PDMI PREPRINT — 07/2000

THE IHARA–SELBERG ZETA FUNCTION OF A FINITE GRAPH AND SYMBOLIC DYNAMICS^∗

A. M. Nikitin

Russian Academy of Sciences Steklov Mathematical Institute

191011, St.-Petersburg, Fontanka, 27 July, 2000 E-mail: nikit@pdmi.ras.ru

Abstract.

In this paper we find a simple combinatorial treatment of the Bass’ evaluation of the Ihara–Selberg zeta function for a finite graph in terms of a natural symbolic dynamics attached to a graph. A generalization of this result for a graph with labeling is given.

Bibliography 20 titles.

Keywords and phrases: zeta function of a finite graph, primitive cycles, Markov

topological chain.

* Expanded version of a talk given on Seminar ”Representation Theory and Dynamical Systems” (March, 1999).

Partially supported by RFBR grant no. 98-01-00310.

Typeset by AMS-TEX

Introduction

The study of zeta functions of finite graphs is an interesting problem as from the calculational side as from the point of view of their relationship with network problems, dynamical systems, etc. In this paper we will deal with zeta function of finite connected (not necessary regular) graph attached to trivial representation of the fundamental group of such a graph and depending on a labeling of the edges of the graph.

Zeta function of such kind is known to be closely related to the combinatorial laplacian acting on the space of the 0- (or: 1-) automorphic forms on a graph. (The possibility to pass from 0- forms to 1-forms reflects the combinatorial duality on a graph). Zeta function of a finite connected graph (and, in fact, its more abstract version: zeta function of a tree lattice) has been studying intensively during last period in the series of papers [3, 6–8] where the rationality theorems for it (and its generalizations) were proven. The rationality results for the Ihara–Selberg zeta function in the case of a finite connected regular graph (see [9, 1]) can be regarded as a special case of the abovementioned more general ratonality theorems. Recently Foata and Zeilberger [4] developed a new general combinatorial framework basing on the notion of the algebra of Lyndon words. As one of the consequences of the Foata and Zeilberger results was the Bass’ evaluation of the Ihara–Selberg zeta function for graph.

In this paper we give a simple combinatorial treatment of the Bass’ evaluation for concrete choice of the tree lattice Γ := π_1(X) by means of symbolic dynamics attached to a finite connected graph (see Theorems 1 and 2). The approach to zeta function of finite graphs seems to be very natural from the point of view of Ruelle’s theory [17–19].

This paper is organized as follows.

In Sec. 1 we recall some basic facts relating the geometry of finite graphs: free group action on trees, fundamental group of a graph, the notion of primitive cycles of a graph including a natural bijection between a set of primitive Γ-conjugacy classes and a set of primitive cycles.

In Sec. 2 we give a symbolic dynamics approach to zeta function of a finite connected graph without labeling. This result is closely related to the well known fact in Ruelle’s theory: zeta function is considered as a counting function of the (weighted) number of fixed points of the homeomorphism of a shift and its powers.

In Sec. 3 we give a generalization of this result to the case of finite connected graphs with labeling. We also notice that the random walk approach to Alexander polynomial of [14] could be used to produce a random walk approach to determining the top row of the Kontsevich integral of a knot (cf. [12]) and to a construction of universal invariants for some class of 3-manifolds [5].

In Sec. 4 the result of Sec. 3 is commented from the point of view of the usual symbolic dynamics approach where the inverse value of zeta function of a finite connected graph with labeling could be regarded as the determinant of the weighted transfer operator.

Acknowlegements

The author is grateful to Profs. H. Bass, K. Hashimoto, S. J. Patterson, and A. Terras for sending him their papers. Special thanks is to Prof. A. B. Venkov for stimulating discussions.

1. Background on Geometry of Graphs

Let X be a finite connected (not necessary regular) graph. Consider a covering of such a graph by a universal tree ~X, which will be locally-finite infinite tree, equipped with a free group action of the fundamental group Γ := π_1(X) of a graph X.

Recall the notion of the fundamental group of a graph. Fix a vertex v_0 ∈ V X. For a graph X its fundamental group π_1(X) is defined to be a group of homotopy classes < C > of a closed paths

C in X, such that o(C) = t(C) = v_0, and a multiplication in π_1(X) is induced by a compositon of paths. Clearly, this definition ( up to a conjugation) is independent on the choice of a vertex v_0 ∈ V X.

The fundamental group π_1(X) acts on the covering tree ~X freely (see [20]). This means that: (1) group Γ := π_1(X) acts on the covering tree ~X without inversions, i.e.:

Γ·e≠Γ·e, for any e ∈ EX;

(2) stabilizer of any vertex v ∈ V X in a group Γ cosists from the unit element only (for all vertices of a graph X):

Γ_v := {γ ∈ Γ : γv = v} = {id}, for any v ∈ V X.

The quotient of the action of the group Γ on the tree ~X, Γ \ X is defined correctly, and it can be canonically identified with the finite conncted graph X. Orientation of the tree ~X is induced by the corresponding orientation of the graph X. This example of the free group action on ~X is a special case of the action of the uniform tree lattices (see [3]).

Recall for further description some basic facts relating the correspondence between the fundamental group of a graph and the cycles of the graph. We say that a sequence of the edges C := (e_1, . . . , e_m), m ∈ N, defines an (edge) path C from v := ∂_0(e_1) to v^′ := ∂_1(e_m) of the length m, if ∂_0(e_i) = ∂_1(e_{i−1}), for any 1<i≤m. A path C := (e_1, . . . , e_m) is called to have no backtracking (in terminology of [6, 7]) if e_i≠e_{i+1} for any 1≤i≤m − 1. Definition 1 (see [6]). A path C := (e_1, . . . , e_m) is called to be closed if ∂_1(e_m) = ∂_0(y_1).

The closed path without backtracking C = (e_1, . . . , e_m) is called to be reduced, if either m = 1 or e_1 ≠ e_m. In other words, the closed path C without backtracking is called to be reduced, if and only if C and C∘C = C^2 – are both have no backtracking.

For any m ∈ N we define two sets:

C_m(X) := (C : C = closed path having no backtracking; length(C) = m), (1.1)

C^{red}_m (X) := (C : C ∈ C_m(X) : C = reduced.) (1.2) To any closed path without backtracking C ∈ C_m(X) we associate a unique reduced path C^⋆ ∈ C^{red}_{n−2k}(X), obtaining by removing the edges (e_1, e_m), (e_2, e_{n−1}), . . . , (e_k, e_{n−2k}), where e_i = e_{n−i+1}, (1≤i≤k) and e_{k+1}≠e_{n−k}. This passage is illustrated in Figure 1. (Figure 1 is given after [6]).

Figure 1.

If C ∈ C^{red}_m (X) is a reduced path, then for any k(1≤k≤m − 1), closed path

σ^k(C) := C_k := (e_{k+1}, e_{k+2}, . . . , e_n, . . . , e_k), (1.3)

derived from C by shifting the origin by k steps is also reduced path. The closed path C_k is called to be conjugate to C; this will be denoted as C≃C_k. This defines an equivalence relaton on the set C^{red}_m (X) of the reduced closed paths of the length m. Class of equavalence C is called a cycle of X (of the length m); this class will be denoted by [C].

In other words, formula (1.3) defines an action of a cyclic group of order m on C^{red}_m (X), and the orbits of such action is called the cycles in graph X of the length m ∈ N. The set of the cycles of X of a length m ∈ N is denoted by Cycl_m(X). The reduced closed path C ∈ C^{red}_m (X) (or: the cycle [C] ∈ Cycl_m(X)) is called to be a primitive, if it is not of the form C = D^l with l>1 for some reduced closed path D ∈ C^{red}_d (X), d|m (see [6]).

Denote the set of all closed reduced primitive paths in X of a length m ∈ N by C^{red,prim}_m (X). It is not easy to see that there is a decomposition (see [6]):

C^{red}_m (X) = ⋃ d|n (C^{red,prim} d (X))^{n/d} (1.4)

(disjoint union).

It is clear from the Figure 1 that any closed path C in X defines a cycle [C^⋆] of a reduced (closed) path C^⋆, which is homotopic to C. By a constructon of the fundamental group π_1(X), a map < C > −→[C^⋆] induces a natural bijection (see [6]):

(conjugacy classes in π_1(X, v_0) ≃ (cycles in X). (1.5)

If a set of the primitive conjugacy classes of Γ := π_1(X) is denoted by P_Γ, then, in these on notatons, the bijection (1.5) induces the bijection (see [6]):

P_Γ≃ (primitive cycles in X) (1.6)

(1–1 correspondence) and P_Γ(d)≃Prim_X (d), d ∈ N, (1.7)

(1–1 correspondence), where P_Γ(d) := {{P } ∈ P_Γ : deg P = d}, and

Prim_X (d) := (primitive cycles in X of length d), d ∈ N.

(Recall (see [20]) that a degree deg of a hyperbolic Γ-conjugacy class is defined uniquely by its geometric action on the covering tree ~X.)

Now we are in a position to define a rank of a graph X after [3]. An orientation of X is, by defintion, is subset E^+X in EX such that EX := E^+X ∐ E^+X. Then it follows that |EX| = 2|E^+X|. If we put C^+_1 := C^{(E+X)}, then the folloiwng exact sequence holds:

0−→H_1(X, C)−→C^+_1^{∂0−∂1}−→ C_0−→H_0(X, C)−→0.

Betti numbers, assigned to the graph X, is defined by the usual procedure:

h_j (X) := dim_CH_j(X, C) be j^{th} Betti number, and for the Euler characteristic of X we have:

χ(X) := h_0(X) − h_1(X) = |V X| − 1 2 |EX|. (1.8)

The rank of X is defined via the formula (see [3]):

rank (X) := h_1(X) = h_0(X) − χ(X). (1.9)

It is easy to see that h_0(X) is equal to the number of connected components of the graph X. Consequently, if X is a connected graph, then

rank (X) = 1 − χ(X) :=

rank of the free group π_1(X) := dim_CH_1(X, C) (1.10)

(where we omit the dependence π_1(X) from the basic point). By defintion, the formula for rank of X (or, for the rank of the corresponding fundamental group of X) can be rewriten as follows:

rank (X) = |GEX| − |V X| + 1,

where by |GEX| is denoting the number of geometric edges in X. For example, for connected (q + 1)-regular graph X, the number of geometric edges in X can be calculated as follows: 1 2 |EX| = |GEX| =

(q + 1) 2 |V X|,

and rank of the free group π_1(X) is equal to r = q − 1 2 |V X| + 1.

Fix (once again) the concrete situation under consideration. Let ~X be a covering tree of a graph X, equipped with a free action of a free group Γ := π_1(X), such that the quotient of this action is canonically identified with X. The set of the primitive conjugacy classes of the group Γ (distinct from unit class) will be denoted by P_Γ. This set bijectively corresponds to the set of primitive cycles of the graph X. P_Γ is called to be a geometric spectrum of the graph X≃Γ\ ~X.

2. Zeta Function of a Finite Graph and Symbolic Dynamics

As shown in [3] the geometric spectrum of a graph X := Γ \ ~X (i.e., the spectrum of its primitive cycles) is closely related to the spectrum (in the operator theory sense) of automorphic Laplacian acting in the space of automorphic forms on X. In mathematical terms, this relationship can be written as an exact determinant expression of L-function of the graph via corresponding automorphic Laplacian. By definition, L-function attached to the graph X and a finite-dimensional C-representation ρ : Γ−→GL(V_ρ) is defined by means of the infinite (formal) product which is taken over the set of the primitive Γ-conjugacy classes (or, in equivalent terms, over the set of the Γ-classes of Γ-hyperbolic ends of the covering tree ~X):

L(Γ, u, ρ) := ∏ {P }∈P_Γ

det (I_V − u^{deg P} ρ(P ))^{−1}. (2.1)

As we have seen in Sec. 1, primitive Γ-conjugacy classes bijectively correspond to the primitive cycles of X. This allows to rewrite (2.1) as the (formal) product over the set of primitive cycles in X:

L(Γ, u, ρ) := ∏ [C]:primitive

det (I_V − u^{l([C])}ρ(< C >))^{−1}, (2.2)

where by < C > is denoting the Γ-conjugacy class, corresponding to the cycle [C]. We are going to compare this L-function with determinants of certain combinatorial operators acting in the spaces of automorphic forms on X. Define the following vector spaces of Γ-automorphic 0- and 1-cochains on ~X:

H_ρ(V ~X) := {Γ − equivariant functions f : V ~X→V_ρ}, i. e., f(γv) = ρ(γ)f(v), for any γ ∈ Γ, v ∈ V ~X, and H_ρ(E ~X) := {Γ − equvariant functions f : E ~X→V_ρ}, i. e., f(γe) = ρ(γ)f(e), for any γ ∈ Γ, e ∈ E ~X.

One can easy to see that the values of Γ-automorphic 0- (resp., 1-) cochain on ~X are determined completely by the values on V X (resp., EX). It follows that these spaces are finite-dimensional: χ_ρ(r_0) := dim_CH_ρ(V ~X) = |V X|dim_CV_ρ, 2χ_ρ(r_1) := dim_CH_ρ(E ~X) = |EX|dim_CV_ρ.

Consider the following operators acting on H_ρ( ~X): (Q_ρf)(v) := q(v)f(v), for any v ∈ V ~X, where q(v) + 1 := d(v) is the degree of the vertex v ∈ V ~X (the number of the edges joining to v); (δ_ρf)(v) := ∑ e∈E_0(v)

f(∂_1e), for any v ∈ V ~X,

where E_0(v) := {e ∈ E ~X : ∂_0e = v}; Δ_ρ(u) := I − δ_ρu + Q_ρu^2, with I := Id_{Vρ} .

Define the opeartor T_ρ acting on H_ρ(E ~X): (T_ρf)(e) := ∑ (e,e_1)_{red}

f(e_1), for any e ∈ E ~X,

where summation is taken over all reduced paths (e, e_1) in ~X.

Finally, define the number χ̂_ρ(Γ) (the equvariant Euler characteristic) by: χ̂_ρ(Γ) := χ_ρ(r_0) − χ_ρ(r_1) = χ(X)dim_CV_ρ.

(The reader could find in [3] more general expression of χ̂_ρ(Γ) for more general lattices.)

With these notations the following rationality formulas for L(Γ, u, ρ) holds^1: L(Γ, u, ρ) = det (I − uT_ρ)^{−1} = (1 − u^2)^{χ̂ρ(Γ)}det (Δ_ρ(u))^{−1}. (2.3) As a consequence of the first determinant expression we have the following equalities for the traces of powers of T_ρ: T r(T^n_ρ ) = ∑ d|n d ∑ {P }∈P_Γ ,deg P =d

T r(ρ(P )^{n/d}), (2.4)

for any n ∈ N. As the simplest case we consider ρ := 1 (the trivial representation of the group Γ). In this case we return back to the notion of zeta function of a finite graph X≃Γ \ ~X (considering as the infinite (formal) product): Z_Γ(u) = ∏ {P }∈P_Γ

(1 − u^{deg P} )^{−1}. (2.5)

As follows from (2.3) the rationality formula for Z_Γ(u) is Z_Γ(u) = det (I − uT_1)^{−1}. (2.6) This equality means that the following equalities (which can be viewed as the special case of (2.4)) hold: T r(T^n_1 ) = ∑ d|n d|P_Γ(d)|. (2.7)

The rationality result for Z_Γ(u) can be interpreted via symbolic dynamics. To do that we associate the Markov toplogical chain to finite connected graph X = Γ \ ~X as follows. Consider a finite alphabet generated by the set of (oriented) edges EX of X. A transition matrix T is exactly a matrix of the operator T_1 in a natural basis attached to EX, i.e.:

t(e, e^′ ) := 1, if (e, e^′ ) is reduced path in X, and t(e, e^′ ) := 0, otherwise. Denote: T := {t(e, e^′ )}_{e,e}′_{∈EX} . The set of the states of the Markov topological chain (Σ_T , σ) with the transition matrix T consists of all sequences of symbols from EX: Σ_A ∋ Ψ := (. . . , e_k, e_{k+1}, . . . ) such that t(e_k, e_{k+1}) = 1, andk ∈ Z. Symbolic dynamics on (Σ_T , σ) is generated by the homeomorhism of a shift:

σ : Σ_T −→Σ_T , Ψ^′ = σ(Ψ), (Ψ^′ )_k = (Ψ)_{k+1}, k ∈ Z, where k-component for Ψ is denoted by (Ψ)_k, k ∈ Z. Let Fix σ^n(n ∈ N) be a set of the fixed points of nth iteration of the homeomorphism of the shift: Ψ ∈ Fix σ^n⇐⇒σ^n(Ψ) = Ψ 1 These formulas can be viewed as the part of Bass’ theory [3] for the Ihara–Selberg zeta function of a tree lattice, see also [1, 6, 7].

As usual, define a zeta function Z^{(ΣT ,σ)}_{top} (u), attached to the Markov topological chain (Σ_T , σ) by the formula:

Z^{(ΣT ,σ)} top (u) = exp

{_∞ ∑ n=1 |Fix σ^n| n u^n } . (2.8)

As well known (see [17]), zeta function Z^{(ΣT ,σ)}_{top} (u) attached to the Markov topological chain with finite number of states (recall that X is assumed to be finite and connected) is a rational function on whole u-plane: Z^{(ΣT ,σ)} top (u) = det (I − uT )^{−1}. (2.9)

This equality is a consequence of the infinite series of trace formulas:

|Fix σ^n| = T rT^n, n ∈ N. (2.10)

As noted above the matrix T is the matrix of the operator T_1 in the basis attached to EX^2. Hence we have the following theorem. Theorem 1.

Z_Γ(u) = Z^{(ΣT ,σ)}_{top} (u). (2.11)

Proof. Now we will give a combinatorial proof of Theorem 1 basing on the bijective correspondence between Γ-conjugacy classes and cycles in X. Really, we can note that the statement of the Theorem 1 can be reformulated on the language of the primitive cycles of the graph X. Let Prim_X be the set of the primitive cycles of the graph X≃Γ\ ~X. Since the primitive Γ-conjugacy classes are in the bijective correspondence with the primitive cycles of the graph X≃Γ\ ~X, and deg P = l([C]) if P ↔[C], then to verify (2.11) is the same as to verify: u d du log Z_X (u) = u u du log Z^{(ΣT ,σ)} top (u),

where Z_X (u) := ∏ [C]∈Prim_X

(1 − u^{l([C])})^{−1},

and the product is taken over the set of all primitive cycles of the graph X. Consider:

log Z_X (u) = − ∑ [C]∈Prim_X

log (1 − u^{l[C]}) = ∑ [C]∈Prim_X ∞∑ k=1 u^{kl([C])} k =

∞∑ k=1 ∞∑ d=1 ∑ [C]∈Prim_X ,l([C])=d

u^{kd} k . (2.12)

Applying the Euler operator to the right hand side of (2.12), we have: u d du log Z_X(u) = ∞∑ k=1 ∞∑ d=1 d ∑ [C]∈Prim_X (d)

u^{kd}, (2.13)

2 The action of T_1 on H_1(E ~X) is defined by Γ-equivariantness.

since, by defintion: Prim_X (d) := {[C] ∈ Prim_X(d) : l([C]) = d}, d ∈ N. Take a substitution n := kd, making use that from the definition of the cycles follows that the natural map C→[C] from C^{red,prim} d (X) to Prim_X (d) is d-to-one. Therefore one can rewrite (2.13) as follows: u d du log Z_X (u) = ∞∑ n=1 ∑ d|n ∑ C∈C^{red,prim} d (X)

u^n =

∞∑ n=1 ∑ C∈C^{red}_n (X)

u^n = ∞∑ n=1 |C^{red}_n (X)|u^n.

But |C^{red}_n (X)| = |Fix σ^n| for any n ∈ N. Really, if Ψ ∈ Fix σ^n, for some n ∈ N, then Ψ = (. . . , C, C, C, . . . ), for some C ∈ C^{red}_n (X). Conversly, reduced path C ∈ C^{red}_n (X) generates the fixed point Ψ of σ^n by a rule Ψ := (. . . , C, C, C, . . . ). Therefore, C^{red}_n (X) is in the bijective correspondence with Fix σ^n for any n ∈ N. It follows that: u d du Z_X (u) = u d du ∞∑ n=1 |Fix σ^n| n u^n = u d du Z^{(ΣT ,σ)} top (u).

This completes the proof of Theorem 1. ♣

Note once agian that the main tool in verifying (2.10) is a passage to verifying more simple equality basing on the correspondence between the Γ-conjugacy classes and the cycles in X. Therefore, as shown above, the exact determinant expression for zeta function can produced via theory of the Markov topological chains. Consequently, this zeta function can be considerded as the generating function for the number of the fixed points of the natural symbolic dynamics attached to a finite graph.

Remark (see [2]). Generalizing slightly the previous discussion one can consider for a finite 0−1- transition matrix T and for a topological Markov chain (Σ_T , σ) weighted matrix T^g_{i,j} , defined by the formula:

T^g_{i,j} := t_{i,j} g_{i,j} , (2.14)

where g : Σ_T −→C is the function, such that g(Ψ_1, Ψ_2, . . . ) depends on Ψ_1, Ψ_2 only. A weighted dynamical zeta function is defined by the formula:

ζ_g(z) := exp

{_∞ ∑ m=1 z^m m ∑ σ^m(Ψ)=Ψ

m−1∏ k=0 g(σ^k(Ψ)) } , (2.15)

and weighted transfer-operator acting on functions Φ : Σ_T −→C is defined by the formula:

L_g(Φ) := ∑ Ψ^′ ∈Σ_T ,σ(Ψ^′ )=Ψ

Φ(Ψ^′ )g(Ψ^′ ). (2.16)

The matrix T^g can be viewed as the matrix of the operator L_g acting on the finite-dimensional vector space of the functons depending on Ψ_1 only. One can deduce the following trace formula generalizing the trace formula (2.10):

T r(T^g )^m = ∑ Ψ∈Σ_T ,σ^m(Ψ)=Ψ

m−1∏ k=0 g(σ^k(Ψ)). (2.17)

Therefore, we have the following exact determinant representation for ζ_g(z): 1 ζ_g(z)

= exp { − ∞∑ m=1 z^m m T r(T^g )^m } = det (I − zT^g). (2.18)

We refer the reader to [17–19] for more detailed studying this topic. The reader could find in [2] a more information on the modern progress in the theory of dynamical zeta functions as well as on their applications to the problems of symbolic dynamics (see also [16]).

3. Zeta Function for Graphs with Labeling via Symbolic Dynamics It is not easy to see how to generalize the previous result for finite connected graphs with labeling. Recall that a labeling for a finite connected graph X means an assignment: e→u(e) ∈ U, for any e ∈ EX. The set U = {u(e)}_{e∈EX} is the set of independent commuting variables. In other words, by a labeling of a graph X(≃Γ\ ~X, where ~X, Γ are the same as before), we mean Γ-equivariant mapping u : E ~X−→U such that u(γe) = u(e), for any e ∈ EX, γ ∈ Γ.

For any reduced path C ∈ C^{red}_k (X) we will write u^C := u(e_1)u(e_2) . . . u(e_k), if C = {e_1, e_2, . . . , e_k}.

It is easy to see that u^{C1} = u^{C2} if C_1 and C_2 belongs to the class of the cycle [C] ∈ Cycl_k(X). For sake of simplicity we will asuume that: u(e) = u(e), for any edge e ∈ EX (as in [6]). As in [6] we will denote a polynomial ring of u over C by C[u]. Then zeta function of a finite connected graph X := Γ\ ~X with labeling (considering as the element of the polynomial ring C[u]), is defined as the infinite (formal) product (see [6]): Z_Γ(u) = ∏ [C]∈Prim(X)

(I − u^C )^{−1}, (3.1)

where < C > be a primitive Γ-conjugacy class corresponding to a cycle [C] ∈ Prim(X). Let (Σ_T , σ) be the Markov toplogical chain attahced to the finite connected graph X(≃Γ\ ~X) as described in Sec. 2. For any Ψ ∈ Σ_T we deifne an operator: B_u(Ψ) = u(e_0) if Ψ = (. . . , e_0, e_1, . . . ) ∈ Σ_T . Then a topological zeta function (considering as the element of the ring C[u]), attached to (Σ_T , σ) is defined as the infinite (formal) power series: Z^{(ΣT ,σ)} top (u) = exp {_∞ ∑ n=1 1 n ∑ Ψ∈Fix σ^n

n−1∏ l=0 B_u(σ^l(Ψ)) } . (3.2)

Now we are in a position to compare Z_Γ(u) with Z^{(ΣT ,σ)}_{top} (u): corresponding theorem will be a special case of the more general version considering in [15].

Theorem 2. The following equality holds in C[u]:

Z^{(ΣT ,σ)} top (u) = Z_Γ(u). (3.3)

Proof. Since the constant terms in both zeta functions are equal to unity, then we have to verify that:

D log Z^{(ΣT ,σ)} top (u) = D log Z_Γ(u),

where D := ∑ e∈GEX

u(y) ∂ ∂u be the (reduced) Euler operator. D acts on homogeneous elements of the ring C[u] of degree d as the multiplication by d. As in [6] one can see that:

D log Z_Γ(u) = ∞∑ k=1 ∞∑ d=1 d ∑ [C]∈Prim_Y (d)

u^{Ck} . (3.4)

It follows from the definition of the cycles that the natural map C→[C] from C^{red,prim}_d (X) to Prim_X (d) is d-to-one. Take a substitution kd = n and rewrite (3.4) as follows:

D log Z_Γ(u) = ∞∑ n=1 ∑ d|n ∑ C∈C^{red,prim} d (X)

u^{Cn/d} =

∞∑ n=1 ∑ C∈C^{red}_n (X)

u^C = ∞∑ n=1 ∑ Ψ∈Fix σ^n

n−1∏ l=0 B_u(σ^l(Ψ)) =

D {_∞ ∑ n=1 1 n ∑ Ψ∈Fix σ^n

n−1∏ l=0 B_u(σ^l(Ψ)) } = D log Z^{(ΣT ,σ)}_{top} (u),

since we can use the same arguments as in the proof of Theorem 1 and the formula (1.4) reresenting C^{red}_n (X) as a disjont union. This completes the proof of Theorem 2. ♣ We note that a zeta function described above is expressed via an exact rationalty formula, which is the special case of the formulas described in [3] (see also [4, 6]). Namely, the determinant representation for Z^{−1}_Γ (u) is:

Z^{−1}_Γ (u) = det (I − B_u), (3.5)

where B_u is the Bass operator for labelled graph^3 acting in a space of Γ-equivariant 1-cochains ans I is an identity operator acting in this space. Recalling the expression of determinant of N×N-matrix I − B_u in terms of supertrace

det (I − B_u) = strB̂_u,

(where B̂_u is an extension of B_u to the whole exterior algebra Λ^⋆V and a vector space V is spanned on the set EX) one can see that Z^{−1}_Γ (u) has a similarity to the definition of the

3 Subscript u corresponds to the fixed labelling of a graph.

Alexander–Conway polynomial (see [11]). As was stated in [14] this not only similarity. Namely, it was found in [14] that det (I −B_u) (up to the factor of the power of t, depending on a knot^4) coincides with the symmetric Alexander polynomial (or, in equivalent terms, with the Alexander– Conway polynomial^5) of a knot for special choice of the Bass’ matrix B_u regarding as a function of t. Lin–Wang approach to the Alexander–Conway polynomial of a knot K^6 is based on a model of random walk on knot diagrams and uses the Wirtinger presentation of a knot group and Fox’ free differential calculus. The calculation combining well known state sum expressions for colored Jones polynomial of a knot with this presentation of the Alexander–Conway polynomial of a knot leads to a new proof of the Melvin–Morton conjecture [14].

Therefore due to Lin–Wang model developing in [14], we provide with a random walk approach to the Alexander–Conway polynomial. The Alexander–Conway polynomial of a knot, as well known (see [12] and references therein), determines the top row of the Kontsevich integral of a knot. Recall breifly the basic formulas relating to the question. Consider the Alexander–Conway polynomial as a formal power series in variable h defined by the skein relations:

C_K+ (h) − C_K− (h) = (exp (h/2) − exp (−h/2))C_{Ks} (h), C_U (h) = 1,

where K^+, K^−, and K^s are three knots which differ only in a ball and where they are represented as an overcrossing, an undercrossing and orientation-preserving smooothing of the crossing, and U is an unknot.

Rational knot invariants d_{2n}(K) are determined by the (normalized version of) the Alexander– Conway polynomial:

C_K (h) = exp (−2 ∞∑ n=1 d_{2n}(K)h^{2n}).

Then the top row of the Kontsevich integral of a knot is determined:

Z(K) = exp ( f(K) 2 θ + ∞∑ n=1 d_{2n}(K)ω_{2n} + X),

where Z(K) is the framed version of the Kontsevich integral [13] of a knot, f(K) is the framing of a knot, θ is the web diagram with a single chord, ω_{2n} is the wheel diagrams (“with 2n spokes”) and X is a series of diagrams with connected dashed graphs of negative Euler characteristic.

The similar things could be done for some class of 3-manifolds. Here we mean an example of 3-manifold M := S^3_K which is obtained by surgery of zero-framed knot K in S^3. In this case the universal Le–Murakami–Ohtsuki (LMO) invariant Z^{LMO}(S^3_K ) is determined by the (normalized) Alexander–Conway polynomial A(K) (see [5]) which in the same time has a random walk interpretation. Therefore, as a byproduct, we obtain a possibility of a random walk approach to the construction of universal invariants for this class of 3-manifolds.

4. From Weighted Transfer Operator to Ratonality Formula

Here we are going to relate a rationality formula for zeta function (3.1) of a finite connected graph with labeling to a weighted transfer operator attached to such graph. To solve a problem one can identify the (equivariant version of) Bass’ operator with certain weighted transfer operator which attached to a graph.

4 In this case the labeling of a graph is a function of variable t.

5 In fact, the Alexander and Conway polynomials are related to each other (see [10], Prop. 9.3). 6 The knot K is the closure of 0-framed link T which can be chosen appropriately.

Recall that the inverse value of the zeta function of a finite connected graph with labelling defined as (3.1) has the following determinant representation:

Z^{−1}_Γ (u) = det (I − B_u), (4.1)

where B_u is Bass’ operator defining by its matrix B_u(e, e^′ ):^7

B_u(e, e^′ ) := u(e) if (e, e^′ ) is reduced path in X, and B_u := 0, otherwise.

(This B_u-matrix can be considered as a generalization of a transition T -matrix from the Sec. 2.)

The rationality result for Z_Γ(u) (where group Γ acts freely on a tree with finite quotient) is the special case of Bass’ rationality theorem for more abstract zeta function. Applying the Euler derivative to (4.1) one can see that the rationality result for Z_Γ(u) follows from the trace formulas for the powers of T_u:

T rB^n_u = ∑ d|n d ∑ [C]∈Prim_X (d)

u^{Ck} , n ∈ N. (4.2)

These formulas (after the substitution kd = n) can be viewed as the special case of Bass’ result in [3] deriving in more general ground (see also [19]). From the another point of view (4.2) can be regarded as the generalization of (2.7). Then, like as in the proof of Theorem 2, we have: ∑ d|n d ∑ [C]∈Prim_X (d)

u^{Ck} = ∑ C∈C^{red}_n (X)

u^C = ∑ Ψ∈Fix σ^n

n−1∏ l=0 B_u(σ^l(Ψ)), n ∈ N. (4.3)

Now, we attach the “2-variable” weighted dynamical zeta function (depending on labelling u of a graph X and variable z) ζ_u(z) to the weighted matrix B_u as follows:

ζ_u(z) := exp

{_∞ ∑ n=1 z^n n ∑ Ψ∈Σ_T ,σ^n(Ψ)=Ψ

n−1∏ l=0 B_u(σ^l(Ψ)) } . (4.4)

Combining (4.2) and (4.3), we have

T rB^n_u = ∑ Ψ∈Fix σ^n

n−1∏ l=0 B_u(σ^l(Ψ)), n ∈ N.

This relation implies the following rationality result for ζ_u(z). Denote the polynomial ring of variables u and z over C by C[u, z].

Corollary. The following equality holds in C[u, z]:

ζ^{−1}_u (z) = det (I − zB_u). (4.5)

Specializing at z = 1 gives (once again) the rationality result (3.5) for Z^{−1}_Γ (u) = ζ^{−1}_u (1).

7 Such matrix could be considered as the weighted matrix in a sense of a remark in Sec. 2.

Conclusion

As we have seen in this paper the Ihara–Selberg zeta function of a finite graph can be considered as Ruelle type zeta function attached to a natural symbolic dynamics defined on a graph. Generally, this method is applied to a finite graph with labeling. In this case the corresponding Bass’ operator can be viewed as a transfer matrix of a (generalized) symbolic dynamics.

The intriguing case is considered in [14] in studying of a model of a random walk on the knot diagrams. In this case the inverse of the Alexander polynomial of a knot is the Ihara–Selberg zeta function of a graph (corresponding to a knot diagram) with labeling. Combining this result with well known state sum expressions for colored Jones polynomial of a knot gives a new graphtheoretic proof of the Melvin–Morton conjecture for a knot. This can be viewed as an example of the effective application of the Ihara–Selberg theory in three–dimensional topology.

References

[1] G. Ahumada, Fonctions peiodiques et formule de traces de Selberg sur les arbres, C. R. Acad. Sci., Paris, Ser. I 305, No. 16 (1987), 709–712.

[2] V. Baladi, Dynamical Zeta Functons and Generalzed Fredholm Determinants (1996), Proc. of XI Int. Congress of Math. Phys., D. Iaglonitzer (Ed.), 246–260.

[3] H. Bass, The Ihara-Selberg Zeta Function of a Tree Lattice, Internat. J. Math 3, No. 6 (1992), 717–797. [4] D. Foata and D. Zeilberger, A Combinatorial Proof of Bass’s Evaluations of the Ihara–Selberg Zeta Function for Graphs, Preprint, math.CO/9806037 (to appear in Trans. Amer. Math. Soc.).

[5] S. Garoufalidis and N. Habegger, The Alexander Polynomial and Finite Type 3-Manifold Invariants, Preprint q-alg/9708002 v2.

[6] K. Hashimoto, Zeta Functions of Finite Graphs and Representations of p-Adic Groups, — Adv. Studies in Pure Math., 15 (1989), 211–280.

[7] K. Hashimoto, On zeta and L-functions of finite graphs, — Internat. J. of Math., 1, No. 4 (1990), 381–396. [8] K. Hashimoto, Artin Type L-functions and the Density Theorem for Prime Cycles in Finite Graphs, Internat.

J. of Math., 3, No. 6 (1992), 809–826.

[9] Ya. Ihara, On discrete subgroups of the two by two projective linear groups over p-adic fields, J. Math. Soc.

Japan, 18, No. 3 (1966), 219–235.

[10] L. H. Kauffman, On Knots, vol. 115, Ann. Math. Studies, 1987.

[11] L. H. Kauffman and H. Saleur, Free Fermions and Alexander–Conway Polynomial, — Comm. Math. Phys., 141, No. 2 (1991), 293–327.

[12] A. Kricker, Covering Spaces over Claspered Knots, Preprint, math.GT/9901129 v2. [13] T. Q. T. Le and J. Murakami, The Univaersal Vassiliev–Kontsevich invariant for Framed Oriented Links, Comp. Math. 102 (1996), 42–64.

[14] X.-S. Lin and Zh. Wang, Random Walk on Knot Diagrams, Coloured Jones Polynomial and the Ihara–Selberg Zeta Function, Preprint, math.GT/9812039.

[15] A. M. Nikitin, An Approach to the Ihara Zeta Function of Finite Quotient Graph via the Markov Topological Chains, — Zap. Nauchn. Semin. PDMI, 215 (1994), 226–245.

[16] S. J. Patterson, On Ruelle’s zeta-function, Preprint Math. Inst. Göttingen (1989), h. 36. [17] D. Ruelle, Zeta-Functions for expanding maps and Anosov flows, — Inv. Math., 36 (1976), 231–242. [18] D. Ruelle, Thermodynamic Formalism. The Mathematical Structures of Classical Equilibrium Statistical Mechanics, Addison-Wesley, Reading, MA (1978).

[19] D. Ruelle, An extension of the theory of Fredholm determinants, — Publ. Math. Inst. Hautes Etudes Sci., 72 (1990), 175–193.

[20] J.-P. Serre, Arbres, Amalgames, SL_2, Asterisque, No. 46 (1977), Soc. Math. France.