PDMI PREPRINT — 21/2002

Dynamical inverse problem for the Schrödinger equation (the BC-method)

S.A. Avdonin Department of Mathematical Sciences, University of Alaska, Fairbanks, AK 99775-6660, USA; ffsaa@uaf.edu^∗

M.I. Belishev Saint-Petersburg Department of the Steklov Mathematical Institute; 27 Fontanka, Saint-Petersburg 191011, Russia; belishev@pdmi.ras.ru^†

December 10, 2002

Let Ω ⊂ IR^n be a bounded domain; ∂Ω ∈ C^2; ρ, q ∈ C^2(Ω) real functions, ρ > 0. We show that for any fixed T > 0 the response operator R^T : f → u|_{∂Ω×[0,T ]} of the Schrödinger system iρ u_t + Δu − qu = 0 in Ω × (0, T ), u|_{t=0} = 0,^{∂u}_{∂ν} |_{∂Ω×[0,T ]} = f determines the coefficients ρ = ρ(x), q = q(x), x ∈ Ω uniquely. The problem is reduced to one of recovering ρ, q through the boundary spectral data. The spectral data are extracted from R^T by the use of a variational principle. A peculiarity of the approach (the Boundary Control method) is that it allows to solve the problem using the data on a finite time interval, avoiding a continuation beyond [0,T].

∗partially supported by Center for Nanosensor Technology UAF; the contract No D- MEA 90-02-C-0226

†Supported by the RFBR grant No 02-01-00260 1

0 Introduction

0.1 About the paper

In the article [2], using the Boundary Control (BC) method it was shown that the response operator of the 1-dim dynamical system governed by the Schrödinger equation with the potential determines this potential uniquely. In the present paper this result is generalized to the multidimensional case.

Applicability of the BC method to a specific dynamical system depends to a large extent on our knowledge of controllability of the system. Approximate controllability is sufficient for the unique determination of system parameters. However, exact controllability (when such is the case) allows to make a recovery procedure more efficient. In this paper we use important results by R. Triggiani and P.-F. Yao [12] on the exact boundary controllability of the Schrödinger system.

0.2 Main result

Let us consider the Schrödinger dynamical system in a bounded domain Ω ⊂ IR^n with the boundary Γ ∈ C^2 :

iρ u_t + Δu − qu = 0 in Q^T ; (0.1)

u|_{t=0} = 0 in Ω ; (0.2) ∂u ∂ν = f on Σ^T ; (0.3)

where ρ, q ∈ C^2(Ω) are real functions, ρ > 0 in Ω; Q^T := Ω × (0, T ); Σ^T := Γ × [0, T ]; ν is the outward normal to Γ; f ∈ L_2(Σ^T ) is the boundary control; u = u^f (x, t) is the solution.

To the system (0.1)–(0.3) one associates the response operator R^T : f → u^f |_ΣT . The dynamical inverse problem is to recover the coefficients ρ and q from the given operator R^T . Our main result is the following.

Theorem 1 For any fixed T > 0 the operator R^T uniquely determines the functions ρ and q in Ω.

A procedure recovering the coefficients is proposed.

0.3 The approach

Let us consider the boundary value spectral problem

− Δφ + qφ = λρφ in Ω; (0.4) ∂φ ∂ν = 0 on Γ; (0.5)

let {λ_k}^∞_{k=1} : λ_1 < λ_2 ≤ λ_3 ≤ . . . be its spectrum, and let {φ_k}^∞_{k=1} be (real) eigenfunctions normalized by the condition ∫ Ω φ_kφ_l ρdx = δ_{kl}. The set of the pairs {λ_k; φ_k|_Γ}^∞_{k=1} is said to be the (Neumann) spectral data of the problem (0.4)–(0.5). The spectral data, as well as the eigenfunctions corresponding to the given ρ and q, are evidently not unique. Nevertheless, any spectral data determine ρ and q in Ω uniquely [11].

The Theorem 1 is proved in two steps:

(i) we state a variational principle which allows to extract the spectral data from the response operator;

(ii) we determine ρ and q by the spectral data using the result by R.G. Novikov [11] mentioned above.

A variational principle for determination of the spectral data was introduced in [3] for the heat equation; here we propose its modified version available for the Schrödinger system. This modification constitutes the dominant bulk of the paper.

A peculiarity of the proposed approach is that all the considerations are restricted to a finite time interval [0, T ]. We avoid continuations to the semiaxis t > 0 and the subsequent Fourier-Laplace transforms: from our standpoint, these devices are not quite natural in time-domain inverse problems.

1 Dynamical system

1.1 Spaces and operators

Let us endow the system (0.1)–(0.3) with the standard attributes of control theory, these are spaces and operators. All the spaces are assumed to be complex.

The space of controls F^T := L_2(Σ^T ) (with the measure dΓdt) is the outer space of the system (0.1)–(0.3). It contains a dense linear set of smooth controls L^T := {f ∈ C^∞(Σ^T )| supp f ⊂ Γ × (0, T ]}; for f ∈ L^T the system (0.1)–(0.3) has a unique classical solution (trajectory) u^f .

The space H := L_{2,ρ}(Ω) (with the measure ρdx) is said to be inner; the states u^f (·, t), 0 ≤ t ≤ T are its elements. The “input → state” correspondence is described by the control operator W^T ,

W^T : F^T → H, Dom W^T = L^T , W^T f := u^f (·, T ) .

The “input → output” correspondence is realized by the response operator R^T , R^T : F^T → F^T , Dom R^T = L^T , R^T f := u^f |_ΣT .

Let T^T_{T −τ} : F^T → F^T be the delay operator: (T^T_{T −τ} f)(·, t) := { 0, 0 ≤ t ≤ T − τ ; f(·, t − (T − τ )), T − τ < t ≤ T (τ ∈ [0, T ] is a parameter). Since the coefficients ρ and q do not depend on time, the system (0.1)–(0.3) offers the stationary state property: u^{T TT −τ f} (·, T ) = W^T T^T_{T −τ} f = u^f (·, τ ) , (1.1) which implies the relations

u^{ift} = iu^f_t = < see (0.1) > = ρ^{−1}[−Δ + q]u^f. (1.2)

1.2 Dual system

The system iρ v_t + Δv − qv = 0 in Q^T ; (1.3)

v|_{t=T} = y in Ω; (1.4) ∂v ∂ν = 0 on Σ^T (1.5)

is called dual to the system (0.1)–(0.3). Let us define a linear set Y := {y ∈ H| [ρ^{−1}(−Δ + q)]^ky ∈ H;^∂_{∂ν} [ρ^{−1}(−Δ + q)]^ky |_Γ = 0, k = 0, 1, ...}^1 ⊂ H; for y ∈ Y the system (1.3)–1.5) has a unique classical solution v = v^y(x, t). The following result explains what we mean by duality of the two systems.

1the conditions defining the set Y are standard compatibility conditions in Ω and on Γ for t = T .

Lemma 1 For f ∈ L^T , y ∈ Y the relation

(u^f (·, T ), y)_H = i (f, v^y|_ΣT )_FT (1.6)

holds.

◁ The equalities 0 = ∫ Q^T dxdt [iρ u^f_t + Δu^f − qu^f ]v̄^y =

= ∫ Ω ρdx T∫ 0 dt i u^f_t v̄^y + T∫ 0 dt ∫ Ω dx [Δu^f − qu^f] v̄^y =

= i ∫ Ω ρdx u^f (·, T )ȳ + ∫ ΣT dΓdt ∂u^f ∂ν v̄^y + ∫ Q^T dxdt u^f [iv^y_t + Δv^y − qv^y] =

= i (u^f (·, T ), y)_H + (f, v^y|_ΣT )_FT yield (1.6). ▷

Using (1.1), the duality relation (1.6) can be rewritten in more general form:

(u^f (·, τ ), y)_H = i (T^T_{T −τ} f, v^y|_ΣT )_FT . (1.7) In the rest of Subsection 1.2 we derive some implications of the duality relation.

Let us remind that λ_k and φ_k are eigenvalues and eigenfunctions of the problem (0.4),(0.5). Setting y = φ_k in (1.4) we easily get v^{φk} = e^{iλk(T −t)}φ_k. Therefore, by the force of (1.6),

(u^f (·, T ), φ_k)_H = (f, e^T_k )_FT , (1.8)

where e^T_k ∈ F^T , e^T_k (·, t) := −iv^{φk} |_ΣT = −ie^{iλk(T −t)}φ_k|_Γ.

In what follows H^s(·) stands for Sobolev spaces. Let H^1 be H^1(Ω) endowed with the metric

(y, w)_H1 := ∫ Ω dx[∇y∇w + (q − λ_1 + α)yw]

(α > 0), which is equivalent to the standard metric.

Let us consider a linear set of controls L^T_0 := {f ∈ L^T |f(·, T ) = 0}; L^T_0 is dense in F^T . For f ∈ L^T_0 we have:^∂_{∂ν} u^f (·, T )|_Γ = f(·, T ) = 0. Taking f ∈ L^T_0 , y ∈ Y and integrating by parts we get

(u^f (·, T ), y)_H1 = (ρ^{−1}[−Δ + q − λ_1 + α]u^f (·, T ), y)_H = < see (1.2) > = = (u^{ift−(λ1−α)f} (·, T ), y)_H = < see (1.6) > = = i(if_t − (λ_1 − α)f, v^y|_ΣT )_FT = i(f, [i ∂ ∂t − (λ_1 − α)]v^y|_ΣT )_FT . (1.9)

Putting y = φ_k and taking into account that v^y = e^{iλk(T −t)}φ_k, (1.9) implies:

(u^f (·, T ), φ_k)_H1 = (λ_k − λ_1 + α)(f, e^T_k )_FT . (1.10)

1.3 Spectral representation

Representing the solution of the system (0.1)–(0.3) as a Fourier series with respect to eigenfunctions of the problem (0.4), (0.5), we have:

W^T f = u^f (·, T ) = ∞∑ k=1 (u^f (·, T ), φ_k)_Hφ_k =

= < see (1.8) > = ∞∑ k=1 (f, e^T_k )_FT φ_k. (1.11)

The following result shows that the response operator is determined by the spectral data.

Lemma 2 The representation (R^T f)(·, t) = ∞∑ k=1 (T^T_{T −t}f, e^T_k )_FT φ_k|_Γ (1.12)

is valid with the series converging in H^{1/2}(Γ) for each t ∈ [0, T ].

◁ From (1.7), (1.11) we have:

u^f (·, τ ) = ∞∑ k=1 (T^T_{T −τ} f, e^T_k )_FT φ_k. (1.13)

One can easily check that (φ_j, φ_k)_H1 = 0 (j ≠ k); it means that the series (1.13) is orthogonal in H^1. Since u^f (·, τ ) ∈ H^1, the series (1.13) converges to u^f (·, τ ) in H^1 and, therefore, in H^1(Ω). Passing in (1.13) to the traces on Γ, we complete the proof of the lemma. ▷

For the classical solution of the problem (1.3)–(1.5) one has the following well-known representation: v^y(·, t) = ∞∑ k=1 e^{iλk(T −t)}(y, φ_k)_Hφ_k. (1.14) 1.4 Generalized solutions

It is easy to see that for any y ∈ H the right hand side of the equality (1.14) belongs to C([0, T ]; H); it is said to be a generalized solution of the problem (1.3)–(1.5). One can also check that the map y → v^y is continuous from H^1 to C([0, T ]; H^1).

Let us now define a generalized solution to the problem (0.1)–(0.3). Introduce the rigging H^1 ⊂ H ⊂ H^{−1} := (H^1)^′. The duality relation (1.7), the standard trace theorem, and the continuity of y → v^y mentioned above imply: |(u^f (·, τ ), y)_H| ≤ ||T^T_{T −τ} f||_FT ||v^y|_ΣT ||_FT ≤ ≤ const ||T^T_{T −τ} f||_FT ||v^y||_{C([0,T ];H}1_) ≤ const ||T^T_{T −τ} f||_FT ||y||_H1, which yields ||u^f (·, τ )||_H−1 ≤ const ||T^T_{T −τ} f||_FT . (1.15) Using the last estimate one can easily check that the map f → u^f is continuous from F^T to C([0, T ]; H^{−1}). Let us extend this map by continuity from L^T to all F^T . We take the words solution u^f ∈ C([0, T ]; H^{−1}) of the problem (0.1)–(0.3) with f ∈ F^T to mean the image of f under the action of this extension.

We shall use below the following regularity result concerning generalized solutions with controls from

C^1_0 ([0, T ]; L_2(Γ)) := {f ∈ C^1([0, T ]; L_2(Γ)) | f(·, 0) = f_t(·, 0) = 0} (with the norm of the space C^1([0, T ]; L_2(Γ))).

Lemma 3 The map f → u^f is continuous from C^1_0 ([0, T ]; L_2(Γ)) to C([0, T ]; H^1(Ω)).

◁ For f ∈ L^T the following a priori estimate can be easily obtained from (1.15):

||u^f ||_C1_{([0,T ];H} −1_{(Ω))} ≤ const ||f||_C1_{([0,T ];L2(Γ))}. (1.16) Let w = w^f (x, t) be the solution to the problem (−Δ + ε)w = 0 in Ω; ∂w ∂ν = f(·, t) on Γ (ε > 0 is fixed; t ∈ [0, T ] is a parameter). From the standard theory of elliptic problems [10] it follows:

||w^f ||_C1_{([0,T ];H}3/2_{(Ω))} ≤ const ||f||_C1_{([0,T ];L2(Γ))}. (1.17) One can check that the function y^f := u^f − w^f solves the problem (−Δ + ε) y = G (·, t) in Ω; ∂y ∂ν = 0 on Γ with the right hand side G = iρu^f_t − qu^f + εu^f . From the elliptic theory ||y^f ||_{C([0,T ];H}1_{(Ω))} ≤ const ||G||_{C([0,T ];H} −1_{(Ω))} ≤ ≤ const ||u^f ||_C1_{([0,T ];H} −1_{(Ω))} ≤ < see (1.16) > ≤ const ||f||_C1_{([0,T ];L2(Γ))}. (1.18) Taking into account (1.17), (1.18), we get the estimate for u^f = w^f + y^f : ||u^f ||_{C([0,T ];H}1_{(Ω))} ≤ const ||f||_C1_{([0,T ];L2(Γ))}.

This proves the lemma by virtue of the density of the inclusion L^T ⊂ C^1_0 ([0, T ]; L_2(Γ)). ▷

From this lemma it follows that the response operator R^T acts continuously from C^1_0 ([0, T ]; L_2(Γ)) to C([0, T ]; H^{1/2}(Γ)), and the representation (1.12) is valid for f ∈ C^1_0 ([0, T ]; L_2(Γ)). In what follows we consider R^T to be extended by continuity to C^1_0 ([0, T ]; L_2(Γ)).

1.5 Extensions of the control operator

Since u^f ∈ C([0, T ]; H^{−1}), the trace u^f (·, T ) ∈ H^{−1} is well defined. Along with it, we can define the operator

W^T_{max} : F^T → H, Dom W^T_{max} = {f ∈ F^T | u^f (·, T ) ∈ H}, W^T_{max}f := u^f (·, T ),

which is the maximal (natural) extension of W^T . One can easily see that the maximal operator is closed: W^T_{max} = W^T_{max}.

In a similar way we define the operator

W^T_1 : F^T → H^1, Dom W^T_1 = {f ∈ F^T | u^f (·, T ) ∈ H^1}, W^T_1 f := u^f (·, T );

note that W^T_1 = W^T_1 .

In the outer space we introduce a linear set of smooth and finite in time controls M^T_0 := {f ∈ C^∞([0, T ]; L_2(Γ))| supp f ⊂ (0, T )}. Let us define the operator

W^T_0 : F → H^1, Dom W^T_0 = M^T_0 , W^T_0 f := u^f (·, T ),

so that W^T_0 ⊂ W^T_1 . The rest of Section 1 is devoted to the proof of the relation W^T_0 = W^T_1 . (1.19)

The proof is given in Subsection 1.6, it is preceded by lemmas about the kernel and image of the operator W^T_0 .

Lemma 4 The following relation is valid:

clos_FT Ker W^T_0 = Ker W^T_1 . (1.20)

◁ Step 1. Let ⋁ be the closure of the linear span of a set of elements. Let us prove the equality

clos_FT Ran (W^T_1 )^∗ = ∞⋁ k=1 e^T_k . (1.21)

From (1.10) it easily follows that

φ_k ∈ Dom (W^T_1 )^∗, (W^T_1 )^∗φ_k = (λ_k − λ_1 + α) e^T_k .

It means that the right hand side of (1.21) is a subset of the left one.

Let now f ∈ clos_FT Ran (W^T_1 )^∗ and f ⊥ {e^T_k }^∞_{k=1}. Then, since φ_k ∈ H^1, we have from (1.8): H^{−1} ∋ u^f (·, T ) = 0 ∈ H^1. So, f ∈ Dom W^T_1 and W^T_1 f = 0, i.e. f ∈ Ker W^T_1 . From this inclusion, using the well-known equality F^T = Ker W^T_1 ⊕ clos_FT Ran (W^T_1 )^∗ we have f ⊥ clos_FT Ran (W^T_1 )^∗. Then f = 0, which proves (1.21).

Step 2.

Let us consider the family of subspaces F^T_{T −τ} := T^T_{T −τ} F^T ⊂ F^T , 0 ≤ t ≤ T and corresponding operators W^T_{1,T −τ} : F^T_{T −τ} → H^1, W^T_{1,T −τ} := W^T_1 |_FT_{T −τ} ; note the operators are closed. Put K^T_{−τ} := Ker W^T_{1,T −τ} ; K^T := ⋃ 0<τ<T K^T_{−τ} . Let us show that clos_FT K^T = Ker W^T_1 . (1.22)

Let P^T_{T −τ} be the (cutting) projector in F^T to F^T_{T −τ} . The relation

P^T_{T −τ} clos_FT Ran (W^T_{1,T −τ} )^∗ = ∞⋁ k=1 P^T_{T −τ} e^T_k (1.23)

follows from the stationary state property of the system (0.1)–(0.3) and from (1.21); it is really a form of the relation (1.21) with the change of T for τ followed by the shift of time t → t − (T − τ ).

The inclusion of the left hand side into the right one (1.22) is obvious; let us prove the inverse inclusion. Choose g ∈ Ker W^T_1 such that g ⊥ K^T . Since g is orthogonal to each K^T_{−τ} , then P^T_{T −τ} g ∈ P^T_{T −τ} clos_FT Ran (W^T_{1,T −τ} )^∗ and

therefore, P^T_{T −τ} g ∈^∞ ⋁ k=1 P^T_{T −τ} e^T_k due to (1.23). From the latter relation, taking

into account lim_{τ→T} P^T_{T −τ} = 1, it is easy to get that g ∈^∞ ⋁ k=1 e^T_k . Returning to (1.21), we have: g ∈ clos_FT Ran (W^T_1 )^∗ = F^T ⊖ Ker W^T_1 , which means g ⊥ Ker W^T_1 . Therefore, g = 0, resulting in (1.22).

Step 3.

Let us show that clos_FT Ker W^T_0 ⊃ K^T . (1.24)

Fix τ ∈ (0, T ), and let f ∈ K^T_{−τ} be such that u^f (·, T ) = 0. Take a positive ε <^{T −τ}_{10} and denote

f_ε(·, T ) := { f(·, t + ε), 0 ≤ t ≤ T − ε; 0, T − ε < t ≤ T. Using the stationary state property one can check that u^{fε}(·, t) = 0 for t ∈ [T − ε, T ] and, in particular, u^{fε} (·, T ) = 0, which means f_ε ∈ Ker W^T_1 .

Take a function η = η(t) ∈ C^∞(−∞, ∞) such that η ≥ 0, supp η ⊂ [−1, 1], ∫_∞ −∞ η(t) dt = 1 , and put η_ε(t) :=^1_ε η(^t_ε ).

Extend f_ε by zero off 0 ≤ t ≤ T , take the convolution f_ε ∗ η_ε and restrict it to the interval [0, T ]. Let f_{εε} be the result these operations. One can check directly that u^{fεε}(·, T ) = 0, so f_{εε} ∈ Ker W^T_1 . From the other hand, supp f_{εε} ⊂ Γ × (0, T ) and f_{εε} ∈ C^∞([0, T ]; L_2(Γ)), and so f_{εε} ∈ M^T_0 . Finally we have: f_{εε} ∈ Ker W^T_1 ⋂ M^T_0 ⊂ Ker W^T_0 .

As ε → 0 the convergence f_{εε} → f takes place in F^T . Thus, we have approximated the original control f ∈ K^T_{−τ} by f_{εε} ∈ Ker W^T_0 , which implies (1.24).

The relation (1.20) follows from (1.24) and (1.22). ▷

Lemma 5 The relation

clos_H1 Ran W^T_0 = H^1. (1.25)

is valid.

◁ Since Y is dense in H^1, the equalities (1.9) can be extended to all y ∈ H^1.

Let y be such that (u^f (·, T ), y)_H1 = 0 for all f ∈ L^T_0 ⊂ M^T_0 ; we shall prove that y = 0.

According to the last equality of (1.9) we have:

(if_t − (λ_1 − α)f, v^y|_ΣT )_FT = 0.

Because f is an arbitrary function of ∈ L^T_0 it follows: v^y|_ΣT = e^{i(λ1−α)(T −t)}a with some a ∈ L_2(Γ).

The function w^y := e^{i(λ1−α)(T −t)}v^y satisfies the system iρw^y_t + [Δ − q + λ_1 − α] w^y = 0 in Q^T ; (1.26) w^y = a, ∂w^y ∂ν = 0 on Σ^T . (1.27) Choose a (small) ε > 0; let η_ε be the function used in the proof of Lemma 4. The regularization w^y_ε := w^y ∗ η_ε is well defined in Ω × (ε, T − ε). According to (1.14), we have the representation w^y_ε (·, t) = ∞∑ k=1 [e^{i(λk−λ1+α)(T −t)} ∗ η_ε] (y, φ_k)_H φ_k =

= ∞∑ k=1 e^{i(λk−λ1+α)(T −t)}(y, φ_k)_H κ^ε_k φ_k = ∞∑ k=1 e^{i(λk−λ1+α)(T −t)}(y_ε, φ_k)_H φ_k, where

κ^ε_k :=

∫_1 −1 e^{i(λk−λ1+α) εs}η(s) ds, y_ε := ∞∑ k=1 (y, φ_k)_H κ^ε_k φ_k.

As k → ∞ we have κ^ε_k = o (λ^{−N}_k ) with any N > 0; therefore y_ε ∈ Y and the solution w^y_ε is the classical one. The conditions (1.26), (1.27) imply iρ(w^y_ε )_t + [Δ − q + λ_1 − α] w^y_ε = 0 in Ω × (ε, T − ε); (1.28) w^y_ε = a, ∂w^y_ε ∂ν = 0 on Γ × [ε, T − ε]. (1.29) Differentiating with respect to time, we get for ẇ^y_ε := (w^y_ε )_t:

iρ(ẇ^y_ε )_t + [Δ − q + λ_1 − α] ẇ^y_ε = 0 in Ω × (ε, T − ε); (1.30) ẇ^y_ε = 0, ∂ẇ^y_ε ∂ν = 0 on Γ × [ε, T − ε]. (1.31) On the strength of the well-known uniqueness theorem (see [9], Theorem 17.2.6), the solution of the equation (1.30) with zero Cauchy data (1.31) is identically zero: ẇ^y_ε = 0 in Ω × (ε, T − ε). Hence, w^y_ε does not depend on time, and from (1.28),(1.29) we get:

[Δ − q + λ_1 − α] w^y_ε = 0 in Ω; (1.32) ∂w^y_ε ∂ν = 0 on Γ. (1.33)

Multiplying (1.32) by w^y_ε , integrating over Ω, and taking into account (1.33) we get: ||w^y_ε ||^2_{H1} = 0, and then y_ε = 0. Putting ε → 0 and using the convergence y_ε → y, we obtain y = 0. ▷

In the course of the proof we have got a stronger relation clos_H1 W^T L^T_0 = H^1. In control theory it is called approximate controllability of the system (0.1)–(0.3) in the class H^1(Ω) (on controls from L^T_0 ).

1.6 Exact controllability by Triggiani and Yao

As it has been shown in the paper of R. Triggiani and P.-F. Yao [12], for any T > 0 the relation is valid:

Ran W^T_1 = H^1(Ω), (1.34)

that is called the exact (boundary) controllability of the Schrödinger system in the class H^1(Ω) on controls from L_2(Σ^T )^2. We shall prove that the relation (1.19) is the consequence of this remarkable result. The proof is preceded by a general type lemma.

Lemma 6 Let F and H be Hilbert spaces, the operator W : F → H densely defined, closed, and surjective. Let W_0 ⊂ W be its restriction with the properties: (α) clos_F Ker W_0 = Ker W , (β) clos_H Ran W_0 = H. Then W_0 = W.

◁ From W_0 ⊂ W we have Ker W_0 ⊂ Ker W ; from (α) it follows: Ker W_0 = Ker W =: F_0.

Denote F_⊥ := F ⊖ F_0. The operator W_⊥ : F_⊥ → H, W_⊥ := W |_{F⊥} is closed, injective, and surjective (since W is surjective). Therefore, the operator W^{−1}_⊥ is defined on all H and closed, so it is bounded.

2In [12] the boundary conditions of the form u|_{Γ0×[0,T ]} = 0,^{∂u}_{∂ν}^fi_{(Γ\Γ0)×[0,T ]} = f, Γ_0 ≠ ⊘ were considered. However, the techniques work also in the case of Γ_0 = ⊘ (personal communication of R. Triggiani).

The operator W_{0⊥} : F_⊥ → H, W_{0⊥} := W_0|_{F⊥} is closed and injective; along with that W_{0⊥} ⊂ W_⊥, and the linear set Ran W_{0⊥} is dense in H by virtue of (β). Therefore, the operator (W_{0⊥})^{−1} is densely defined in H, bounded (as a restriction of (W_⊥)^{−1}), and closed. It immediately follows that (W_{0⊥})^{−1} = (W_⊥)^{−1}, so W_{0⊥} = W_⊥, and at last, W_0 = W in view of the equality of the kernels of W_{0⊥} and W . ▷

Setting F = F^T , H = H, W = W^T_1 , W_0 = W^T_0 and using the equalities (1.20), (1.25), we come to (1.19).

2 Solving the inverse problem

2.1 The form c^T

Let us introduce the linear set M^T := {f ∈ C^∞([0, T ]; L_2(Γ))|suppf ⊂ (0, T ]} ⊃ M^T_0 , and define the Hermite bilinear form c^T : F^T × F^T → C, Dom c^T = M^T × M^T ,

c^T [f, g] := (u^f (·, T ), u^g(·, T ))_H = (W^T_{max}f, W^T_{max}g)_H. (2.1)

Let c^T [y] := c^T [y, y] be the corresponding quadratic form. We shall prove that the values of c^T are determined by the response operator.

Lemma 7 The following representation is valid: c^T [f, g] = i ∫ ΣT dΣ^T [R^T f g − f R^T g]. (2.2)

◁ Take f ∈ L^T ; multiplying (0.1)–(0.3) by u^f , we obtain:

iρ u^f_t u^f + Δu^f u^f − q |u^f |^2 = 0.

Complex conjugating gives

−iρ u^f_t u^f + Δu^f u^f − q |u^f |^2 = 0.

Combining the last two equalities we get

iρ (|u^f |^2)_t = Δu^f u^f − u^f Δu^f .

Integrating over Q^T leads to i ||u^f (·, T )||^2_H = ∫ ΣT dΣ^T [f (R^T f) − (R^T f) f].

Therefore, we have

c^T [f, f] = < see (2.1) > = ||u^f (·, T )||^2_H = −i ∫ ΣT dΣ^T [f (R^T f) − (R^T f) f],

which implies (2.2).

The representation (2.2) can be extended by continuity to f, g ∈ M^T by means of the passage to the limit in the norm of the space C^1_0 ([0, T ]; L_2(Γ)) ⊃ M^T (see the end of Subsection 1.4). ▷

The form c^T is nonnegative and closable (since W^T_{max} is closed). Its closure c^T determines the (unique) selfadjoint operator C^T : F^T → F^T such that Dom C^T ⊂ Dom c^T [·] and (C^T f, g)_FT = c^T [f, g] for f ∈ Dom C^T , g ∈ Dom c^T [·] (see, e.g., [8]).

Lemma 8 The inclusion Dom W^T_1 ⊂ Dom C^T and the representation

C^T g = −iv^y|_ΣT (2.3)

are valid with g ∈ DomW^T_1 and y = W^T_1 g.

◁ Let f ∈ Dom C^T and y ∈ H^1; let g ∈ Dom W^T_1 such that u^g(·, T ) = y (see (1.34)). On the strength of (1.19), there exists a sequence {g_p} ⊂ M^T_0 such that g_p → g in F^T and u^{gp} (·, T ) → y in H^1. For these sequences we have:

(C^T f, g)_FT = lim c^T [f, g_p] = < see (2.1) > =

= lim (u^f (·, T ), u^{gp}(·, T ))_H = (u^f (·, T ), y)_H = = < see (1.6) > = (f, −iv^y)_FT .

Using self-adjointness of C^T , we get g ∈ Dom C^T and the equality (2.3). ▷ By virtue of the exact controllability of the system (0.1)– (0.3) in H^1(Ω), for every eigenfunction φ_k of the problem (0.4), (0.5) there exists a control f_k ∈ Dom W^T_1 such that u^{fk} (·, T ) = φ_k. According to (2.3), we have:

C^T f_k = −iv^{φk} |_ΣT = < see (1.8) > = e^T_k ,

and so, i (C^T f_k)(·, T ) = φ_k|_Γ. (2.4)

2.2 The form l^T

Let us define the form l^T := F^T × F^T → C, Dom l^T = M^T_0 × M^T_0 , l^T [f, g] = ∫ Ω dx [∇u^f (·, T ) ∇u^g(·, T ) + q u^f (·, T )u^g(·, T )] (2.5)

and show that its values are determined by the response operator. Lemma 9 The following representations are valid: l^T [f, g] = c^T [if_t, g] = i ∫ ΣT dΣ^T [R^T f ig_t − if_t R^T g]. (2.6)

◁ Substituting f, g ∈ L^T_0 into (2.5) and integrating by parts we have l^T [f, g] = (ρ^{−1}[−Δ + q]u^f (·, T ), u^g(·, T ))_H = = < see (1.2) > = (u^{ift} (·, T ), u^g(·, T ))_H = < see (2.1) > = = c^T [if_t, g] = < see (2.2) > = = i ∫ ΣT dΣ^T [R^T (if_t) g − if_t R^T g]. (2.7)

From the stationary state property of the system (0.1)–(0.3) it follows that R^T commutates with^∂_{∂t}. Using this fact and integrating by parts in (2.7), we obtain (2.6).

The representation (2.6) can be extended to f, g ∈ M^T_0 using the passage to the limit in C^1_0 ([0, T ]; L_2(Γ)) ⊃ M^T_0 . ▷

The definition (2.5) can be written in the form l^T [f, g] = (W^T_0 f, W^T_0 g)_H1 − (λ_1 − α) c^T [f, g] .

Closing the form l^T in F^T and taking into account the relation (1.19) and inclusion Dom W^T_1 ⊂ Dom c^T [·], we get the representation l^T [f, g] = (W^T_1 f, W^T_1 g)_H1 − (λ_1 − α) c^T [f, g] on controls f, g ∈ Dom l^T [·] = Dom W^T_1 . Let us note that the controls f_k, which are preimages of the eigenfunctions φ_k, lie in Dom l^T [·].

2.3 Variational principle. Extracting the spectral da- ta Eigenvalues and eigenfunctions of the problem (0.4),(0.5) can be found with the help of the well-known variational principle (see, e.g., [8]):

λ_k = min

y∈H1(Ω); (y,y)_H =1; (y,φj )_H=0,j=1,2,...k−1 ∫ Ω dx [|∇y|^2 + q |y|^2]; k = 1, 2... (2.8)

(for k = 1 there are no orthogonality conditions); here φ_k are the functions realizing the minima.

By virtue of (1.34) we look for minima in (2.8) over the set Ran W^T_1 . This allows to put y = u^f (·, T ) and to change the conditions of the search for the following ones:

f ∈ Dom W^T_1 = Dom l^T [·],

1 = (u^f (·, T ), u^f(·, T ))_H = < see (2.1) > = c^T [f], and 0 = (u^f (·, T ), u^{fj} (·, T ))_H = < see (2.1) > = c^T [f, f_j].

Finally we get:

λ_k = min f ∈DomlT ; cT [f]=1; cT [f,fj]=0, j=1,2,...k−1 l^T [f]; k = 1, 2... (2.9)

It is the form in which the variational principle is suitable for the recovery of the spectral data; the procedure can be described as follows.

Step 1. From the response operator R^T find the form c^T according to (2.2); then find c^T and the corresponding operator C^T .

Step 2. Find the form l^T by (2.6) and its closure l^T .

Step 3. Using (2.9), find λ_k and controls f_k, realizing the minima. Then find φ_k|_Γ according to (2.4).

Let us note in conclusion that the spectral data {λ_k; φ_k|_Γ} could be extracted from R^T without the result of Triggiani and Yao, following the scheme of the paper [3] and using the canonical model of the Schrödinger system. However, the exact controllability guarantees the inclusion {f_k} ⊂ F^T , whereas in the general case f_k are the elements of a completion of F^T , which need not be a functional space.

2.4 The result by R.G. Novikov

Let us consider an auxiliary problem

− Δy + qy = Eρy in Ω; (2.10) ∂y ∂ν = h on Γ; (2.11)

for E /∈ {λ_k}^∞_{k=1} it has the unique solution y = y^h(x). To the problem (2.10), (2.11) we associate the operator Ψ̂(E) : h → y^h|_Γ, which transfers the Neumann data into the Dirichlet ones. Recall its well-known representation

Ψ̂(E) h = ∞∑ k=1 (h, φ_k|_Γ)_{L2(Γ)} λ_k − E φ_k|_Γ (2.12)

in the form of the series converging in H^{1/2}(Γ). Fix E < λ_1; the operator Φ̂(E) := Ψ̂^{−1}(E), transferring the Diriclet data into the Neumann ones is well defined. As was shown in [11], the operator Φ̂(E) determines the function q − Eρ in Ω uniquely; hence, if Φ̂(E) is given for two arbitrary fixed E^′, E^{′′}, one can recover ρ and q in Ω.

Let us note that in [11] the explicit formulae determining functions ρ (in the case of q = 0) and q (in the case of ρ = 1) from the operator Φ̂(E) are presented.

2.5 Proof of Theorem 1

Let us summarize our considerations with a scheme of recovering the coefficients. This scheme provides the proof of the Theorem 1.

So, let a T > 0 be fixed and the operator R^T : F^T → F^T be given; (i) by the use of the procedure described in Subsection 2.3 find the spectral data {λ_k; φ_k|_Γ}^∞_{k=1};

(ii) for E^′, E^{′′} : E^′ < E^{′′} < λ_1 construct the operators Ψ̂(E^′), Ψ̂(E^{′′}) by the representation (2.12);

(iii) find Φ̂(E^′) = Ψ̂^{−1}(E^′) and Φ̂(E^{′′}) = Ψ̂^{−1}(E^{′′}) ; the operators Φ̂(E^′), Φ̂(E^{′′}) uniquely determine the coefficients ρ, q in Ω (see [11]).

3 Comments

3.1 Remarks. Close problems

In the one-dimensional case the operator W^T is continuous [2]. Probably, the same is valid in the multi-dimensional case. Continuity of W^T (should this be the case) would allow to simplify our procedure.

Considerations quite similar to the given in Subsections 1.5 and 1.6 allow to prove the useful result: the extension of the operator W^T from L^T to M^T and subsequent closing lead to the maximal operator W^T_{max}.

Theorem 1 remains valid in the case of controls acting from a part of the boundary. Namely, let Γ_0 ⊂ Γ be a (relatively) open subset; denote L^T_{Γ0} := {f ∈ L^T | supp f ⊂ Γ_0 × [0, T ]}. The operator R^T_{Γ0} : L^T_{Γ0} ∋ f → u^f |_{Γ0×[0,T ]} determines ρ and q in Ω uniquely.

Consider the Schrödinger system

iu_t + Δ_gu = 0 in Ω × (0, T );

u|_{t=0} = 0 on Ω; ∂u ∂ν = f on Γ × [0, T ]

on a compact Riemann manifold (Ω, g) with the boundary Γ; g is the metric tensor on Ω; Δ_g the Beltrami-Laplace operator; R^T : f →^{∂uf}_{∂ν} |_{Γ×[0,T ]} the response operator. The procedure of Subsection 2.3 enables to extract the Neumann spectral data from R^T ; these data determine the manifold up to isometry [7], [4]. As a result, we conclude that for any T > 0 the operator R^T determines the manifold (Ω, g) up to isometry.

Our techniques can be used for the direct continuation of the response operator from a time interval 0 ≤ t ≤ T onto the semiaxis t > 0 (see [5]). For this end one can extract the spectral data from R^T and, then, use the representation (1.12), replacing T there by a required T^′ > T .

3.2 Numerical realization

In the case of the 1-dim heat equation, a procedure extracting the spectral data from the response operator by means of variational principle has been realized numerically [1]. A computational experiment in the 2-dim problem

[6] has demonstrated a possibility to recover the coefficient ρ from the spectral data. However, a realization of the complete scheme R^T → ρ|_Ω still remains problematic. It is not clear whether in the 2-dim case one can extract from R^T a segment of data {λ_k, φ_k|_Γ}^N_{k=1} sufficient for satisfactory reconstruction of ρ (in the paper [1] there is N ∼ 20 whereas in [6] N ∼ 400 has been used).

3.3 Acknowledgments

The authors are very grateful to R. Triggiani for the information and valuable discussions concerning the paper [12]. We would like to thank S.V. Belisheva for assistance in preparing the manuscript.

References

[1] S.A. Avdonin, M.I. Belishev and Yu.S. Rozhkov. The BC-method in the inverse problem for the heat equation. Journal of Inverse and Ill-Posed Problems, 5(4):309-322, 1997.

[2] S. Avdonin, S. Lenhart and V. Protopopescu. Solving the dynamical inverse problem for the Schrödinger equation by the boundary control method. Inverse Problems, 18:349-361, 2002.

[3] M.I. Belishev. The canonical model of the system with boundary control in the inverse problem of the heat conductivity. Saint-Petersburg Mathematical Journal, 7(6):869–890, 1996.

[4] M.I. Belishev. Boundary control in reconstruction of manifolds and metrics (the BC-method). Inverse Problems, 13(5):R1–R45, 1997.

[5] M.I. Belishev. On relations between spectral and dynamical inverse data.

Journal of Inverse and Ill-Posed Problems, 9(6):547-565, 2001.

[6] M.I. Belishev, V.Yu. Gotlib and S.A. Ivanov. The BC-method in multidimensional spectral inverse problem: theory and numerical illustration. ESAIM Control, Optimization and Calculus of Variations, 2: 307–327, 1997.

[7] M.I. Belishev and Ya.V. Kurylev. To the reconstruction of a Riemannian manifold via its spectral data (BC-method). Comm.Partial Differential Equations, 17(5-6): 767–804, 1992.

[8] M.S. Birman and M.Z. Solomyak. Spectral Theory of Self-Adjoint Operators in Hilbert Space. D.Reidel Publishing Comp., 1987.

[9] L. Hörmander. The analysis of linear partial differential operators. II- I. Pseudodifferential operators. Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences], 274. Springer-Verlag, Berlin, 1985.

[10] J.-L. Lions and E. Magenes. E. Non-homogeneous boundary value problems and applications. Vol. I. Translated from the French by P. Kenneth. Die Grundlehren der mathematischen Wissenschaften, Band 181. Springer-Verlag, New York-Heidelberg, 1972.

[11] R.G. Novikov. A multidimensional inverse spectral problem for the equation −Δψ + (v(x) − Eu(x))ψ = 0. Funktsional. Anal. i Prilozhen. , 22(4): 11–22, 1988 (Russian); English translation in Funct. Anal. Appl. 22 (4): 263–272, 1989.

[12] R. Triggiani and P.-F. Yao. Inverse/observability estimates for Schrödinger equations with variable coefficients. Control and Cybernetics, 28(3): 627–664, 1999.