PDMI PREPRINT — 08/2000

ERGODIC THEORY ON SL(n) AND

ANOMALIES IN THE LATTICE POINT PROBLEM:

RELATED QUESTIONS AND OPEN PROBLEMS

M. M. Skriganov

Steklov Mathematical Institute at St. Petersburg Fontanka 27, St. Petersburg 191011, Russia E-mail: skrig@ pdmi.ras.ru

August 2000

ABSTRACT The present paper contains a short survey of the results on anomalously small, particularly logarithmically small, errors in the lattice point problem for polyhedra in R^n. Relevant open problems are also briefly discussed.

The paper was given as a talk on a Newton Institute EuroWorkshop “Rigidity in Dynamics and Geometry” in March 2000.

Typeset by AMS-TEX

Let O ⊂ R^n be a compact region with a piecewise smooth boundary of volume vol O and

Γ ⊂ R^n an unimodular lattice. We write tO for the dilation O by a parameter t > 0 and tO + X

for the translation tO by a vector X ∈ R^n.

Consider the number N(tO + X, Γ) of lattice points γ ∈ Γ which fall into the region tO + X, and put N(tO + X, Γ) = vol Ot^n + R(tO + X, Γ), R(tO, Γ) = max_{X∈R}n R(tO + X, Γ). The classical lattice point problem deals with the behavior of the error R(tO, Γ) as t → ∞ (see, for example, [Kr] and [G-L]). Typically, say, for regions like circles in R^2 or balls in R^n, the error is of order O(t^q ) with an exponent q = q(O, Γ) > 0.

Definition. For given O and Γ the error R(tO, Γ) is called anomalously small (resp. logarithmically small) if R(tO, Γ) = O(t^ε) with arbitrarilu small ε > 0 (resp. if R(tO, Γ) = O(log^p t) with some p = p(O, Γ) > 0).

We conjecture that for all regions O and lattices Γ one has the following omega-bound R(tO, Γ) = Ω(t^{12 m}) where 0 ≤ m ≤ n − 1 is a maximal number of nonvanishing principal curvatures on the boundary ∂O. By this means even a minor distortion of the boundary prevents the appearence of anomalously small errors. Thereby such errors may arise only for polyhedra. In dimansions n > 2 the conjecture seems to be rather difficult.

Now we wish to state known results on anomalously small errors. We begin with two dimensions. Let P ⊂ R^2 be a compact polygon with h sides, and let θ_1, . . . , θ_h be angles between the sides and one of the coordinate axes and ξ_1 = tan θ_1, . . . ξ_h = tan θ_h. We write UP for the rotation of P by a matrix U ∈ SO(2).

Theorem 1 ([H-L], [Kh], [Skr1], [Skr2]). With the above notation one has the following:

(i) If each of ξ_1, . . . , ξ_h is badly approximable, then R(tP, Z^2) = O(log t). (ii) For almost all U ∈ SO(2) (in the sense of the Haar measure on SO(2)) R(tUP, Z^2) = O(log^{1+ε} t) with arbitrarily small ε > 0.

(iii) If each of ξ_1, . . . , ξ_h is algebraic irrationality, then R(tP, Z^2) = O(t^ε) with arbitrarily small ε > 0.

Statements (i) and (ii) were, respectively, given in [H-L] and [Kh] on the base of continued fractions (see also [Skr1]). Statement (iii) was given in [Skr2] as a consequence of Roth’s theorem on approximation of algebraic irrationalities (cf. [Sch.]).

In arbitrary dimensions n ≥ 2 we have the following results. Let NmΓ = inf {|Nmγ| : γ ∈ Γ \ {o}} be a homogeneous minimum of a lattice Γ ⊂ R^n with respect to the norm form NmX = x_1 . . . x_n, X = (x_1, . . . , x_n) ∈ R^n. We recall that a lattice Γ ⊂ R^n is called admissible if NmΓ > 0. For each n admissible lattices in R^n can be easily constructed explicitly in terms of totally reall algebraic number fields of degree n (see [G-L], [Skr3], [Skr5]).

Theorem 2 ([Skr1], [Skr3], [Skr5]). Let Π ⊂ R^n be a parallelepiped with edges parallel to the coordinate axes and Γ be an admissible lattice, then R(tΠ, Γ) = O(log^{n−1} t).

Theorem 2 was a first result on anomalously small errors in arbitrary dimensions. Applications of Theorem 2 to the theory of algebraic number fields, uniformly distributed point sets and spectral theory can be found in [Skr1], [Skr3], [Skr4], [Skr5], [N-Skr1], [N-Skr2] (see also [Kl-Ma], [M], [St] for related topics).

The set of unimodular lattices in R^n can be naturally identified with the following homogeneous space L_n = SL(n, R)/SL(n, Z) and the space L_n admits a unique SL(n, R)-invariant probability measure μ_L (see, for example, [Ra]).

It is worth noting that admissible lattices form a dense subset in L_n of zero measure μ_L (see Theorem 6 below). What is a typical behavior of errors on the space L_n?

Theorem 3 ([Skr5]). Let P ⊂ R^n be an arbitrary compact polyhedral, then for almost all lattices Γ ∈ L_n (in the sense of invariant measure μ_L) one has R(tP, Γ) = O(log^{n−1+ε} t) with arbitrarily small ε > 0.

Theorem 3 shows that the appearance of logarithmically small errors for polyhedra is quite typical from the metric point of view.

One can also consider submanifolds of lattices in L_n leading to logarithmically small errors. The existence of such submanifolds follows at once from Theorem 3 and Fubini’s theorem. However, we can give much more concrete result.

Theorem 4 ([Skr5], [Skr-St]). Given an arbitrary compact polyhedron P ⊂ R^n and a lattice

Γ ⊂ R^n, then for almost all U ∈ SO(n) (in the sense of the Haar measure on SO(n)) one has R(tUP, Γ) = O(log^{n−1+ε} t). Notice that a similar result with a bound of the order O(log^{2(n−1)+ε} t) was earlier given in [Skr5]. The improvement given in Theorem 4 is based on an analysis of hidden symmetries of the problem generated by the Weyl group for SL(n, R) (cf. [Skr-St]).

In dimensions n > 2 there is known only one result, stated above in Theorem 2, on explicit constructions of regions and lattices with logarithmically small errors. However, for anomalously small errors the following explicit constructions can be given.

Let P_k ⊂ R^n be a compact polyhedron, such that all its vertices have coordinates in a real algebraic number field k, [k : Q] < ∞. Notice that each combinatorial type of polyhedra in R^n can be realized as a polyhedron P_k over a suitable field k.

Let k = k_0 ⊂ k_1 ⊂ . . . ⊂ k_n be a tower of real algebraic fields of finite degrees with [k_{j+1} : k_j ] ≥ n + 1, 0 ≤ j ≤ n − 1. By these conditions, in each field k_j , 1 ≤ j ≤ n, we can choose n numbers ξ_{ij} , 1 ≤ i ≤ n, such that 1, ξ_{1j} , . . . , ξ_{nj} are linear independent over subfield k_{j−1} ⊂ k_j . Introduce the following nonsingular matrix A_k = c(ξ_{ij} ), where constant c is given by det A_k = 1, and define the following lattice Ω_k = A_kZ^n ∈ L_n.

Theorem 5 ([Skr5]). With the above notation one has R(tP_k, Ω_k) = O(t^ε) with arbitrarily small ε > 0.

Proofs of the above results are based on a new general bound for the number of lattice points in polyhedra (see [Skr5], Theorem 6.1).

Roughly our approach to the study of the behavior of errors R(tP, Γ) can be outlined as follows. With the set of faces of the polyhedron P and the lattice Γ we associate a finite set of lattices Γ^⊥_f ∈ L_n. For example, in the simplest case where the polyhedron is a rectangular parallelepiped Π, this set consists of a single lattice Γ^⊥ dual to Γ. Next we consider orbits {δΓ^⊥_f : δ ∈ Δ} of lattices Γ^⊥_f under the action of a discrete subgroup Δ ⊂ D of the group of unimodular diagonal matrices D ⊂ SL(n, R). It turns out that the rate of approach of these orbits to “infinity” (the cusp of the homogeneous space L_n) determines the behavior of the corresponding error R(tP, Γ) as t → ∞.

For example, if all lattices Γ^⊥_f are admissible, then their orbits {δΓ^⊥_f : δ ∈ Δ} are relatively compact by Mahler’s reterion (see [G-L]), and we obtain a minimal bound for the error given in Theorem 2.

We show in [Skr4] that from metric point of view for almost all lattices Λ ∈ L_n the orbits {δΛ : δ ∈ Δ} tend to infinity very slowly. This circumstance leads to Theorems 3 and 4. Similarly, Theorem 5 follows from the fact that orbits {δΩ^⊥_k : δ ∈ Δ} for special algebraic lattices Ω_k also tend to infinity very slowly.

It is worth noting that the study of the structure of orbits {δΛ : δ ∈ Δ}, Λ ∈ L_n, is of much interest for geometry of numbers. We state here only one result in this direction. Introduce the following quantities

Nm_q Γ = inf � (log(2 + ‖γ‖))^q|Nmγ| : γ ∈ Γ \ {o} � , q ≥ 0, where ‖ · ‖, is the euclidian metric on R^n. Notice that Nm_0Γ = NmΓ.

Theorem 6 ([Skr5], [Kl-Ma]). For almost all lattices Γ ∈ L_n one has the following:

(i) Nm_qΓ > 0 for q > n − 1, (ii) Nm_qΓ = 0 for q ≤ n − 1.

Statement (i) was proved in [Skr5], while statement (ii) was given in [Kl-Ma]. In conclusion we wish to outline some of main open problems related to anomalies in the lattice point problem:

(i) How to construct explicitly lattices leading to logarithmically small errors for an arbitrary polyhedron? Even for specific algebraic polyhedra P_k ⊂ R^n this question is close related with an open problem in diophantine approximations on logarithmically small bounds in the classical Schmidt’s subspace theorem (cf. [Sch], [La]).

(ii) What is a minimal possible order φ_{min}(t) in logarithmically small bounds in the lattice point problem? One can conjecture that φ_{min}(t) = log^{n−1} t in R^n. In two dimensions the conjecture is true at least for parallelograms, that follows at once from known Schmidt’s lower bound for the L_∞-discrepancy (cf. [B-C], [M]).

(iii) Suppose that φ_{min}(t) = log^{n−1} t and introduce the quantity

ψ(O, Γ) = sup lim_{t→∞} R(tO, Γ) log^{n−1} t

for given O ⊂ R^n and Γ ⊂ R^n.

Theorem 2 implies that ψ(Π, Γ) < ∞ for rectangular parallelepipeds Π and admissible lattices Γ. One can conjecture that in dimensions n > 2 the quantity ψ(O, Γ) = ∞ for all lattices Γ if a convex region O does not coinside with a parallelepiped (cf. Theorem 1 and 2). Notice that the conjecture has parallels with the well known conjecture of Littlewood (cf. [C-S-D], [L-G]). In particular, in the present context the following question should be of much interest: Given an admissible lattice Γ ⊂ R^n. For what rotations U ⊂ SO(n) lattices UΓ are also admissible?

Acknowledgments. I am grateful to the Newton Institute for the support of my visit to Cambridge.

The paper was also partially supported by the Russian Found of Fundamental Research: Projects No. 94-01-00922 and No. 99-01-00106.

References

[B-C] Beck, J., Chen, W. W. L., Irregularities of distribution, Cambridge Univ. Press, Cambridge, 1987. [C-S-D] Cassels, J. W. S. Swinnerton-Dyer, H. P. F., On the product of three homogeneous forms and indefinite ternary quadratic forms, Philos. Trans. Roy. Soc. London, A248 (1955), 73–96.

[G-L] Gruber, P. M., Lekkerkerker, C. F., Geometry of numbers, North-Holland, Amsterdam, 1987. [H-L] Hardy, G. H., Littlewood, J. E., Some problems of diophantine approximation: the lattice points of a right-angel triangle: Parts I and II, Proc. London Math. Soc., (2) (20) (1922), 15–36; Abh. Math. Sem. Hamburg, 1 (1922), 212–249.

[Kh] Khintchine, A., Ein Satz über Kettenbrüche, mit arithmetischen Anwendung, Math. Zeitschrift, 18 (1923), 289–306.

[Kl-Ma] Kleinbock, D. Y., Margulis, G. A., Logarithm laws for flows on homogeneous spaces, Invent. Math., 138, No. 3 (1999), 451–494.

[Kr] Krätzel, E., Lattice points, VEB, Berlin 1988.

[L] Lang, S., Fundamentals of diophantine geometry, Springer-Verlag, N.Y. etc., 1983. [M] Matoušek, J., Geometric discrepancy, Springer-Verlag, Berlin etc., 1999.

[NSkr1] Nikichine, N. A., Skriganov, M. M., Nombre de points d’un résean dans un produit cartésien de domaines convexes, C.R. Acad. Sci. Paris, 321, Série I (1995), 671–675.

[NSkr2] Nikishin, N. A., Skriganov M. M., On the distribution of algebraic numbers in parallelotops, Algebra i Analiz, 10, No. 1 (1998), 68–87; English transl.: St. Petersburg Math. J., 10, No. 1 (1999), 53–68.

[R] Raghunathan, M. S., Discrete subgroups of Lie groups, Springer-Verlag, Berlin etc., 1972. [Sch] Schmidt, W. M., Diophantine approximation, Lecture Notes in Math., 785, Springer-Verlag, Berlin etc., 1980.

[Skr1] Skriganov, M. M., Lattices in algebraic number fields and uniform distributions modulo 1, Algebra i Analiz, 1, No. 2 (1980), 207–228; English transl.: Leningrad Math. J., 1, No. 2 (1990), 535–558.

[Skr2] Skriganov, M. M., On integer points in polygons, Ann. Inst. Fourier, 43, No. 2 (1993), 313–323. [Skr3] Skriganov, M. M., Construction of uniform distributions in terms of geometry of numbers, Algebra i Analiz, 6, No. 3 (1994), 200–230; Reprinted in St. Petersburg Math. J., 6, No. 3 (1995), 635–664.

[Skr4] Skriganov, M. M., Anomalies in spectral asymptotics, Doklady RAN, 340, No. 5 (1995), 597–599; English transl.: Doklady Math., 51, No. 1 (1995), 104–106.

[Skr5] Skriganov, M. M., Ergodic theory on SL(n), diophantine approximations and anomalies in the lattice point problem, Invent. Math., 132 (1998), 1–72.

[Skr-St] Skriganov, M. M., Starkov, A. N., On logarithmically small errors in the lattice point problem, Ergodic Theor. and Dynam. Sys. (2000), to appear.

[St] Starkov, A. N., Dynamical systems on homogeneous spaces, Fazis, Moscow, 1999 (in Russian).