PDMI PREPRINT 03/2000

Invariants of B–Type Links via an Analog of Turaev Theorem^∗

P. P. Kulish, A. M. Nikitin

Russian Academy of Sciences Steklov Mathematical Institute

191011, St.-Petersburg, Fontanka, 27 March, 2000 E-mails: kulish@pdmi.ras.ru, nikit@pdmi.ras.ru

Abstract.

In this paper we find a method for constructing invariants of B–type links within general Turaev framework for constructing link invariants. Such method is shown to be compatible with skein relations of B–type. The examples of link invariants of B–type relating to the quantum group U_q(sl(2)) is considered by means of an analog of the Turaev theorem for B–type links. Bibliography–27 titles.

Key words and phrases: links of B–type, Markov trace, Turaev theorem, solid torus.

* Partially supported by the RFBR grant No. 98–01–00310.

Typeset by AMS-TEX

Introduction

The study of new (or quantum) invariants of links in 3–manifolds is the field of the growing interest both for mathematicians and physicists during last time. The main ingredient for constructing such invariants, from the physical point of view, is Chern–Simons (CS) theory in three dimensions, where these invariants appear as the vacuum expectation values of Wilson loop operators in perturbative CS theory. In mathematical terms, the construction of new (or quantum) link invariants is given mainly for the case of the trivial topology of the underlying space (i.e., for the case of R^3 or for three-dimensional sphere S^3). There are (at least) three different constructions.

The first one is due to V. F. R. Jones [11] which uses the methods of operator algebras, and, in fact, closely related to thermodynamic limits of integrable models of statistical physics. (This construction can be interpreted via state models and skein categories, see [12]).

The second one is due to V. G. Turaev and N. Yu. Reshetikhin [23], [22] and is combinatorial. Their construction uses the methods of category theory and quasi– Hopf algebras (or: quantum groups, see also [27]). This construction also gives the method of constructing 3–manifold invariants (see also [24]).

The third construction is due to V. A. Vassiliev [25], M. Kontsevich [14], and D. Bar–Natan [3], and is based on the notion of the algebras of chord diagrams. Roughly speaking, such method can be considered as the mathematical formulation of the physical idea of pertubative expansion of CS invariants over the Feynman diagrams (e.g.[13]). In this way one can obtain so called finite type invariants of links and corresponding finite type invariants of 3–manifolds (see [18, 19, 20, 21]). Finite type invariants of link can be combine into one generating function, the Kontsevich integral for this link, taking its values in the chord algebra. The Kontsevich integral gives an analytic expression for link invariants. The relationship of such integral to combinatorial expression for link invariants (at least, for the case of knots) is given in [1].

The problem of evaluation of link invariants can be posed for the link in spaces with topology less trivial than R^3, or S^3 (e.g.[2], [26]). In this paper we deal with links in solid torus (handlebody of genus 1) and give the construction of the invariants of links in solid torus (or B–type links) via an analog of the Turaev theorem [23] for such links.^1 Such approach seems to be very natural from the point of view of the combinatorial way in constructing link invariants.

This paper is organized as follows.

In Section 1 the background on enhanced Yang–Baxter operators (after [23]) coupled to the Reflection Equation operators is given.

In Section 2 we prove an analog of the Turaev theorem in the case of B–type links and derive skein relations in this case. The first skein relation is quite similar to that in [23], and the second one reflects the clasp rule for B–type links.

In Section 3 the two examples of the application of such analog are considered.

1) It should be noted that recently some algebraic and categorical–theoretic aspects in constructing invariants of solid torus links were considered in [6], [8], [9], [10].

The first example is so called R^2–matrix solution of the reflection equation. The Jones type invariants of B–type links constructing from this solution correspond to the well known embeddding the solid torus braid group B_{1,n} ⊂ B_{n+1}. The second example deals with a simple, but nontrivial, diagonal solution of the reflection equation. These invariants of B–type links can be interpreted from the point of view of the analog of Turaev theorem. We also derive the corresponding clasp rule which is reminiscent to that in [17].

Acknowlegments

The authors are grateful to Prof. O. Ya. Viro and Prof. M. Polyak for valuable discussions and useful references.

1. Yang–Baxter Operators, Reflection Equation Operators

In this Section we define the needed algebraic preliminaries relating the Yang– Baxter (YB) operator (or: R–matrix) and Reflection Equation (RE) operator. YB operator appears naturally in the integrable models of quantum field theory and statistical physics (see [4, 5]) and can be considered as the K–linear isomorphism^2 R : V^{⊗2} →V^{⊗2} , for some finite–dimensional space V (over K), satisfying the Yang– Baxter (YB) Equation (see [4]). YB Equation (without spectral parameter) can be written as R_1∘R_2∘R_1 = R_2∘R_1∘R_2, (1.1)

where for any K–linear isomorphism R : V^{⊗2} →V^{⊗2} we adopt the following convention:

R_i(n) := Id^{⊗i−1}_V ⊗R⊗Id^{⊗n−i−1}_V ,

for any n ∈ N.

Remark. YB Equation for YB operator implies that the operators R_i≡R_i(n) form a finite–dimensional representation of Artin n–string braid group B_n, n≥1.

RE operator appears in the integrable models of statistical physics [15], [16] and can be regarded as the K–linear isomorphism K : V →V , satisfying the Reflection Equation (RE) without spectral parameter:

(K⊗Id)∘R∘(K⊗Id)∘R = R∘(K⊗Id)∘R∘(K⊗Id), (1.2)

where R is YB operator (without spectral parameter).

Remark. As noted in [15], the operators K_0(n) := K⊗Id^{⊗n−1} , R_i, i≥1, form a finite–dimensional repersentation of solid torus n–string braid group B_{1,n}. The explicit presentation of B_{1,n} in terms of generators and relations will be given in Section 2.

In what follows we need in more general notion of RE operator which takes into account ”the inner degrees of freedom” of boundary. Namely, by the RE operator

2) Throughout the paper by K is denoting the ground field.

in this paper we mean a K–linear isomorphism K : V^{⊗l+1}→V^{⊗l+1} satisfying the Reflection Equation (RE) written in more general form that (1.2):

(K⊗Id)(Id_l⊗R)(K⊗Id)(Id_l⊗R) = (Id_l⊗R)(K⊗Id)(Id_l⊗R)(K⊗Id), (1.3)

where Id_l := Id⊗...⊗Id (l times). To proceed further we recall the notion of ”operator trace” after [23]. Namely, for any homomorphism f : V^{⊗n} →V^{⊗n} its ”operator trace” T r_n(f) is defined to be homomorphism V^{⊗n−1} →V^{⊗n−1} , which can be written as

T r_n(f)(v_{i1} ⊗...⊗v_{in−1} ) = ∑ 1≤j_1,...,j_{n−1},j≤m

f^{j1 ,...jn−1,j}

i_1,...,i_{n−1},j vj1 ⊗...⊗vjn−1 ,

for any i_1, ...i_{n−1} ∈ {1, 2, ..., m}, and m = dim_KV . Here v_1, ...v_m is a basis in V , and this definition is independent of the choice of the basis. It is easy to see that T r(T r_n(f)) = T r(f) ∈ K, where T r is the usual trace of homomorphism. The next definition is modification of the corresponding definition in [23] adapted to the situation of solid torus links.

Definition. An enhanced YB operator coupled to RE operator is said to be a quadriple S = (R, K, μ, (α, β)), satisfying to the following conditions:

1. [R, μ⊗μ] = 0

(The homomorphism μ⊗μ : V^{⊗2} →V^{⊗2} commutes with R);

2. T r_2(R∘(μ⊗μ)) = αβμ; T r_2(R^{−1}∘(μ⊗μ)) = α^{−1}βμ;

3. [K, μ^{⊗l+1}] = 0.

(The homomorphism μ^{⊗l+1} : V^{⊗l+1}→V^{⊗l+1} commutes with K)

Remark. As remarked in [23], if μ is isomorphism, then the Condition 2 is equivalent to the following Condition 2^′ :

T r_2(R^{±1}∘(Id_V ⊗μ)) = α^{±1}β·Id_V

In what follows we shall assume that μ is isomorphism presented as diagonal matrix with respect to some basis as in [23].

2. An Analog of Turaev Theorem for B–Type Links In this Section we will prove an analog of Turaev theorem for B-type links making use the technique of Markov moves for B-type links.

The oriented B–type links (or: oriented links in solid torus M) can be interpreted as the mixed links in three-dimensional sphere S^3 containing the complementary solid torus Î, since the solid torus M can be considered as the complement in S^3 of the another solid torus Î. The topology of B–type links was considered in [17] in details. For our combinatorial approach to constructing invariants of B–type links is essential that the analogs of Alexander’s and Markov’s theorems exist. (These theorems will be formulated below). This motivates a search of a construction of the finite–dimensional representations of braid group B_{1,n} of n strings in solid torus via YB and RE operators. To every YB operator R : V^{⊗2} →V^{⊗2} (without spectral parameter) coupled to RE operator K : V^{⊗l+1}→V^{⊗l+1}) corresponds a finite–dimensional representation b_{R,K} : V^{⊗l+n}→V^{⊗l+n} of the braid group B_{1,n} of n strings in the solid handlebody of genus 1 (solid torus) which is defined via the generators an relations: { σ_1, .., σ_{n−1}, τ : σ_iσ_j = σ_j σ_i, for |i − j|≥2;

σ_iσ_{i+1}σ_i = σ_{i+1}σ_iσ_{i+1}, for i = 1, ..., n − 1; τσ_1τσ_1 = σ_1τσ_1τ } . Namely, we put b_{R,K} (σ_i) := R^{(l)}_i = Id^{(l+i)−1}_V ⊗R⊗Id^{n−i−1}_V , and b_{R,K} := K_0(n) = K⊗Id^{⊗n−1}_V . From the properties of YB and RE operators follows that the relations defining the solid torus braid group are fullfilled. Thus we have a unique homomorphism b_{R,K} : B_{1,n}→Aut(V^{⊗(l+n)} ) which transforms σ_i into R^{(l)}_i (for all i=1,...,n-1), and τ into K_0. Now we are in a position to define a mapping T_S : ∐ n≥1B_{1,n}→K which is defined via the formula:

T_S(ξ) = α^{−w(ξ)}β^{−n}T r(b_{R,K} ∘μ^{⊗(l+n)} : V^{⊗(l+n)} →V^{⊗(l+n)} ),

where ξ ∈ B_{1,n}, the homomorphism μ⊗μ⊗...⊗μ (l + n times) is denoted by μ^{⊗(l+n)} and homomorphism w from B_{1,n} to the additive group of integers is defined by sending σ_1, .., σ_{n−1} into 1.

The properties of this mapping are described by the following theorem which can be viewed as the analog of Turaev theorem in [23]. Theorem 1.

For any ξ, η ∈ B_{1,n} we have

T_S(η^{−1}ξη) = T_S(ξ) = T_S(ξσ_n) = T_S(ξσ^{−1}_n ).

Proof. Repeat the corresponding proof from the paper [23] modifying it slightly. Recall the following lemma from [23] which deals with taking of the partial traces. Lemma.

If f, g, h are endomorphisms respectively of V^{⊗(n+1)} , V^{⊗n} , V^{⊗2} , then

T r_{n+1}(f∘(g⊗Id_V )) = T r_{n+1}(f)∘g;

T r_{n+1}((g⊗Id_V )∘f)) = g∘T r_{n+1}(f);

T r_{n+1}(Id^{⊗n−1}_V ⊗h) = Id^{⊗n−1}_V ⊗T r_2(h).

Having this Lemma in mind we continuing the proof of Theorem 1. It folllows from the definition of enhanced YB operator coupled to RE operator that μ^{⊗(l+n)} commutes with b(η) := b_{R,K} (η), for any η ∈ B_{1,n} (where b_{R,K} ≡b : B_{1,n}−→Aut(V^{⊗(l+n)} )).

Therefore, we have

T r((b(η^{−1} ξη)∘μ^{⊗(l+n)}) = T r(b(η^{−1})∘(b(ξ)∘μ^{⊗(l+n)})∘b(η)) = T r(b(ξ)∘μ^{⊗(l+n)}),

and T_S(η^{−1}ξη) = T_S(ξ), since w(η^{−1}ξη) = w(ξ).

The proof of the second part of the Theorem 1 is quite similar to that in [23]. Repeat these calculations.

b(ξσ_n) = (b(ξ)∘Id)∘R^{(l)}_n : V^{⊗l+n+1} →V^{⊗l+n+1} .

Therefore, using the properties of T r_{l+n}, we have

T r(b(ξσ_n)∘μ^{⊗l+n+1} ) = T r[(b(ξ)⊗Id_V )∘R^{(l)}_n ∘(Id^{⊗l+n−1}_V ⊗μ⊗μ)∘(μ^{⊗l+n−1} ⊗Id^{⊗2}_V )] =

T r { T r_{n+1}[(b(ξ)⊗Id)∘(Id^{⊗(l+n−1)}_V ⊗[R∘(μ⊗μ)∘(μ^{⊗(l+n−1)} ⊗Id^2_V )] } . Then by Lemma it follows that the expression in figured brackets is equal to

b(ξ)∘[Id_V ⊗T r_2(R⊗(μ⊗μ))]∘(μ^{⊗(l+n−1)} ⊗Id_V )

By definition of enhanced YB operator coupled to RE operator this expression is equal to αβ(b(ξ)⊗μ^{⊗l+n} , and

T r(b(ξσ_n )∘μ^{⊗(l+n+1)} ) = αβT r(b(ξ)∘μ^{⊗l+n} )

with w(ξσ_n) = w_ξ + 1. It follows that T_S(ξσ_n) = T_S)(ξ), and in the similar way one can prove that T_S(ξσ^{−1}_n ) = T_S(ξ), for any ξ ∈ B_{1,n}.

This completes the proof of Theorem 1. ♣ Theorem 1 which can be viewed as the analog of the corresponding Turaev theorem (namely, Theorem 3.1.1 in [23]). It gives an approach to constructing invariants of B-type links. Namely, recall Alexander’s and Markov’s theorems for B-type links in the Lampropoulou approach [17] (where ”links of B–type” and ”braids of B–type” are called as ”mixed links” and ”mixed braids”, respectively). Alexander’s theorem for mixed links.

Any oriented mixed link is isotopic to the closure of some mixed braid.

Markov’s theorem for solid torus links.

Let M = S^3\Î be a solid torus with Î also a solid torus; let L_1, L_2 be two oriented links in M and I ⋃ B_1, I ⋃ B_2 be mixed braids in

∐_∞

n=1B_{1,n}, corresponding to L_1, L_2.Then L_1 is isotopic to L_2 in M if and only if I ⋃ B_1 is equivalent to I ⋃ B_2 in ∐ B_{1,n}, under equivalence generated by the augmented braid relations together with the following two moves:

(i) Conjugation: If α, β ∈ B_{1,n}, then α≃β^{−1}αβ; (ii) Markov moves: If α ∈ B_{1,n}, then α≃ασ^{±1}_n ∈ B_{1,n+1}.

Therefore, by Theorem 1, we have the following corollary.

Corollary.

For any enhanced YB operator coupled to RE operator S = (R, K, μ, (α, β)) the mapping T_S : ∐ B_{1,n}−→K which is given by Theorem 1 induces a mapping of the set of oriented isotopy classes of B–type links into K.

Both mappings will be denoted by T_S.

Now we can formulate such properties of the constructed link invariant as the skein relations for T_S. These skein relations reflect the corresponding behavoir of R– and K–matrices. First of all, recall that (usually) the R–matrix (as the

automorphism of V^{⊗2} ) satisfies the equation^q ∑ i=p k_iR^i = 0 (with k_p, .., k_q ∈ K), and

such property of R–matrix implies the skein relation for T_S (see [23]): q∑ i=p k_iα^iT_S(L_i) = 0, (2.4)

where oriented links L_p, L_{p+1}, .., L_q have the same diagrams coinciding outside some disk, in which these diagrams looking as in Figure 1.

Figure 1.

Secondly, if the K–matrix satisfies the quadratic equation (we will concetrate on this case only):

l_1K + l_0 + l_{−1}K^{−1} = 0, (2.5)

(with l_1, l_0, l_{−1} ∈ K) this implies the following skein relation: l_1T_S(M_1) + l_0T_S(M_0) + l_{−1}T_S(M_{−1}) = 0. (2.6) The links M_1, M_0, M_{−1} in (2.6) have diagrams coinciding outside some disk, in which these diagrams looking as in Figure 2.

Figure 2.

We collect these observations in the following theorem. Theorem 2.

Let S = (R, K, μ, (α, β)) be an enhanced YB operator (coupled to RE operator) such that:

1. the automorphism R of V^{⊗2} satisfies the equation^q ∑ i=p k_iR^i = 0, with k_p, ., k_q ∈ K, 2. the automorphism K of V satisfies the equation l_1K + l_0 + l_{−1}K^{−1} = 0, with l_1, l_0, l_{−1} ∈ K,

then the following skein relations hold for link invariant T_S: q∑ i=p k_iα^iT_S(L_i) = 0, (2.7)

l_1T_S(M_1) + l_0T_S(M_0) + l_{−1}T_S(M_{−1}) = 0, (2.8) where links T_p, .., T_q (resp. M_1, M_0, M_{−1}) have the diagrams coinciding outside some disk, in which these diagrams looking as in Figure 1 (resp. Figure 2). Proof. Repeat the corresponding proof in [23] modifying it slightly.

First of all, if L_p, .., L_q are oriented links which have diagrams as above, then these links are isotopic to the closures of the braids η, σ_1η, .., σ_1^{q−p}η, for some mixed braid η. Then

T_S(L_i) = T_S(σ_1^iη) = α^{−i−w(η)}β^{−n}T r[(R_1)^i)∘b_{R,K} (η)∘μ^{⊗l+n} ], where n is the number of the strings of η. Therefore, q∑ i=p k_iα^iT_S(L_i) = α^{−w(η)}β^{−n}T r[( q∑ i=p k_iR^i_1)∘b_{R,K} (η)∘μ^{⊗l+n} ] = 0.

Secondly, if M_1, M_0, M_1 are oriented links, which have diagrams as above, then these links are isotopic to the closures of the braids τξ, ξ, τ^{−1}ξ, for some mixed braid ξ. Then

T_S(M_i) = T_S(τ^j ξ) = α^{−w(ξ)}β^{−m}T r[(K^j )∘b_{R,K} (ξ)∘μ^{⊗l+m} ],

where m is the number of strings of ξ (with j = (1, 0, −1)). Therefore,

l_1T_S(M_1) + l_0T_S(M_0) + l_{−1}T_S(M_{−1}) =

α^{−w(ξ)}β^{−m}T r[(l_1K + l_0 + l_{−1}K^{−1})∘b_{R,K} (ξ)∘μ^{⊗l+m} ] = 0. This completes the proof of Theorem 2. ♣

3. Jones Type Polynomial for B–Type Links In this Section we give some examples of the application of Theorem 1 relating to the quantum group U_q(sl(2)). For usual (or: for A–type) links this group corresponds to the case of the Jones polynomial of links. An extension of this invariant for the case of B–type links could be regarded as Jones type polynomial for B–type links. Recall R matrix for U_q(sl(2)) (see [7]):

R = q 0 0 0 0 1 0 0 0 ω 1 0 0 0 0 q

; ω := q − q^{−1}. (3.1)

Choose a case of l = 1, i. e. K is an operator acting in V^{⊗2}. By fixing a base in V we can represent K : V^{⊗2}→V^{⊗2} by a matrix K = ( u xy z ), where u, x, y, z are the operator–valued entries. Now, substitute R and K matrices into the reflection equation which is equivalent to [15], [16]:

RK_1 ~RK_2 = K_2RK_1 ~R, (3.2)

where ~R := PRP and P is the permutation operator of the tensor product of the two vector spaces V_1⊗V_2(V_1≃V_2≃V ). (3.2) is the equation for matrices acting in the tensor product V_1⊗V_2, and K_1 := K⊗Id, K_2 := Id⊗K. Solving (3.2) in terms of entries of K = ( u xy z ) one can obtain the following commutation rules for u, x, y, z:

ux = q^{−2}xu, uy = q^2yu, [u, z] = 0, [x, y] = q^{−1}(uz − u^2),

[x, z] = −q^{−1}ωux, [y, z] = q^{−1}ωyu. (3.3)

Below we discuss the two different regimes for the solution K. (We have to take in mind that [K, μ⊗μ] = 0).

1. R^2–matrix solution This solution corresponds to the embedding B_{1,n}⊂B_{n+1}. In this case the K– matrix can be written explicitly:

K = q^2 0 0 0 0 1 ω 0 0 ω 1 + ω^2 0 0 0 0 q^2 .

In this case u = ( q^2 00 1 ), z = ( 1 + ω^2 00 q_2 ), x = ( 0 0ω 0 ), y = ( 0 ω0 0 ).

Clearly, [K, μ⊗μ] = 0, therefore, we have an example of application of Theorem 1. Of course, such example is not very interesting, since the corresponding link polynomial coincides with the Jones polynomial of a ”bigger” link obtaining from the initial link by a replacement of the singularity to an additional component of such ”bigger” link.

2. Diagonal solution

If we want to find the K–matrix in the following form K = ( u 00 z ), then

the commutation rules (3.3) imply that u = z. Now, [K, μ⊗μ] = 0, where μ =

( q^{−1} 0

0 q ), and we find a solution in the form u = z = ( λ_1 0 0 λ_2 ), and λ^1, λ^2 ∈ C^∗.

(C^∗ is the multiplicative group of the field of the complex numbers C.) In this case the solution of the reflection equation is diagonal: K = diag(λ_1, λ_2, λ_1, λ_2). Therefore we obtain another Jones type link invariant for solid torus links which has λ_1, λ_2 as the additional parameters.

We finished this Section by remarking on clasp relation relating to the solution of the second type. Clearly, 1 √ λ_1λ_2 K + √ λ_1λ_2K^{−1} = {√ λ_1 λ_2 + √ λ_2 λ_1 } I. (3.4)

By Theorem 2 this quadratic relation on K implies the clasp relation on T_S: 1 √ λ_1λ_2

T_S(M_1) + √ λ_1λ_2T_S(M_{−1}) = {√ λ_1 λ_2 + √ λ_2 λ_1 } T_S(M_0), (3.5)

which is reminiscent to the clasp rule in [17]. With respect to the usual over– and undercrossings the invariant T_S obtaining by using the diagonal K–matrix has the same properties as Jones polynomial. Of course, these properties reflect the quadratic nature of R–matrix.

4. Discussion

In this paper we have seen that constructing the invariants of B–type links can be considered within the general Turaev approach to links invariants [23]. The new additional feature of this approach is the notion of ”coupling” of the reflection equation operator K to the Yang–Baxter operator R. This means that K–operator which used in constructing a representation of solid torus braid group B_{1,n} cannnot be arbitrary solution of the reflection equation, but must have a special behaviour with the respect to the operator of the quantum trace. Another additional feature in our approach is the presence of the discrete parameter ”l” reflecting the nature of the ”inner” states of the boundary.

References

[1] D. Altschuler and L. Freidel, On Universal Vassiliev Invariants, Comm. Math. Phys. 170 (1995), 41–62.

[2] J. E. Andersen, J. Mattes and N. Yu. Reshetikhin, Quantization of the Algebra of Chord Diagrams, Joint MSRI and University of Aarhus Preprint, q-alg/9701018 (1997).

[3] D. Bar–Natan, On the Vassiliev knot invariants, Topology 34 (1995), 423. [4] R. J. Baxter, Exactly solved models in statistical mechanics, 1982.

[5] T. Deguchi, M. Wadati and Ya. Akutsu, Knot Theory based on Solvable Models at Criticality, Adv. St. Pure Math. 19 (1989), 193–285.

[6] T. tom Dieck, Categories of rooted cylinder ribbons and their representations, J. reine angew.

Math 494 (1998), 35–63.

[7] L. Faddeev, N. Reshetikhin and L. Takhtajan, Leningrad Math. Jour. 1 (1990), 193. [8] R. Häring–Oldenburg, The reduced Birman–Wenzl algebra of Coxeter type B, Göttingen Math. Inst. preprint, q-alg/9709015 (1997).

[9] R. Häring–Oldenburg, Actions of Tensor Categories and Cylinder Braids, Göttingen Math.

Inst. preprint, q-alg/9712031 (1997).

[10] R. Häring–Oldenburg, The Potts Model with Reflecting Boundary, Göttingen Math. Inst.

preprint, q-alg/9712032 (1997).

[11] V. F. R. Jones, A polynomial invariant via von Neumann algebras, Bull. AMS 112 (1985), 103–110.

[12] L. H. Kauffman, State Models and the Jones Polynomial, Topology 26 (1987), 395–407. [13] T. Kohno, Vassiliev invariants and the de Rham complex on the space of knots, Contemporary Mathematics 179 (1994), 123.

[14] M. Kontsevich, Vassiliev’s knot invariants, Adv. in Sov. Math. 16(2) (1993), 137–150. [15] P. P. Kulish and R. Sasaki, Covariance Properties of Reflection Equation Algebras, Progr.

Theor. Phys. 89, No. 3 (1993), 741–761.

[16] P. P. Kulish, R. Sasaki and C. Schwiebert, Constant solutions of reflection equations and quantum groups, J. Math.Phys. 34 (1) (1993), 286–304.

[17] S. S. F. Lampropoulou, Solid torus links and Hecke algebras of B–type, Proc. Conf. Quant.

Topology, D. N. Yetter (Ed.) (1994), 225–245.

[18] T. T. Q. Le, J. Murakami and T. Ohtsuki, On a Univarsal Invariant of 3–Manifolds, Preprint, q-alg/9512002 (1995).

[19] T. T. Q. Le, An Invariant of Integral Homology 3–Spheres Which Is Universal For All Finite Type Invariants, Preprint, q-alg/9601002 (1996).

[20] T. T. Q. Le, On Denominators of the Kontsevich Integral and the Univarsal Pertubative Invariant of 3–Manifolds, Preprint, q-alg/9704017 (1997).

[21] T. Ohtsuki, Finite type invariants of integral homology 3–spheres, Jour. of Knot Theory and its Ramifications 5 (1996), 101–115.

[22] N. Yu. Reshetikhin and V. G. Turaev, Ribbon Graphs and Their Invariants Derived from Quantum Groups, Comm. Math. Phys. 127, No. 1 (1990), 1–26.

[23] V. G. Turaev, The Yang–Baxter equation and invariants of links, Invent. math. 92, fasc. 3 (1988), 527–553.

[24] V. G. Turaev and O. Y. Viro, State sum invariants of 3–manifolds and quantum 6j–symbols, Topology 31, No. 4 (1992), 865–902.

[25] V. A. Vassiliev, Complements of Discriminants of Smooth Maps. Topology and Applications, Trans. of Math. Monographs 98 (1992).

[26] V. V. Vershinin, On Vassiliev Invariants for Links in Handlebodies, Sobolev Institute of Mathematics preprint, q-alg/9709017 (1997).

[27] R. B. Zhang, M. D. Gould and A. J. Bracken, Quantum Group Invariants and Link Polynomials, Commun. Math. Phys. 137, No. 1 (1991), 13–27.