > 0) is a partition of n, and the tensor product is symmetric. Thus, rearranging the summands, we obtain the following orthogonal decomposition for the general Lévy process:

L^2(D, P_Λ) = ⨁ n ⨁ λ⊢n ⊗_sV_{nk,k} = C ⊕ V_{1,1} ⊕ (V_{1,2} ⊕ V_{2,1}) ⊕ (V_{3,1} ⊕ (V_{1,1} ⊗_s V_{1,2}) ⊕ V_{1,3}) ⊕ . . . ,

where λ = 1^{n1} 2^{n2} . . . is a partition of n with n_k parts equal to k, and ⊗_s is the symmetric tensor product.

The same decomposition can be described in another way (cf. [9]). Given the Lévy process η = ∑ t_iδ_{xi} , consider the processes η_k = ∑ i t_iP_{k−1}(t_i)δ_{xi} (in particular, η_1 = η). Then V_{n,k} is the space of n-multiple stochastic integrals of the process η_k.

The corresponding decomposition for the L^2 space over the vector-valued Gaussian process is obtained in a similar way. Namely,

L^2(^H^Λ, μ^Λ) = ⨁ n ⨁ λ⊢n ⊗_sH_{nk,k} = C ⊕ H_{1,1} ⊕ (H_{1,2} ⊕ H_{2,1}) ⊕ (H_{3,1} ⊕ (H_{1,1} ⊗_s H_{1,2}) ⊕ H_{1,3}) ⊕ . . . ,

where H_{n,k} is the closed subspace spanned by the nth generalized Hermite functionals (19) corresponding to functions of the form f(x, t) = a(x)tP_{k−1}(t).

Corollary 3. At the level of orthogonal decompositions the canonical isometry (30) takes the form ΦI^g_n(a_1(x)tP_{k−1}(t), . . . , a_n(x)tP_{k−1}(t)) = I^p_n(a_1(x)tP_{k−1}(t), . . . , a_n(x)tP_{k−1}(t)). Example. Gamma processes. The standard gamma process on the space (X, ν) is the Lévy process with Lévy measure

Λ_Γ(t) = e^{−t} t dt, t > 0. (33) Denote the law of this process by G. All the considerations of this section can be applied to L^2(D, G), the orthogonal polynomials with respect to t^2Λ_Γ(t) = te^{−t}dt being the Laguerre polynomials with parameter 1: P_n(t) = L^{(1)}_n (t).

5 Representations of the current group SL(2, R)^X

Let (X, ν) be a standard Borel space with a fixed finite measure ν. The current group G^X = SL(2, R)^X on (X, ν) is the group of Borel bounded SL(2, R)-valued functions on X. In other words, G^X consists of 2 × 2-matrices whose elements are bounded measurable real functions on X.

The canonical representation of the current group G^X is a unitary irreducible representation with spherical function given by the formula

Ω(g(·)) = C exp ( − ∫ X log ( 2 + Tr(g(x)g^∗(x)) ) dν(x) ) , g(·) ∈ G^X . (34)

The restriction of this spherical function to the subgroup of constant functions (isomorphic to G = SL(2, R)) equals Ω_0(g) =^C_{2+Tr gg∗} , the so-called canonical state of SL(2, R), see [19].

5.1 The Fock model of the canonical representation A general construction of the representation of the current group G^X in a Fock space is described in [1]. This construction requires the existence of a non-trivial cocycle of the group G taking values in an irreducible unitary representation. For SU(n, 1) and SO(n, 1) (in particular for SL(2, R)) such a cocycle was found in [20].

Let us describe the Fock model of the canonical representation of SL(2, R)^X . We start from the so-called special representation of the group G = SL(2, R) in the Hilbert space H = L^2(R,^{dt}_{|t|} ) given by the following formulas: ( T ( 1 0 b 1 ) ϕ ) (t) = e^{ibt}ϕ(t), ( T ( a^{−1} 0 0 a ) ϕ ) (t) = ϕ(a^2t), (35) ( T ( 0 1 −1 0 ) ϕ ) (t) = ∫_∞ −∞ K_0(t, s)ϕ(s)ds, where K_0(t, s) = 1 2π ∫_∞ −∞ 1 |u|^2 e^{−i(tu+su−1)}du. (36) This is an irreducible unitary representation of discrete series. (Note that considered over C it is reducible: it decomposes into the sum of two irreducible subrepresentations.) However, this representation is distinguished as the only representation having a non-trivial cocycle.

Let ϕ_0(t) = e^{−|t|}, and fix a cocycle β : G × H → H defined as

β(g, t) = T_gϕ_0(t) − ϕ_0(t). (37)

Consider now the Hilbert space

H^X = L^2 ( X × R, ν × dt |t| ) , and the corresponding Fock space EXP H^X . The realization of the canonical representation of G^X = SL(2, R)^X in EXP H^X is given by the formula U_{g(·)} EXP h(·, ·) = λ(g(x), h(x, t)) · EXP(T_{g(x)}h(x, t) + β(g(x), t)), (38) where

λ(g, h) = exp ( − 1 2 ‖β‖^2 − ⟨T_gh, β⟩ )

= exp ( − 1 2 ∫ X ∫ R |β(g(x), t)|^2 |t| dt dν(x) − ∫ X ∫ R T_{g(x)}h(x, t) · β̄(g(x), t) |t| dt dν(x) ) . The vacuum vector in the Fock realization is EXP 0, and the corresponding spherical function equals (34).

Using the isomorphism (4) between the Fock space and the L^2 space over the Gaussian white noise, one can obtain the Gaussian realization of the canonical representation. We do not reproduce here the corresponding formulas which can be found in [5].

5.2 The Lebesgue model of the canonical representation A commutative model of the canonical representation of G^X with respect to the unipotent subgroup was given in [5]. Another realization of this model, in the L^2 space over the so-called infinitedimensional Lebesgue measure, was constructed in [15]. Let us describe this model.

The standard gamma process on (X, ν) is a Lévy process on (X, ν) with Lévy measure dΛ_Γ(t) = t^{−1}e^{−t}dt, t > 0, that is, E_G [ exp ( − ∫ X a(x)dη(x) )] = exp ( − ∫ X log (1 + a(x)) dν(x) ) , (39)

where G is the law of the gamma process, and a is an arbitrary non-negative measurable function on the space X with ∫ X log(a(x) + 1)dν(x) < ∞.

The infinite-dimensional Lebesgue measure L^+ on the space D^+(X, ν) is a σ-finite measure (finite on compact sets) equivalent to the law of the gamma process such that dL^+ dG (η) = exp(η(X)). (40)

It follows from (39) and (40) that the Laplace transform of L^+ equals ∫ D^+ [ exp ( − ∫ X a(x)dη(x) )] dL^+(η) = exp ( − ∫ X log a(x)dν(x) ) . (41)

The Lebesgue measure on D(X) is the convolution L^+ ∗ L^−, where L^− is the image of L^+ under the mapping η → −η.

Consider the triangular subgroup T of SL(2, R)^X , T = { T_{a,b} = ( a(·)^{−1} 0 b(·) a(·) )} . Theorem 7 ([15]). The formula

U(T_{a,b})F (η) = exp (∫ X log |a(x)|dν(x) + i ∫ X a(x)b(x)dη(x) ) F (M_a2 η) (42)

defines a unitary irreducible representation of the triangular subgroup T in the space L^2(D, L) which is extendable to a (unitary irreducible) representation of the whole group SL(2, R)^X .

5.3 An isomorphism of the Fock and Lebesgue models of the canonical representation The Fock model (38) and the Lebesgue model (42) define isomorphic representations, since their spherical functions coincide. However, now we can construct the isomorphism of these realizations in an explicit form.

Theorem 8. The isometry of the spaces EXP H^X and L^2(D, L) which intertwines the Fock realization U and the Lebesgue realization U of the canonical representation of the current group SL(2, R)^X is given by EXP h ↔ Ψ_h, h ∈ L^2(X × R, ν × dt |t| ), where

Ψ_h(η) = ∏ i ( h(x_i, t_i) + e^{−|ti|/2} ) · exp ( − ∫ X ∫ R h(x, t) · e^{−|t|/2} |t| dt dν(x) ) (43)

for η = ∑ t_iδ_{xi} ∈ D. Proof. Formula (43) defines an isometry betwen EXP H^X and L^2(D, L), as follows from Theorem 5 in the special case of the gamma process and the obvious isometry between L^2(D, G) and L^2(D, L) given by F (η) ↔ F (η)e^{−η(X)/2} . It is not difficult to verify by direct calculation that this isomorphism intertwines the representations U and U.

Note that in the Lebesgue realization the vacuum vector is Ψ_0(η) = e^{− |η|(X)}2 , where |η| = ∑ |t_i| is the total charge of the (signed) measure η.

Corollary 4. The action of the involution s = ( 0 1 −1 0 ) in the Lebesgue realization of the

canonical representation of G^X is given by the formula U_sΨ_{f(·,·)} = Ψ_{Tsf(·,·)}, (44) where T_sf(x, t) = ∫_∞ −∞ K_0(t, s)f(s)ds, (45) with the kernel K_0 given by (36).

Proof. Follows from Theorem 8 and (38), since β(s, t) ≡ 0.

Appendix

A. Cycle index Let S_n be the symmetric group of degree n. By c_k(g) we denote the number of cycles of g ∈ S_n of length k. Let t = (t_1, t_2, . . .) be a sequence of indeterminates. The (augmented) cycle index of the symmetric group S_n is Z̃(S_n) = Z̃(S_n)[t] = ∑ g∈S_n t^{c1(g)}_1 t^{c2(g)}_2 · . . . . (46)

A well-known formula (see, e.g., [14, (5.30)]) claims that ∞∑ n=0 Z̃(S_n)[t]z^n n! = exp ∞∑ i=1 t_i z^i i . (47)

B. Orthogonal polynomials B.1. Hermite polynomials Definition:

H_n(x) = H^1_n(x) = (−1)^ne^{x22} d^n dx^n e^{− x22} , H^a_n(x) = a^{n2} H_n(x/ √ a). (48) Orthogonality: orthogonal with respect to the normal law N(0, a) with zero mean and variance a: 1 √ 2πa ∫_∞ −∞ H^a_n(x)H^a_m(x)e^{− x22a} dx = δ_{nm}a^nn!. (49) Generating function:_∞ ∑ n=0 H^a_n(x)t^n n! = e^{tx− t2a2} . (50)

Combinatorial description:

H^a_n(x) = ∑ g∈Inv_n x^{c1(g)}(−a)^{c2(g)} = Z̃_{Sn} [x, −a, 0, 0, . . .], (51) where Inv_n is the set of all involutions in S_n.

B.2. Charlier polynomials Definition: C^a_n(x) = a^n n∑ j=0 (−1)^{n−j} ( n j ) a^{−j} ( x j ) j!. (52)

Orthogonality: orthogonal on Z_+ with respect to the Poisson law P_a with parameter a: e^{−a} ∞∑ k=0 C^a_n(k)C^a_m(k) a^k k! = δ_{nm}a^nn!. (53)

Generating function:_∞ ∑ n=0 C^a_n(y)t^n n! = (1 + t)^ye^{−ta}. (54)

Combinatorial description:

C^a_n(x) = ∑ g∈S_n (x − a)^{c1(g)}x^{−c2(g)+c3(g)−c4(g)+...} = Z̃_{Sn} [x − a, −x, x, −x, . . .]. (55) The Charlier polynomials satisfy the following convenient formula (−1)^n a^n S^a_n(k) =

(−1)^k a^k S^a_k (n). (56)

References

[1] H. Araki, Factorizable representations of current algebra, Publ. Res. Inst. Math. Sci. Ser. A 5 (1969/1970), 361–422.

[2] H. Araki, E. J. Woods, Complete Boolean algebras of type I factors, Publ. Res. Inst. Math.

Sci. Ser. A 2 (1966), no. 2, 157–242.

[3] A. Dermoune, Distribution sur l’espace de P. Lévy et calcul stochastique. Ann. Inst. Henri Poincaré 26 (1990), no. 1, 101–119.

[4] J. Feldman, Decomposable processes and continuous products of probability spaces, J. Funct.

Anal. 8 (1971), no. 1, 1–51.

[5] I. M. Gelfand, M. I. Graev, and A. M. Vershik, Models of representations of current groups, in “Representations of Lie groups and Lie algebras” (A. A. Kirillov ed.), Akadémiai Kiadó, Budapest, 1985, 121–179.

[6] K. Itô, Multiple Wiener integral, Proc. Math. Soc. Japan 13 (1951), no. 1, 157–169. [7] J. F. C. Kingman, “Poisson Processes”. Clarendon Press, Oxford, 1993. [8] Yu. A. Neretin, On the correspondence between the boson Fock space and the space L^2 with respect to Poisson measure, Sb. Math. 188 (1997), 1587–1616.

[9] D. Nualart, W. Schoutens, Chaotic and predictable representations for Lévy processes, Stoch.

Proc. Appl. 90 (2000), 109–202.

[10] H. Ogura, Orthogonal functionals of the Poisson process, IEEE Trans. on Information Theory IT-18 (1972), no. 4, 473–481.

[11] G.-C. Rota, T. C. Wallstrom, Stochastic integrals: a combinatorial approach, Ann. Prob. 25 (1997), no. 3, 1257–1283.

[12] I. M. Ryzhik, I. S. Gradshteyn. “Table of integrals, series, and products”. Translation of the fourth Russian edition. Academic Press, Boston, MA, 1994.

[13] A. Segall, T. Kailath, Orthogonal functionals of independent-increment processes, IEEE Trans.

on Information Theory IT-22 (1976), no. 3, 287–298.

[14] R. Stanley, “Enumerative Combinatorics”, vol. 2. Cambridge University Press, Cambridge, 1999.

[15] N. Tsilevich, A. Vershik, and M. Yor, An infinite-dimensional analogue of the Lebesgue measure and distinguished properties of the gamma process, J. Funct. Anal. 185 (2001), 274–296.

[16] B. Tsirelson, Unitary Brownian motions are linearizable. Preprint, math.PR/9806112, 1998. [17] B. S. Tsirelson, A. M. Vershik, Examples of non-linear continuous tensor products of measure spaces and non-Fock factorizations, Rev. Math. Phys. 10 (1998), no. 1, 81–145.

[18] A. M. Vershik, On the theory of normal dynamical systems, Sov. Math. Dokl. 3 (1962), 625– 628.

[19] A. M. Vershik, I. M. Gelfand, and M. I. Graev, Representation of SL(2, R), where R is a ring of functions, Russian Math. Surveys 28 (1973), 83-128. English translation in “Representation theory”, London Math. Soc. Lecture Note Ser. 69, Cambridge Univ. Press, 1982, 15–60.

[20] A. M. Vershik, I. M. Gelfand, and M. I. Graev, Irreducible representations of the group G^X and cohomology, Funct. Anal. Appl. 8 (1974), no. 3, 67–68.

[21] A. M. Vershik, I. M. Gelfand, and M. I. Graev, Representations of the group of diffeomorphisms, Russian Math. Surveys 30 (1975), 3-50. English translation in “Representation theory”, London Math. Soc. Lecture Note Ser. 69, Cambridge Univ. Press, 1982, 61–110.

[22] A. M. Vershik, I. M. Gelfand, and M. I. Graev, A commutative model of the representation of the group of currents SL(2, R)^X connected with a unipotent subgroup, Funct. Anal. Appl. 17 (1983), no. 2, 137–139.