PREPRINT POMI — 15/2002

HARMONIC ANALYSIS ON TOTALLY DISCONNECTED GROUPS AND IRREGULARITIES OF POINT DISTRIBUTIONS

M. M. SKRIGANOV

Russian Academy of Sciences Steklov Mathematical Institute St.Petersburg Department Fontanka 27, St. Petersburg 191011, Russia

August 28, 2002

ABSTRACT The goal of this paper is to study point distributions in the multi-dimensional unit cube which possess the structure of finite abelian groups with respect to certain p-ary arithmetic operations. Such distributions can be thought of as finite subgroups in a compact totally disconnected group of the Cantor type. We apply the methods of L^q harmonic analysis to estimate very precisely the

L^q-discrepancies for such distributions. Following this approach, we explicitly

construct point distributions with the minimal order of the L^q-discrepancy for each q, 1 < q < ∞.

Suppoted by RFFI Project No. 02-01-00086 and INTAS Grant No. 00-429.

Typeset by AMS-TEX

1. Introduction

A fundamental observation in the modern theory of irregularities of distributions is that most uniformly distributed point sets possess hidden regular structures. This general heuristic principle has been illustrated by a number of concrete examples. In fact, all known uniformly distributed point sets of low discrepancy have inner regularities. See Beck and Chen [BC], Drmota and Tichy [DT], and Matous̆ek [M].

In the present paper we shall study point distributions in the d-dimensional unit cube U^d = [0, 1)^d which possess the structure of finite abelian groups with respect to certain p-ary arithmetic operations. Such distributions can be thought of as subgroups in a compact totally disconnected abelian group U^d_p , the product of d copies of the Cantor type group

U_p = ∏ i≥1 Zp = {Zp}^N , (1.1)

which is the full direct product of countably many copies of the additive cyclic group Z_p of order p ≥ 2. In particular, U_2 is known as the diadic Cantor group. A detailed study of totally disconnected groups can be found in Hewitt and Ross [HR].

The group of characters for U^d_p is isomorphic to a discrete countable group Û^d_p , the product of d copies of the weak direct product

Û_p = ∏_∗ i≥1 Zp. (1.2)

Furthermore, the characters of the group U_p can be identified with the Walsh functions in base p. See Golubov et. al. [GES] and Schipp et al. [SWSP].

By applying the methods of harmonic analysis on the group U^d_p , we shall estimate very precisely the L^q-discrepancies for point distributions possessing the group structure. Actually, we shall estimate an averaged rate of convergence of the Haar measures on finite subgroups D ⊂ U^d_p to the Haar measure on U^d_p .

Our main tool is the Littlewood-Paley theory for the multi-dimensional Fourier-Walsh series. See Edwards and Gaudry [EG]. Unfortunately, this theory can not be directly applied to the L^q-discrepancies. Nevertheless, the difficulty may be resolved if the Littlewood-Paley theory is used in conjunction with coding theory. Such an interaction between L^q harmonic analysis and coding theory is of crucial importance for our approach, and it is hoped that this idea may have wider applications.

Following this approach and using previous constructions from Skriganov [Sk1] and Chen and Skriganov [CS], we shall explicitly construct point distributions in the unit cube U^d with the minimal order of the L^q-discrepancy.

To be more specific in our discussion, let us briefly recall basic facts on irreqularities of point distributions. For details we refer to [BC], [DT], [M].

Let D_N be a distribution of N > 1 points, not necessary distinct, in the unit cube U^d. The local discrepancy L[D_N ; Y ], Y = (y_1, . . . , y_d) ∈ U^d, is defined by

L[D_N ; Y ] = #{D ∩ B_Y } − Nvol B_Y , (1.3)

where B_Y = [0, y_1) × · · · × [0, y_d) ⊂ V^d is a rectangular box of volume vol B_Y = y_1 . . . y_d. We write #{S} for the number of elements in a finite set S.

The L^q-discrepancy L_q [D_N ] is defined by

L_q[D_N ] = ( ∫ U^d |L[D_N ; Y ]|^qdY )_{1/q} , (1.4)

where 1 ≤ q < ∞.

For each q, 1 < q < ∞, and for an arbitrary distribution D_N we have the following lower bound L_q [D_N ] > c_{d,q}(log N)^{12 (d−1)}, (1.5)

where the positive constant c_{d,q} is independent of N.

In 1954 Roth [Ro1] established (1.5) for q = 2, and therefore for every q ≥ 2. In 1977 Schmidt [Sc] extended (1.5) to the interval 1 < q < 2. In fact, this result of Roth and Schmidt was a starting point of the modern theory of irregularities of distributions in several dimensions.

The lower bound (1.5) is the best possible. More precisely, for each q, 1 ≤ q < ∞, and every N > 1 there exist distributions D_N of N points in U^d such that

L_q [D_N ] < C_{d,q}(log N)^{12 (d−1)}, (1.6)

where the constant C_{d,q} is independent of N.

Constructions of distributions D_N satisfying (1.6) for 1 ≤ q ≤ 2 were given in dimensions d = 2 and d = 3 by Davenport [D] and Roth [Ro2] respectively, and in arbitrary dimensions by Frolov [Fr] and Roth [Ro3]. Shortly thereafter, Chen [C1], [C2] extended (1.6) to the interval 2 < q < ∞. At a later time, other constructions for arbitrary exponents q were also given by Skriganov [Sk1].

Notice that in the cited papers constructions of the distributions D_N satisfying (1.6) are based either on lattices in Euclidean spaces with very special diophantine properties (cf. [D], [F2], [Ro2], [Sk1]) or on specific sequences over finite fields and rings (cf. [C1], [C2], [Ro3]). In all instances such distributions have rich inner structures.

Hovewer, in dimensions d ≥ 3 all these constructions also involve additional probabilistic arguments and therefore are not explicit. Known explicit constructions in two dimensions can be found in [BC], [DT], [M].

It must be emphasized that the problem of explicit constructions of distributions with the minimal order of the L^q-discrepancies is obviously of much importance not only for the theory of irregularities of distributions but also for applications to numerical integration and interpolation. Relationships with complexity in numerical analysis and effective derandomization in combinatorics should be also mentioned. See, for example, Nowak and Woźniakowski [NW], Ritter [R], Temlyakov [T], and references therein.

In the recent paper [CS] by Chen and Skriganov this problem was first solved in arbitrary dimensions for the L^2-discrepancy. We mention also the paper [LP] by Larcher and Pillichshammer where a similar problem was studied in three dimensions with an apper bound for the L^2-discrepancy of the order log N (log log N)^{1/2}.

In the present paper the explicit construction problem will be solved completely. We shall prove the following

Proposition 1.1. Suppose that a positive even integer 2t is given. Pick a prime p > 2td^2. Then for every N > 1 a distribution D_N of N points in the unit cube U^d can be constructed explicitly to satisfy the inequality

L_{2t}[D_N ] < 3p^{2d}t^{1/2}γ_p(d, 2t)(log_p N + 2td + 1)^{12 (d−1)}, (1.7) where log_p denotes the log in base p and γ_p(d, 2t) is the standard constant in the Paley inequality (4.11) for the d-dimensional Walsh functions in base p.

The explicit constructions of distributions D_N satisfying (1.7) will be given in Section 3 in terms of special finite subgroups of the group U^d_p . In the case t = 1 Proposition 1.1 coinsides in essence with the main result of [CS].

It is interesting to note that for the L^2-discrepancy Theorem 1.1 can be improved in the following sense. It turns out that the L^2-discrepancies for finite subgroups D ⊂ U^d_p can be exactly evaluated in terms of certain weight enumerators for dual subgroups ^D ⊂ Û^d_p . The corresponding explicit formulas will be given elsewhere.

In conclusion of the present discussion, we should point out that instead of the groups (1.1) we could study more general totally disconnected groups of the type

U_P = ∏ i≥1 Zp_i, (1.8)

where P = (p_1, p_2, . . . ) is an arbitrary sequence of integers p_i ≥ 2.

The corresponding generalization of our approach to the groups (1.8) is strightforward if the integers p_i are bounded as i → ∞. Otherwise, a considerably different state of affairs takes place. Rouhgly speaking, finite subgroups D ⊂ U^d_P no longer can meet the bound (1.6) if the integers p_i are unbounded as i → ∞. In the present paper we are to leave aside these interesting questions.

The plan of the paper is the following. Section 2 contains the background material for the further discussion of distributions possessing the group sturcture. Our main result (Theorem 3.1) on the L^q-discrepancies for subgroups in U^d_p is stated in Section 3. In Section 3, we also describe explicit constructions of special subgroups in U^d_p and deduce Proposition 1.1 from Theorem 3.1.

The rest of the paper is concerned with the proof of Theorem 3.1. In Section 4, we recall necessary facts on L^q harmonic analysis on the group U^d_p . Our key results (Lemmas 5.1 and 5.2) on relationships between the Walsh functions and error-correcting codes are given in Section 5. These results will be used in Section 6 to complete the proof of Theorem 3.1.

2. Preliminary background

Throughout we shall use the following notation. We write N for the set of all positive integers, N_0 for the set of all non-negative integers, N^d and N^d_0 for the products of d copies of the corresponding sets. We fix an integer p ≥ 2 and write Z_p = {0, 1, . . . , p − 1} for the additive cyclic group of residues modulo p. If necessary, Z_p can be also thought of as a finite ring or, for a prime p, as the finite field of p elelents.

For s ∈ N_0, we write

Q(p^s) = {x = mp^{−s} ∈ [0, 1) : m = 0, 1, . . . , p^s − 1}, Q(p^s) = {X = (x1, . . . , xd) ∈ U^d : xj ∈ Q(p^s), j = 1, . . . , d}, and Q(p^∞) =^⋃_{s≥0} Q(p^s), Q^d(p^∞) =^⋃_{s≥0} Q^d(p^s).

Points in Q^d(p^∞) are called the p-ary rational points.

Any x ∈ [0, 1) can be represented in the form x = ∑ i≥1 η_i(x)p^{−i}, (2.1) where the digits η_i(x) ∈ Z_p, i ∈ N. Furthermore, the p-ary expansion (2.1) is unique if we agree that the sum in (2.1) is finite for every p-ary rational points. With this agreetment, we have η_i(x) = 0 for i > s if x ∈ Q(p^s).

For any two points x and y in Q(p^∞) and any two scalars α and β in Z_p, we define a linear combination αx ⊕ βy by η_i(αx ⊕ βu) = αη_i(x) + βη_i(y) mod p, i ∈ N. Similarly, for any two vectors X = (x_1, . . . , x_d) and Y = (y_1, . . . , y_d) in Q^d(ρ^∞), we define αX ⊕ βY by αX ⊕ βY = (αx_1 ⊕ βy_1, . . . , αx_d ⊕ βy_d). With respect to the addition ⊕ the set Q^d(p^∞) is an infinite abelian group while the sets

Q^d(p^s) are subgroups of order p^{ds}. Furthermore, these sets can be thought of as modules over

the ring Z_p or, for a prime p, as vector spaces over the finite field of p elements. The latter observation will be used only for explicit constructions in Section 2.

Finite subgroups D in Q^d(p^∞) can be thought of as distributions in U^d. It turns out that the L^q-discrepancies for such distributions can be evaluated in terms of their dual subjects.

For s ∈ N_0, we write

N0(p^s) = {l ∈ N0 : 0 ≤ l < p^s}, N^d_0(p^s) = {L = (l1, . . . , ld) ∈ N^d_0 : lj ∈ N0(p^s), j = 1, . . . , d}.

Any l ∈ N_0 can be represented uniquely in the form l = ∑ i≥1 λ_i(l)p^{i−1}, (2.2)

where the digits λ_i(l) ∈ Z_p, i ∈ N. Furthtrmore, λ_i(l) = 0 for i > s if l ∈ N_0(p^s).

For any two integers l and k in N_0 and any two scalars α and β in Z_p, we define a linear combination αl ⊕ βk by λ_i(αl ⊕ βk) = αλ_i(l) + βλ_i(k) mod p, i ∈ N. Similarly, for any two vectors L = (l_1, . . . , l_d) and K = (k_1, . . . , k_d) in N^d_0, we define αL ⊕ βK by αL ⊕ βK = (αl_1 ⊕ βk_1, . . . , αl_d ⊕ βk_d). With respect to the addition ⊕ the set N^d_0 is an infinite abelian group, which will be denoted

by N^d_0(p^∞), while the sets N^d_0(p^s) are subgroups of order p^{ds} in N^d_0(p^∞).

The group N_0(p^∞) is isomorphic to the weak direct product (1.2) while the group Q(p^∞) is isomorphic to a dense subgroup in the full direct product (1.1). We shall return to these questions in Section 3.

For every l ∈ N_0(p^s) and x ∈ Q(p^s), we define a pairing ⟨l, x⟩ by

⟨l, x⟩ = s∑ i=1 λ_i(l)η_i(x) mod p, and for every L = (l_1, . . . , l_d) ∈ N^d_0 (p^s) and X = (x_1, . . . , x_d) ∈ Q^d(p^s), we define a pairing ⟨L, X⟩ by ⟨L, X⟩ = d∑ j=1 ⟨l_j , x_j ⟩ mod p. For each subgroup D ⊂ Q^d(p^s) its annihilator ^D ⊂ N^d_0 (p^s) is defined by

^D = {L ∈ N^d_0(p^s) : ⟨L, X⟩ = 0 for every X ∈ D}.

It is easy to check that ^D is a subgroup in N^d_0(p^s) and the orders of D and ^D are related by #{D}#{ ^D} = p^{ds}. We introduce two metrics on the group N^d_0(p^∞). For l ∈ N_0 the Hamming weight –(l) is defined as the number of non-zero digits in the expansion (2.2), and the Rosenbloom–Tsfasman weight ρ(l) is defined by ρ(l) = { 0 if l = 0 max{i ∈ N : λ_i(l) ≠ 0} if l ∈ N.

(2.3)

For L = (l_1, . . . , l_d) ∈ N^d_0 we define the weights –(L) and ρ(L) by

–(L) =^{d∑}_{j=1} –(lj ) and ρ(L) =^{d∑}_{j=1} ρ(lj ). (2.4)

It is easy to check that –(L) = ρ(L) = 0 if and only if L = 0 and that both weights (2.4) satisfy the triangle inequality. These give rise to metrics (or distances) on the group N^d_0(p^∞). Furthermore, the definition (2.3) implies that ρ(l ⊕ k) ≤ max{ρ(l), ρ(k)}, l, k ∈ N_0. (2.5) Thus, the Rosenbloom–Tsfasman metric for d = 1 is an ultrametric.

The Hamming metric is well known in coding theory and related fields (see, for example, MacWilliams and Sloane [MWS]) while the ρ-metric was introduced very recently by Rosenbloom and Tsfasman [RT]. It is remarkable that fundamental concepts related to the Hamming metric can be very naturally extended to the ρ-metric. See Dougherty and Skriganov [DS] and Martin and Stinson [MS]. We refer to [Sk2] for further comments on this matter.

For each subset C ⊂ N^d_0 (p^∞) containing at least two points, we define the weights –(C) and ρ(C) by wt (C) = min{wt (X ⊖ Y ) : X, Y ∈ C, X ≠ Y }, (2.6)

where wt stands for any one of the weights ρ or –, and ⊖ denotes the subtraction related to the addition ⊕. If C is a subgroup in N^d_0(ρ^∞), the relation (2.6) can be written in the form

wt (C) = min{wt (X) : X ∈ C \ {0}}. (2.7)

The appearance of the Rosenbloom–Tsfasman metric in the context of irregularities of distributions can be readily explained by the following (see [Sk2] for more details). Consider elementary rectangular boxes Δ^M_A ⊂ U^d of the form

Δ^M_A = [m_1, p^{−a1} , (m_1 + 1)p^{−a1} ) × · · · × [m_j p^{−ad} , (m_j + 1)p^{−ad} ), (2.8) where A = (a_1, . . . , a_d), M = (m_1, . . . , m_d) ∈ N^d_0 and 0 ≤ m_j < p^{aj} , j = 1, . . . , d. Any such box has volume vol Δ^M_A = p^{−a1−...−ad} .

Recall the following definition (cf. Niederreiter [N1]): Let 0 ≤ δ ≤ s be integers. A subset D ⊂ U^d consisting of p^s points in called a (δ, s, d)-net of deficiency δ (in base p) if every elementary box (2.8) of volume p^{δ−s} contains exactly p^δ points of D.

It is well known that (δ, s, d)-nets fill out the unit cube very uniformly if δ = 0(1) as s → ∞ (see, for example, [BC] or [N1]). First constructions of (δ, s, d)-nets in base 2 were given by Sobol [So] and in an arbitrary prime base p by Faure [Fa]. For the further results on this matter we refer to the survey [N2] by Niederreiter.

Lemma 2.1. Let D ⊂ Q^d(p^s) be a subgroup of order p^s and ^D ⊂ N^d_0(p^s) be its annihilator. Then the following two statements are equivalent:

(a) D is a (δ, s, d)-net in base p; (b) ρ( ^D) ≥ s + 1 − δ.

This is Theorem 4.2 of [Sk2] or Lemma 2C of [CS].

Lemma 2.1 implies that points of a finite subgroup D are well distributed in elementary boxes (2.8) if points of its annihilator ^D are well spaced in the Rosenbloom–Tsfasman metric.

Unfortunately the weight ρ( ^D) alone is not sufficient to guarantee the minimal order of the L^qdiscrepancies (1.6) (cf. Pillichshammer [P]). We shall see that the bound (1.6) can be established for subgroups D ⊂ Q^d(p^s) if the Rosenbloom–Tsfasman weight ρ( ^D) is considered in conjunction with the Hamming weight –( ^D).

Now we wish to discuss some useful corollaries of the ultrametric inequality (2.5). Consider the following boxes in N^d_0. For each A = (a_1, . . . , a_d) ∈ N^1_0, we put

N^d_0(p^A) = N0(p^{a1} ) × · · · × N0(p^{ad} ) (2.9) and Π_A = Π_{a1} × · · · × Π_{ad} , (2.10)

where Π_a, a ∈ N_0, are the following intervals in N_0

Π_0 = {0}, Π_a = {l ∈ N : p^{a−1} ≤ l < p^a}, a ∈ N.

Using (2.3), we can write

N^d_0 (p^A) = {L = (l1, . . . , ld) ∈ N^d_0 : ρ(lj ) ≤ aj , j = 1, . . . , d} (2.11) and Π_A = {L = (l_1, . . . l_d) ∈ N^d_0 : ρ(l_j ) = a_j , j = 1, . . . , d}. (2.12)

It is known that each ball in the ρ-metric B(r) = {L ∈ N^d_0 : ρ(L) ≤ r}, r ∈ N_0, is a union of the boxes N^d_0(p^A) with a_1 + ... + a_d = r and each sphere in the ρ-metric S(r) = {L ∈ N^d_0 : ρ(L) = r} is a disjoint union of the boxes Π_A with a_1 + ... + a_j = r. See Lemmas 3.1 and 3.3 of [Sk2].

We observe that the ultrametric inequality (2.5) implies that each box N^d_0(p^A) is a subgroup of order p^{a1+...+ad} in the group N^d_0(p^∞). Using this observation, we shall prove the following result, which will be needed in Section 6.

Lemma 2.2. Let C ⊂ N^d_0 (p^s) be an arbitrary subgroup. Then for each A = (a_1, . . . , a_d) ∈ N^d_0 with 0 ≤ a_j ≤ s, j = 1, . . . , d, and a_1 + · · · + a_d ≥ ρ(C), we have #{C ∩ Π_A} ≤ #{C ∩ N^d_0(p^A)} ≤ p^{a1+...+ad−ρ(C)+1} Proof. The left inequality is trivial, since Π_A ⊂ N^d_0(p^A) for each A. Let us consider the right inequality. Pick B = (b_1, . . . b_d) ∈ N^d_0 to satisfy 0 ≤ b_j ≤ a_j , j = 1, . . . , d, and b_1 + · · · + b_d = ρ(C) − 1. The box N^d_0(p^B) is a subgroup in N^d_0(p^A) and the factor group N^d_0 (p^A)/N^d_0 (p^B ) has order p^{a1+...+ad−ρ(C)+1}. Furthermore, translations N^d_0(p^B) ⊕ K by vectors K ∈ N^d_0(p^A)/N^d_0 (p^B) form a partition of the box N^d_0(p^A). Therefore, it is sufficient to prove that each box N^d_0(p^B ) ⊕ K in this partition contains at most one point of the subgroup C. Suppose on the contrary that a

box N^d_0(p^B ) ⊕ K contains two distinct points L1 and L2 of C. Then the box N^d_0(p^B ) contains

the point L_0 = L_1 ⊖ L_2 ∈ C \ {0} and hence ρ(C) ≤ ρ(L_0) ≤ b_1 + · · · + b_d = ρ(C) − 1. This contradiction completes the proof. �

3. The Main Theorem

Theorem 3.1. Let D be a subgroup of order p^s in Q^d(p^s) and ^D be its annihilator in N^d_0(p^s). Suppose that ρ( ^D) ≥ s + 1 − δ and –( ^D) ≥ 2td + 1,

where t ≥ 1 and 0 ≤ δ ≤ s are fixed integers.

Then, the L^{2t}-discrepancy of the distribution D ⊂ U^d dstisfies the bound

L_{2t}[D] < 3p^{d+δ}t^{1/2}γ_p(d, 2t) (s + 1)^{12 (d−1)},

where γ_p(d, 2t) is the standard constant in the Paley inequality (4.11) for the d-dimensional Walsh functions in base p.

The proof of Theorem 3.1 will be given in Section 6.

In order to deduce Proposition 1.1 from Theorem 3.1 we need to construct explicitly subgroups

D ⊂ Q^d(p^s) whose annihilators^^D ⊂ N^d_0(p^s) have large weights (2.6) simultaneously in both

metrics ρ and –. First constructions of such subgroups were given in the author’s paper [Sk2]. Here we follow the paper [CS] where these constructions were slightly simplified.

Let p be a prime and let Z_p[z] denote the ring of polynomials f(z) = ∑ i≥0 f_iz^i

with coefficients f_i ∈ Z_p. For a given polynomial f(z) its k-th hyperderivative ∂^kf(z) ∈ Z_p[z] is defined by ∂^kf(z) = ∑ i≥0 ( i k ) f_iz^{i−k},

where (_i k ) are the binomial coefficients modulo p, with the usual convention that (_i k ) = 0 when k > i. Suppose that the prime p satisfies the condition p > gd, where g ∈ N is fixed. Then there exist gd distict residues β_{j,l} ∈ Z_p with 1 ≤ j ≤ d and 1 ≤ l ≤ g. For every σ ∈ N and f ∈ Z_p[z], let X(f) = (x_1(f), . . . , x_d(f)), where x_j (f) = g∑ l=1 p^{−(l−1)σ} σ∑ i=1 ∂^{i−1}f(β_{j,l})p^{−i} (3.1) for every j = 1, . . . , d.

Consider the following set of p^{gσ} points in U^d D(g, σ) = {X(f) : f ∈ Z_p[z] and deg f < gσ}. (3.2) In the special case g = 1 such distribution were studied earlier by Faure [Fa]. Lemma 3.1. For every g, σ ∈ N and a prime p > gd the set D(g, σ) is a subgroup of order p^{gσ}

in Q^d(p^{gσ} ). Furthermore, its annihilator^^D(g, σ) in N^d_0(p^{gσ} ) satisfies the inequalities ρ( ^D(g, σ)) ≥ gσ + 1 and –( ^D(g, σ)) ≥ g + 1. This is Lemma 2E of [CS] (see also Lemma 5.1 and Theorem 6.1 of [Sk2]). Comparing Theorem 3.1 and Lemma 3.1, we obtain the following Corollary 3.1. For g = 2td and each σ ∈ N the distribution D(g, σ) of p^{gσ} points in v^d satisfies the inequality L_{2t}[D(g, σ)] < 3p^dt^{1/2}γ_p(d, 2t)(gσ + 1)^{12 (d−1)}.

This proves Proposition 1.1 for all N of the form p^{gσ}, σ ∈ N. For an arbitrary N we shall use the following known argument.

Suppose that an integer N > 1 is given. Take the unique σ ∈ N to satisfy p^{g(σ−1)} < N ≤ p^{gσ}. By Lemmas 2.1 and 3.1 the set D(g, σ) is a (d, gσ, 0)-net. Therefore, the subset D^∗_N (g) = D(g, σ) ∩ ([0, Np^{−gσ} ) × [0, 1)^{d−1}) contains exactly N points.

Now we consider the following distribution of N points in U^d D_N (g) = {(N^{−1}p^{gσ}x_1, x_2, . . . , x_d) : (x_1, . . . , x_d) ∈ D^∗_N (g)}.

Corollary 3.2. For g = 2td and each N > 1 the distribution D_N (g) of N points in U^d satisfies the inequality L_{2t}[D_N (g)] < 3p^dt^{1/2}γ_p(d, 2t)(log_p N + 2td + 1)^{12 (d−1)}.

Proof. We have ∫ V^d |L[D_N (g); Y ]|^{2t}dY = N^{−1}p^{gσ} ∫ [0,Np�^{gσ})×[0,1)^d�1 L[D(g, σ); Y ]|^{2t}dY ≤ N^{−1}p^{gσ} ∫ U^d |L[D(g, σ); Y ]|^{2t}dY. Hence L_{2t}[D_N (g)] < p^dL_{2t}[D(g, σ)].

Therefore, with Corollary 3.1 we have

L_{2t}[D_N (g)] < 3p^{2d}t^{1/2}γ_p(d, 2t)(gσ + 1)^{12 (d−1)}

< 3p^{2d}t^{1/2}γ_p(d, 2t)(log_p N + 2td + 1)^{12 (d−1)}. �

Corollary 3.2 implies Proposition 1.1 for every N > 1.

In conclusion of this section, it should be pointed out that the explicit constructions given by (3.1), and (3.2) can be essentially generalized. For example, instead of large primes p > 2td^2 we could take an arbitrary prime p, say p = 2, and consider the above constructions over an extension F of the finite field Z_p. The degree of this extension has to satisfy the condition p^{deg F} > 2td^2 (cf. [Sk2]). Furthermore, we can take an arbitrary integer p ≥ 2, not necessary prime, and consider the corresponding construction over a Galois extension K of the ring Z_p. The cardinality of this extension has to be sufficiently large to choose gd distict elements β_{j,l} ∈ K, 1 ≤ j ≤ d, 1 ≤ l ≤ g, in such a way that all non-zero differences β_{j,l} − β_{i,k} are invertible in the ring K. For purposess of the present paper we have selected the simplest form of possible explicit constructions.

4. Harmonic Analysis on the Cantor-type Groups

In this section, we shall briefly discuss basic concepts and facts on harmonic analysis on the group U^d_p . For details we refer to [EG], [GES], [HR], and [SWSP].

The group U_p, defined by (1.1), consists of all one-way vectors ξ = (ξ_1, ξ_2, . . . ), ξ_i ∈ Z_p, i ∈ N, with coordinate-wise addition. The topology can be given by a p-adic metric ε(·), where ε(0) = 0 and for ξ ≠ 0 ε(ξ) = p^{−v(ξ)} where v(ξ) = min{i ∈ N : ξ_i ≠ 0}. The group U_p is compact and totally disconnected (the connected components are points). The group U^d_p consists of all d-tuples Ξ = (ξ^{(1)}, . . . , ξ^{(d)}), ξ^{(j)} ∈ U_p, j = 1, . . . , d.

We define a mapping ȷ : U^d → U^d_p by ȷ : [0, 1) ∋ x → ȷ(x) = (η1(x), η2(x), . . . ) ∈ Up and ȷ : U^d ∋ X = (x1, . . . , xd) → ȷ(X) = (ȷ(x1), . . . , ȷ(xd)) ∈ U^d_p , where η_i(·) ∈ Z_p, i ∈ N, are digits in the p-ary expansion (2.1).

The mapping ȷ is surjective. For d = 1 the complement U_p \ ȷ([0, 1)) is a countable set consisting of all vectors ξ = (ξ_1, ξ_2, . . . ) ∈ U_p where ξ_i = p − 1 for every i > i_0(ξ). For d > 1 the complement U^d_p \ ȷ(U^d) consists of all d-tuples Ξ = (ξ^{(1)}, . . . , ξ^{(d)}) ∈ U^d_p where at least one of the coordinates ξ^{(j)}, j = 1, . . . , d, belongs to U_p \ ȷ([0, 1)).

Geometrically, the group U_p can be thought of as a modified interval [0, 1)^∗ where each p-ary rational point x = mp^{−a}, m = 1, . . . , p^a − 1, a ∈ N, splits into a left part with a finite expansion (2.1) and a right part with an alterhative infinite expansion (2.1).

It is well known that the mapping ȷ sends the Lebesgue measure on U^d to the unique Haar measure μ on the group U^d_p normalized by the condition μ(U^d_p ) = 1. Therefore, for each q the mapping ȷ generates an isometric isomorphism between the functional spaces L^q(U^d) and L^1(U^d_p ).

Since the mapping ȷ is not bijective, the group structure can not be transfered from U^d_p onto the unit cube U^d. For example, the points x = p/p+1 and y = 1/p+1 have the p-ary expansions

ȷ(x) = (p − 1, 0, p − 1, 0, . . . ) and ȷ(y) = (0, p − 1, 0, p − 1, . . . ) but there not exists a point in

[0, 1) with the p-ary expansion ȷ(x) + ȷ(y) = (p − 1, p − 1, . . . ).

Nevertheless, the group structures on U^d_p and Q^d(p^∞) are in correct agreement. More precisely, we have

ȷ(X ⊕ Y ) = ȷ(X) + ȷ(Y )

for every X and Y in Q^d(p^∞). Forthermore, it is easy to check that the image ȷ(Q^d(p^∞)) is a dense subgroup in U^d_p .

The dual group Û^d_p can be described as follows. For each L = (l_1, . . . , l_d) ∈ N^d_0 we define a character Ω_L(·) of the group U^d_p by

Ω_L(Ξ) = d∏ j=1 ω_{lj} (ξ^{(j)}), (4.1)

where ω_l(ξ) = exp ( 2π √ −1 p ∑ i≥1 λ_i(l)ξ_i ) , where ξ(ξ_1, ξ_2, . . . ) ∈ U_p and λ_i(l), i ∈ N, are digits in the p-ary expansion (2.2) for l ∈ N_0.

Notice that the functions (4.1) are continuous on U^d_p and each character of the group U^d_p can be written in the form (4.1). This defines an isomorphism between the groups U^d_p and N^d_0(p^∞).

Using the mapping ȷ, we define the following functions on the unit cube U^d W_L(X) = Ω_L(ȷ(X)), L ∈ N^d_0.

We have

W_L(X) = d∏ j=1 w_{lj} (x_j ), (4.2)

where ω_l(ξ) = exp ( 2π √ −1 p ∑ i≥1 λ_i(l)η_i(x) ) , l ∈ N_0, (4.3)

where η_i(x), i ∈ N, are digits in the p-ary expansion (2.1) for x ∈ [0, 1).

The function (4.3) and their multi-dimensional generalizations (4.2) are known as the Walsh functions if p = 2 and the Chrestenson or Chrestenson–Levy functions if p > 2. For simplisity we refer to them all as Walsh functions (in base p).

The Walsh functions W_L inherit the main properties of the characters Ω_L (exept those related to continuity). In particular, we have the following relations: W_{L⊕K} (X) = W_L(X)W_K (X) (4.4a) for every L, K ∈ N^d_0(p^∞) and X ∈ U^d;

W_L(X ⊕ Y ) = W_L(X)W_L(Y ) (4.4b) for every X, Y ∈ Q^d(p^∞) and L ∈ N^d_0;

W_L(X) = W_L(X) (4.4c) for every L ∈ N^d_0(p^∞) and X ∈ U^d, here W_L(·) is the complex conjugation and L denotes the unique vector in N^d_0(p^∞) such that L ⊕ L = 0.

From (4.4b) we conclude that the Walsh functions W_L(X) are characters of finite groups

Q^d(p^s). It is easy to see that the set of Walsh functions {WL(X) : L ∈ N^d_0 (p^s)} forms the group

of all characters for the group Q^d(p^s). Therefore, known results on characters of finite abelian groups imply the following

Lemma 4.1. Let D be a subgroup in Q^d(p^s) and ^D denote its unnihilator in N^d_0(p^s). Then, for every L ∈ N^d_0 (p^s) we have ∑ X∈D W_L(X) = { #{D} if L ∈ ^D, 0 if L /∈ ^D. It is well know that the Walsh functions (4.2) form an orthonormal basis in the space L^2(U^d).

More precisely, we have ∫ U^d W_K (X)W_L(X)dX = ∫ U^d W_{K⊕L}(X)dX = δ(K ⊖ L), (4.5) where Kroneker’s delta δ(K) = 0 if K ∈ N^d_0 \ {0} and δ(0) = 1.

For each function f ∈ L^2(U^d), we have the Fourier–Walsh expansion f(X) ≃ ∑ L∈N^d0

f̂_LW_L(X), (4.6)

where the Fourier–Walsh coefficients

f̂_L = ∫ U^d W_L(X)f(X)dX, (4.7) and the symbol ≃ denotes the L^2-convergence. We also have the identity

‖f‖^2 = ∑ L∈N^d0

|f̂_L|^2. (4.8)

Hereinafter, we write ‖ · ‖_q for the standard norm in the space L^q(U^d),

‖f‖_q = ( ∫ U^d |f(X)|^q dX )_{1/q} , 1 ≤ q < ∞. Now we briefly discuss the Littlewood–Paley theory which gives the most adequate approach to study the Fourier–Walsh expansions in the L^q-spaces. For broad classes of totally disconnected abelian groups this theory was developed by Spector [Sp]. In our discussion we close follow Edwards and Gaudry [EG].

Suppose that a function f ∈ L^2(U^d) ∩ L^q(U^d) is given. Consider the Littlewood-Paley decomposition f(X) ≃ ∑ A∈N^d0

P_Af(X), (4.9)

where P_Af(X) are the following partial sums P_Af(X) = ∑ L∈Π_A f̂_LW_L(X)

associated with boxes Π_A, A ∈ N^d_0 , see (2.10) and (2.12).

The square function S[f(X)] is defined by

S[f(X)] = ( ∑ A∈N^d0 |P_Af(X)|^2 )_{1/2} . (4.10)

It should be recognized that S[f(X)] is correctly defined for each X ∈ U^d, since all terms of the sum in (4.11) are non-negative. Furthermore, the set of X ∈ U^d where this sum is equal to infinity has zero measure, since ‖S[f]‖_2 = ‖f‖_2 < ∞.

With this background, we have the Paley inequality {γ_p(d, q)}^{−1}‖S[f]‖_q ≤ ‖f‖_q ≤ γ_p(d, q)‖S[f]‖_q , (4.11) where 1 < q < ∞ and the constant γ_p(d, q) ≥ 1 is independent of the function f.

We comment here that for d = 1 the inequality (4.11) is contained in Theorem 4.1.8 of [EG] applied to the group U_p, while for d > 1 this inequality follows from that for d = 1 and Theorem 1.3.4 of [EG] applied to the product U^d_p of d copies of the group U_p. It should be pointed out that in the special case d = 1 and p = 2 the inequality (4.11) is the classical result of Paley [Pa].

Notice also that the constants γ_p(d, q) in the inequalities (4.11) can be evaluated efficiently (cf. [EG]) but it seems likely that in the case d > 1 their explicit expressions are absent in the literature.

In the following, we shall need only the right inequality in (4.11) for q ≥ 2. Using Minkowski’s inequality for the L^{q/2}-norm, we immediately obtain the following

Lemma 4.2. For an arbitrary function f ∈ L^q(U^d), 2 ≤ q < ∞, we have

‖f‖_q ≤ γ_p(d, q) ( ∑ A∈N^d0 ‖P_Af‖^2_q )_{1/2} ,

where the constant γ_p(d, q) ≥ 1 is independent of the function f.

5. Walsh Functions and Error-Correcting Codes

We begin with the Fourier-Walsh expansion (4.6) for the characteristic function χ(B_Y , X) of the rectangular box B_Y = [0, y_1) × · · · × [0, y_d), Y = (y_1, . . . , y_d) ∈ U^d, χ(B_Y , X) = { 1 if X ∈ B_Y , 0 if X /∈ B_Y . With (4.6) and (4.7) we have χ(B_Y , X) ≃ ∑ L∈N^d0 ( ∫ B_Y W_L(X)dX ) W_L(X).

Let us write this expansion in the form χ(B_Y , X) ≃ ∑ L∈N^d0

p^{−ρ(L)}Ψ_L(Y )W_L(X), (5.1) where ρ(L), L = (l_1, . . . , l_d) ∈ N^d_0, is the Rosenbloom–Tsfasman weight (2.4) and

Ψ_L(Y ) = d∏ j=1 ψ_{lj} (y_j ), (5.2)

where ψ_l(y) = p^{ρ(l)} ∫_y 0 w_l(x)dx. (5.3) With this normalization we have the bounds

c_1 < ‖Ψ_L‖_q < c_2, 1 ≤ q < ∞, (5.4)

where the positive constants c_1 and c_2 are independent of L ∈ N^d_0 . We shall prove (5.4) somewhat below.

Our goal is to study the function system {Ψ_L : L ∈ N^d_0} in the spaces L^q(U^d). In general, this is a very bad system. For example, the linear mapping Σc_LW_L → Σc_LΨ_L is unbounded even in L^2(U^d). However, it turns out that this function system contains very good subsystems {Ψ_L : L ∈ C}, C ⊂ N^d_0, provided that vectors L in the subset (code) C are well spaced in the Hamming metric.

The functions (5.3) can be evaluated precisely. The corresponding explicit formulas were found by Fine [Fi] for p = 2 and by Price [P2] for p > 2 (see also Hellekalek [H]).

First of all, we have

ψ_0(y) = y = 1 2 + ∑ i≥1 p^{−i} p−1∑ j=1 (ζ^{−j} − 1)w_pi�1 (y), (5.5)

where ζ = exp(2π √ −1/p) is a primitive p-th root of unity. Notice that for p = 2 this formula is a well known expansion for the fractional part {y}, y ∈ R, in terms of the Rademacher functions r_i(y) = w_2i (y), i ∈ N_0.

Next, for every l ∈ N we write l = λ(l)p^{ρ(l)−1} + τ (l), where λ(l) = λ_{ρ(l)}(l) ≠ 0 (mod p) and 0 ≤ τ (l) < p^{ρ(l)−1}. With this notation we have the following Fine–Price formula

ψ_l(y) = (1 − ζ^{λ(l)})^{−1}w_{τ(l)}(y) + ( 1 2 − ( 1 − ζ^{λ(l)})^{−1} ) w_l(y) + ∑ i≥1 p^{−i} p−1∑ j=1 ζ^j(1 − ζ^j )^{−1}w_{l+jp}ρ(l)+i�1 (y). (5.6)

Notice that for j ≠ 0 (mod p) we have

|1 − ζ^j | = 2| sin πj p | ≥ 2 sin π p ≥ 4 p , (5.7)

so that the series (5.5) and (5.6) converge absolutely and uniformly for y ∈ [0, 1). In particular, we have the bounds |ψ_l(y)| < p and |Ψ_L(Y )| < p^d (5.8)

for every L ∈ N^d_0 and Y ∈ U^d. Using (5.7), we find also that ‖Ψ_L‖_1 ≥

(_1 4 p )_d . These imply the bounds (5.4).

Our key observation is contained in the following

Lemma 5.1. For each t ∈ N we have the generalized orthogonality ∫ v^d Ψ_{K1} (Y ) . . . Ψ_{Kt} (Y )Ψ_{L1} (Y ) . . . Ψ_{Lt} (Y )dY = 0, (5.9)

provided that the Hamming distance –(L ⊖ K) ≥ 2td + 1, where K = K_1 ⊕ · · · ⊕ K_t and L = L_1 ⊕ · · · ⊕ L_t.

In particular, for t = 1 we have the usual orthogonality ∫ v^d Ψ_K (Y )Ψ_L(Y )dY = 0, (5.10)

provided that the Hamming distance –(L ⊖ K) ≥ 2d + 1.

Proof. Let us consider the Walsh functions involved in the series (5.6). It is easy to see that τ (l) = l ⊖ λ(l)p^{ρ(l)−1} = l ⊕ λ(l)p^{ρ(l)−1}, where λ(l) ⊕ λ(l) = 0 (mod p), and l + jp^{ρ(l)+i−1} = l ⊕ jp^{ρ(l)+i−1} for every l ∈ N, i ∈ N, j ∈ Z_p. Using (4.4a) and (4.4c), we can write w_{τ(l)}(y) = w_l(y)w_{λ(l)pρ(l)}�_1 (y) and w_{l+jp}ρ(l)+i�1 (y) = w_l(y)w_{jp}ρ(l)+i�1 (y). Now, from (5.5) and (5.6), we conclude that each function ψ_l(y), l ∈ N_0, can be represented as the following absolutely and uniformly convergent series ψ_l(y) = w_l(y) ∑ –(a)≤1 c_{l,a}w_a(y) (5.11)

with certain complex coefficients c_{l,a} whose precise values are of no importance for the present discussion. The only crucial point here is that the summation in (5.11) is extended to integers

a ∈ N0 with the Hamming weight –(a) ≤ 1.

Substituting (5.11) to (5.2), we find that Ψ_L(Y ) = W_L(Y ) ∑ –(A)≤d c_{L,A}W_A(Y ),

where the summation is extended to vectors A ∈ N^d_0 with the Hamming weight –(A) ≤ d.

Similarly, we find that the integrand in (5.9) has the form

Ψ_{K1} (Y ) . . . Ψ_{Kt} (Y )Ψ_{L1} (Y ) . . . Ψ_{Lt} (Y ) = W_{K⊖L}(Y ) ∑ –(A)≤2td c_AW_A(Y ), (5.12) where c_A = c_A (K_1, . . . , K_t, L_1, . . . , L_t) are certain complex coefficients and the summation in (5.12) is extended to vectors A ∈ N^d_0 with the Hamming weight –(A) ≤ 2td.

Since the series (5.12) converges absolutely and uniformly, we conclude that the integral (5.9) is equal to ∑ –(A)≤2td c_A ∫ U^d W_{L⊖K⊕A} (Y )dY. (5.13) With the triangle inequality for the Hamming metric we have –(L ⊖ K ⊕ A) ≥ –(L ⊖ K) − –(A) ≥ 2td + 1 − 2td = 1. Therefore, L ⊖ K ⊕ A ≠ 0 always, and by (4.5) all integrals in (5.13) vanish. � Suppose that a finite subset C ⊂ N^d_0 is given. Consider functions of the form

f(Y ) = ∑ L∈C c_LΨ_L(Y ), (5.14)

where c_L are arbitrary complex coefficients.

We define a quasi-linear mapping f → f^♮ by f^♮(Y ) = ∑ L∈C |c_L|W_L(Y ). (5.15)

Lemma 5.2. Let C ⊂ N^d_0(p^∞) be a finite subgroup and –(C) denote its Hamming weight (2.7). Then, for every t ∈ N with 2td < –(C) the L^{2t}-norms of the functions (5.14) and (5.15) are related by ‖f‖_{2t} < p^d‖f^♮‖_{2t}. (5.16)

Proof. We have |f(Y )|^{2t} = ∑ c̄_{K1} . . . c̄_{Kt} c_{L1} . . . c_{Lt} Ψ_{K1} (Y ) . . . Ψ_{Kt} (Y )Ψ_{L1} (Y ) . . . Ψ_{Lt} (Y ), where the summation is extended to all K_1, . . . , K_t, L_1, . . . L_t in C. Therfore ‖f‖^{2t}_{2t} = ∑ c̄_{K1} . . . c̄_{Kt} c_{L1} . . . c_{Lt} J(K_1, . . . , K_t, L_1, . . . L_t), where J(K_1, . . . , K_t, L_1, . . . , L_t) denotes the integral (5.9).

Since C is a subgroup in N^d_0(p^∞), the vectors K = K_1 ⊕ · · · ⊕ K_t and L = L_1 ⊕ · · · ⊕ L_t belong to C, and by Lemma 5.1 integrals J(K_1, . . . , K_t, L_1, . . . , L_t) vanish whenever K ≠ L. This gives ‖f‖^{2t}_{2t} = ∑ c̄_{K1} . . . c̄_{Kt} c_{L1} . . . c_{Lt} J(K_1, . . . , K_t, L_1, . . . L_t)δ(L ⊖ K). On the other hand, the bound (5.8) implies |J(K_1, . . . , K_t, K_1, . . . , L_t)| < p^{2td}. Therefore, we have ‖f‖^{2t}_{2t} < p^{2td} ∑ |c_{K1} | . . . |c_{Kt} ||c_{L1} | . . . |c_{Lt} |δ(L ⊖ K). (5.17)

Using (4.4a), (4.4c) and (4.5), we can write δ(L ⊖ K) = ∫ U^d W_{K1} (Y ) . . . W_{Kt} (Y )W_{L1} (Y ) . . . W_{Lt} (Y )dY. Substituting this formula to (5.17), we find that ‖f‖^{2t}_{2t} < p^{2td} ∫ U^d | | | | ∑ L∈C |c_L|W_L(Y ) | | | | 2t dY = p^{2td}‖f^♮‖^{2t}_{2t}. This completes the proof of Lemma 5.1. �

It is interesting to note that in Lemma 5.2 the assumption that C is a subgroup in N^d_0 (p^∞) is essential only for the L^{2t}-norms with t > 1. Using the orthogonality relation (5.10), one can prove that for t = 1 the bound (5.16) holds with an arbitrary subset C in (5.14) if the Hamming weight –(C) is defined by (2.6). Furthermore, in this case for each function (5.14) we have the identity ‖f‖^2 = ∑ L∈C |c_L|^2‖Ψ_L‖^2, (5.18)

provided that –(C) ≥ 2d + 1. The norms ‖Ψ_L‖_2 in (5.18) can be easily evaluated by (5.5), (5.6), and (4.8).

It must be emphasized that the above Lemmas 5.1 and 5.2 are particular cases of much more general results which will be geven elsewhere.

6. Proof of the Main Theorem

Now we are ready to prove Theorem 3.1.

The local discrepancy (1.3) can be written in the form

L[D; Y ] = ∑ X∈D Λ(Y, X), (6.1)

where Λ(Y, X) = χ(B_Y , X) — vol B_Y .

From (5.1) we conclude that Λ(Y, X) as a function of X ∈ U^d has the following Fourier–Walsh expansion Λ(Y, X) ≃ ∑ L∈N^d0 \{0} p^{−ρ(L)}Ψ_L(Y )W_L(X). To handle this series pointwise, we shall use the following argument. For any s ∈ N we write

Λ(Y, X) = Λ_s(Y, X) + R_s(Y, X), (6.2)

where Λ_s(Y, X) = ∑ L∈N^d0 (p^s)\{0} p^{−ρ(L)}Ψ_L(Y )W_L(X)

is a finite sum.

For y ∈ [0, 1), let Δ_s(y) = [mp^{−s}, (m + 1)p^{−s}) denote the unique elementary interval of lenght p^{−s} containing y, and for Y = (y_1, . . . , y_d) ∈ U^d and every j = 1, . . . , d, let

Δ_{j,s}(Y ) = [0, 1)^{j−1} × Δ_s(y_j ) × [0, 1)^{d−j} .

We write χ(Δ_{j,s}(Y ), X) for the characteristic function of the elementary box Δ_{j,s}(Y ).

Lemma 6.1. With the above notation we have R_s(Y, X) = d∑ j=1 r_{j,s}(Y, X), where 0 ≤ r_{j,s}(Y, X) ≤ χ(Δ_{j,s}(Y ), X) for every j = 1, . . . , d. In particular, r_{j,s}(Y, X) = 0 whenever X /∈ Δ_{j,s}(Y ).

This is Lemma 5B of [CS].

Substituting (6.2) to (6.1), we find that L[D; Y ] = L_s[D; Y ] + R_s[D; Y ], (6.3) where Λ_s[D; Y ] = ∑ X∈D Λ_s(Y, X) = ∑ L∈N^d0 (p^s)\{0} p^{−ρ(L)}Ψ_L(Y ) ∑ X∈D W_L(X) (6.4) and R_s[D; Y ] = ∑ X∈D R_s(Y, X) = d∑ j=1 ∑ X∈D r_{j,s}(Y, X). Furthermore, with Lemma 6.1 we have

0 ≤ R_s[D; Y ] ≤ d∑ j=1 #{D ∩ Δ_{j,s}(Y )}.

From this point on, we suppose that the distribution D satisfies the hypothesis of Theorem 3.1. Thus, D is a subgroup of order p^s in Q^d (p^s) and its annihilator ^D in N^d_0(p^s) satisfies the conditions ρ( ^D) ≥ s + 1 − δ (6.5a) and –(^^D) ≥ 2t + 1, (6.5b)

where 0 ≤ δ ≤ s and t ≥ 1 are fixed integers.

Applying Lemma 4.1 with C = ^D to the inner sum in (6.4), we find that Λ_s[D; Y ] = ∑ L∈ b_{D\{0}} p^{s−ρ(L)}Ψ_L(Y ). (6.6)

Using Lemma 2.1 together with the condition (6.5a), we observe that D is a (d, s, δ)-net. Each elementary box Δ_{j,s}(Y ) has volume p^{−s} and is contained in some elementary box Δ^M_A of volume p^{δ−s}. Therefore, #{D ∩ Δ_{j,s}(Y )} ≤ p^δ and 0 ≤ R_s[D; Y ] ≤ dp^δ. (6.7) Combining (6.3) and (6.7) with the definition of the L^q-discrepancy (1.4), we obtain the bound L_{2t}[D] ≤ ‖Λ_s[D; ·]‖_{2t} + dp^δ. (6.8)

Hence, we need to estimate the L^{2t}-norm for the function (6.6).

Using Lemma 5.2 together with the condition (6.5b), we obtain the bound ‖Λ_s[D; ·]‖_{2t} < p^d‖Λ^♮_s[D; ·]‖_{2t}, (6.9) where Λ^♮_s[D; Y ] = ∑ L∈ b_{D\{0}} p^{s−ρ(L)}W_L(Y ). (6.10)

Consider the Littlewood–Paley decomposition (4.9) for the function (6.10). We have Λ^♮_s[D; Y ] = ∑ A∈A_s P_AΛ^♮_s[D; Y ], (6.11)

where for short we write A_s = {A = (a_1, . . . , a_d) ∈ N^d_0 \ {0} : 0 ≤ a_j ≤ s, j = 1, . . . , d}, and where P_AΛ^♮_s[D; Y ] = ∑ L∈ b_{D∩ΠA} p^{s−ρ(L)}W_L(Y ). Recall that all vectors L ∈ Π_A have the same weight ρ(L) = a_1 +· · ·+a_d, see (2.12). Therefore we have P_AΛ^♮_s[D; Y ] = p^{s−a1−···−ad} Φ_A[ ^D; Y ], where Φ_A[ ^D; Y ] = ∑ L∈ b_{D∩ΠA} W_L(Y ). Now we apply Lemma 4.2 to the function (6.11). This gives ‖Λ^♮_s[D; ·]‖_{2t} ≤ γ_p(d, 2t) ( ∑ A∈A_s p^{2(s−a1−···−ad)} ‖Φ_A[ ^D; ·]‖^2_t )_{1/2} . (6.12)

Lemma 6.2. With the above notation we have Φ_A[ ^D; Y ] = 0, (6.13) if a_1 + · · · + a_d < s + 1 − δ, and ‖Φ_A[ ^D; ·]‖_{2t} ≤ p (_{1− 1} 2t )_{(a1+···+ad−s+δ)} , (6.14) if a_1 + · · · + a_d ≥ s + 1 − δ.

Proof. Form the condition (6.5a), we conclude that boxes Π_A do not contain points of ^D at all if A ∈ A_s and a_1 + . . . a_d < s + 1 − δ. This implies (6.13).

To prove (6.14), we use the bound ∫ U^d |Φ_A[ ^D; Y ]|^{2t}dY ≤ ( sup Y ∈U^d |Φ_A[ ^D; Y ]| )_{2t−2} ∫ U^d |Φ_A[ ^D; Y ]|^2dY. On the other hand, using Lemma 2.2 with C = ^D, we observe that sup Y ∈V^d |Φ_A[ ^D; Y ]| ≤ #{ ^D ∩ Π_A} ≤ p^{a1+···+ad−s+δ}, since |W_L(Y )| = 1, see (4.2) and (4.3), and also ∫ U^d |Φ_A[ ^D; Y ]|^2dY = #{ ^D ∩ Π_A} ≤ p^{a1+···+ad−s+δ}, since the Walsh functions are orthonormal, see (4.5) and (4.8).

Combining the above bounds, we find that ∫ U^d |Φ_A[ ^D; Y ]|^{2t}dY ≤ p^{(2t−1)(a1+···+ad−s+δ)}. This implies (6.14). � With Lemma 6.2 we can write the bound (6.12) in the form

‖Λ^#_s [D; ·]‖_{2t} ≤ γ_p(d, 2t)p^{(1−1/2t)δ} ( ∑ A∈B_s p^{−(a1+...ad−s)/t} )_{1/2} , (6.15)

where for short we write

B_s = {A = (a_1, . . . , a_d) ∈ N^d_0 : 0 ≤ a_j ≤ s, j = 1, . . . , d, and a_1 + · · · + a_d ≥ s + 1 − δ}. The set B_s can be represented as a disjoint union of the following subsets

B_s = ds⋃ k=s+1−δ B_{s,k},

where B_{s,k} = {A ∈ B_s : a_1 + · · · + a_d = k}. It is easy to see that #{B_{s,k}} ≤ (s + 1)^{d−1} for each k.

Therefore, the sum in (6.15) can be estimated as follows ∑ A∈B_s p^{−(a1+···+ad−s)/t} ≤ (s + 1)^{d−1} ds∑ k=s+1−δ p^{−(k−s)/t}

< (s + 1)^{d−1} ∞∑ k=s+1−δ p^{−(k−s)/t}

= (s + 1)^{d−1}p^{(δ−1)/t}(1 − p^{−1/t})^{−1}

< 4tp^{δ/t}(s + 1)^{d−1}. (6.16)

At the last step in (6.16) we used the following elementary inequality (1−p^{−1/t})^{−1} < 4t for every p ≥ 2 and t ≥ 1.

Substituting (6.16) to (6.15), we get the bound

‖Λ^♮_s[D; ·]‖_{2t} < 2t^{1/2}p^δγ_p(d, 2t)(s + 1)^{12 (d−1)}. (6.17)

Now we combine the bounds (6.17), (6.9) and (6.8). This gives

L_{2t}[D] < 2t^{1/2}p^{d+δ}γ_p(d, 2t)(s + 1)^{12 (d−1)} + dp^δ

≤ 3t^{1/2}p^{d+δ}γ_p(d, 2t)(s + 1)^{12 (d−1)}.

The proof of Theorem 3.1 is complete.

References

[BC] J.Beck, W.W.L.Chen, Irregularities of distributions, Cambridge Tracts in Math. 89, Cambridge Univ.

Press, Cambridge, 1987.

[C1] W.W.L.Chen, On irregularities of distributions, Mathematika 27 (1980), 153–170. [C2] , On irregularities of distributions II, Quart. J. Math. Oxford 34 (1983), 257–279. [CS] W.W.L.Chen, M.M.Skriganov, Explicit constructions in the classical mean squares problem in irregularities of point distributions, J. Reine Angew. Math. 545 (2002), 67–95.

[D] H.Davenport, Note on irregularities of distributions, Mathematika 3 (1956), 131–135. [DS] S.T.Dougherty, M.M.Skriganov, MacWilliams duality and the Rosenbloom-Tsfasman metric, Moscow Math. J. 2 (1) (2002), 81–97.

[DT] M.Drmota, R.F.Tichy, Sequences, discrepancies and applications, Springer Lect. Notes in Math. 1651, Springer-Verlag, Berlin etc., 1997.

[EG] R.E.Edwards, G.I.Gaudry, Lettlewood-Paley and multiplier theory, Springer Ser. Modern Surveys in Math. 90, Springer-Verlag, Berlin etc., 1977.

[Fa] H.Faure, Discrépance de suites associées à un système de numération (en dimension s), Acta Arith. 41 (1982), 337–351.

[Fi] N.J.Fine, On the Walsh functions, Trans. Amer. Math. Soc. 65 (1949), 373–414. [Fr] K.K.Frolov An upper bound for the discrepancy in the Lp-metric, Doklady Acad. Nauk SSSR 252 (4) (1980), 805–807.

[GES] B.I.Golubov, A.V.Efimov, V.A.Skvorčov, The Walsh series and transformations - Theory and applications, Nauka, Moscow, 1987; English translation: Kluwer, Dordrecht, 1991.

[H] P.Hellekalek, General discrepancy estimates: the Walsh function system, Acta Arith, 67 (1994), 209–218. [HR] E.Hewitt, K.A.Ross, Abstract harmonic analysis, vol. I, Springer-Verlag, Berlin etc., 1963. [LP] G.Larcher, F.Pillichshammer, On the L2-discrepancy of the Sobol-Faure-Niderreiter net in dimension 3, J. Complexity 18 (2002), 415–448.

[MWS] F.J.MacWilliams, N.J.A.Sloane, The theory of error-correcting codes, North-Holland Math. Library 16, North-Holland, Amsterdam etc., 1977.

[MS] W.J.Martin, D.R.Stinson, Association schemes for ordered orthogonal arrays and (T, M, S)-nets, Canadian J. Math. 51 (1999), 326–346..

[M] J.Matoušek, Geometric discrepancy. An illustrated guide, Springer Ser. Algorithms and Combinatorics 18, Springer-Verlag, Berlin etc., 1999.

[N1] H.Niederreiter, Point sets and sequences with small discrepancy, Monatsh. Math. 104 (1987), 273–337. [N2] , Nets, (t, s)-sequences, and algebraic curves over finite fields with many rational points, in Intern.

Congress Math. in Berlin, Extra Volume III, pp.337–386 (Documenta Mathematica, 1998). [NW] E.Novak, H.Woźniakowski, When are integration and discrepancy tractable? in The FOCM Proceedings of Oxford 1999 (R.A.Devore et al. eds.) pp.211–266, Cambridge Univ. Press, Cambridge, 2001.

[Pa] R.E.A.C.Paley, A remarkable system of orthogonal functions, Proc. London Math. Soc. 34 (1932), 241– 279.

[Pi] F.Pillichshammer, On the Lp-discrepancy of the Hammersley point set, Monatsh. Math. 136 (2002), 67–79.

[Pr] J.J.Price, Certain groups of orthogonal step functions, Canadian J. Math. 9 (1957), 413–425.

[R] K.Ritter, Average-case analysis of numerical problems, Springer Lect. Notes in Math. 1733, Springer- Verlag, Berlin etc. 2000.

[RT] M.Yu.Rosenbloom, M.A.Tsfasman, Codes in the m-metric, Prob. Pered. Inf. 33 (1) (1997), 55–63; English tranlation: Prob. Inf. Trans. 33 (1) (1997), 45–52.

[Ro1] K.F.Roth, On irregularities of distribution, Mathematika 1 (1954), 73–79. [Ro2] , On irregularities of distribution III, Acta Arith. 35 (1979), 373–384. [Ro3] , On irregularities of distribution IV, Acta Arith. 37 (1980), 67–75.

[SWSP] F.Schipp, W.R.Wade, P.Simon, J.Pál, Walsh series. An introduction to dyadic harmonic analysis, Adam Hilger, Bristol, 1990.

[Sc] W.M.Schmidt, Irregularities of distribution X, in Number Theory and Algebra, pp.311–329, Academic Press, New York etc., 1977.

[Sk1] M.M.Skriganov, Constructions of uniform distributions in terms of geometry of numbers, Algebra i Analiz 6 (3) (1994), 200–230; reprinted in St.Petersburg Math. J. 6 (1995), 635–664.

[Sk2] , Coding theory and uniform distributions, Algebra i Analiz 13 (2) (2001), 220–273; English translation: St. Petersburg Math. J. 13 (2) (2002), 301–337.

[So] I.M.Sobol, On the distribution of points in a cube and the approximate evaluation of integrals, Ž.Vyčisl.

Math. i Mat. Fiz. 7 (1967), 784–802; English translation USSR Comp. Math. and Math. Phys. 7 (1967), 86–112.

[Sp] R.Spector, Sur la structure locale des groupes abéliens localement compacts, Bull. Soc. Math. France Suppl. Mém. 24 (1970).

[T] V.N.Temlyakov, Cubature formulas and related questions, J. Coplexity (to appear).