POMI PREPRINT — 19 /1999

SPECTRAL GEOMETRIES

ON A COMPACT METRIC SPACE

S. V. BUYALO*

Russian Academy of Sciences Steklov Mathematical Institute St. Petersburg Department Fontanka 27, St. Petersburg 191011, Russia

October 1999

Abstract The notion of a spectral geometry on a compact metric space X is introduced.

This notion serves as a discrete approximation of X motivated by the notion of a spectral triple from noncommutative geometry. A set of axioms characterizing spectral geometries is given. Bounded deformations of spectral geometries are studied and relationship between the dimension of a spectral geometry and more traditional dimensions of metric spaces is investigated.

*The author was supported by RFFI Grant 99-01-00104

Typeset by AMS-TEX

§0. Introduction

The notion of a spectral geometry on a compact metric space X is introduced in [Bu] as a tool of discrete approximation of X motivated by the notion of a spectral triple from noncommutative geometry, see [Co]. Each spectral geometry M on X defines a Connes metric d_M on X. In §1, we study relations between d_M and the initial metric d of X, and also give a set of simple axioms, which characterize spectral geometries. In particular, we prove the existence of spectral geometries M on X such that the identity map (X, d) → (X, d_M ) is a bi-Lipschitz homeomorphism with the Lipschitz constant arbitrarily close to 1.

Spectral geometries seem to be a convenient tool for construction of metrics with prescribed properties. A corresponding construction called a bounded deformation of spectral geometry is considered in §2. Here we study relations between different types of convergence on the space of deformations and topologies on the space of metrics.

In the last §3, we study relations between the dimension of a spectral geometry M on X introduced in [Bu] and traditional notions such as the Hausdorff dimension, the upper and lower box-counting dimension, the Minkowski–Bouligand dimension.

§1. Axioms of spectral geometry

1. The main construction. Assume that the set B ⊂ X^2\Δ possesses the following properties (a) B is symmetric, i.e., (y, y^′) ∈ B ⇔ (y^′, y) ∈ B; (b) the set B_t = {(y, y^′) ∈ B | |yy^′| ≥ t} is finite for each t > 0.

Then we define a spectral triple M(B) = {A, H, ds} as follows. The Hilbert space H consists of functions ξ : B → C satisfying the condition

‖ξ‖^2 = ∑ (y,y^′)∈B |ξ(y, y^′)|^2 < ∞.

The representation π of A in H is given by (π(a)ξ) (y, y^′) = a(y)ξ(y, y^′) for a ∈ A, ξ ∈ H, (y, y^′) ∈ B. Clearly, this representation is involutive, π(a^∗) = (π(a))^∗, and ‖π(a)‖ = sup_{y∈Y} |a(y)| ≤ max_{x∈X} |a(x)|, where Y is the projection of B on X (by (a) it is the same whether one takes the projection on the first or on the second factor).

The unit length operator ds is defined by ds(ξ)(y, y^′) = |yy^′|ξ(y^′, y). This operator is injective and self-adjoint. Its eigenvalues are ±|yy^′|, (y, y^′) ∈ B. It follows from (b) that ds is compact.

The operator D = ds^{−1} is defined on

dom D = ξ ∈ H | ∑ (y,y^′)∈B ‖ξ(y, y^′)‖^2/|yy^′|^2 < ∞ and called the Dirac operator. The set dom D contains all functions ξ ∈ H with finite support and whence is dense in H. Furthermore, dom D = dom D^∗ and D = D^∗. Thus D is an unbounded self-adjoint operator with a discrete spectrum { ±|yy^′|^{−1} | (y, y^′) ∈ B } ⊂ R. The set dom D is invariant for every π(a), a ∈ A, and we have ([D, π(a)]ξ) (y, y^′) = a(y^′) − a(y) |yy^′| ξ(y^′, y). Then ‖[D, π(a)]‖ = sup_{(y,y′)∈B} |a(y) − a(y^′)| |yy^′| ≤ Lip (a).

Thus the operator [D, π(a)] can be extended to a bounded operator on H. Now the formula |xx^′|_M = sup {|a(x) − a(x^′)| | ‖[D, π(a)]‖ ≤ 1} defines the Connes metric (x, x^′) → |xx^′|_M on X.

2. Density of a spectral triple. We use the metric |zz^′| = max {|xx^′|, |yy^′|} on X^2 = X × X, where z = (x, y), z^′ = (x^′, y^′). We denote by |z| = |xy| the distance between x, y ∈ X. The density of a subset B ⊂ X^2 is defined by dens(B) = inf_{z∈X2\Δ} sup_{b∈B} |z|/|zb|. The number dens(M) := dens(B) is called the density of the spectral triple M(B). If the set X is infinite, then it follows from (b) that dens(M) < ∞. If dens(M) > 0, then for each ϵ ∈ (0, dens(M)) and (x, x^′) ∈ X^2 \ Δ there is a point (y, y^′) ∈ B with |xy|, |x^′y^′| ≤ α|xx^′|, where α = 1/(dens(M) − ϵ). Thus the set Y is dense in the set of nonisolated points of X. If dens(M) > 1, then Y is everywhere dense in X, in particular, ‖π(a)‖ = max_{x∈X} |a(x)| for each function a ∈ A. In the case dens(M) > 2, one can take α = 1/dens(M) in the inequality above. This easily follows from (b).

1.1. Lemma. Assume that the set B ⊂ X^2 \ Δ has the density D = dens(B) > 2. Then for every function a ∈ A we have sup (y,y^′)∈B |a(y) − a(y^′)| |yy^′| ≥ D − 2 D + 2

· Lip (a).

Proof. Fix an ϵ ∈ (0, D − 2). Then α := 1/(D − ϵ) < 1/2, and for each point (x, x^′) ∈ X^2 \ Δ there is a point (y, y^′) ∈ B with |xy|, |x^′y^′| ≤ α|xx^′|. In particular, this is true for (x, x^′) ∈ X^2 \Δ with |a(x) − a(x^′)| /|xx^′| ≥ L − ϵ, where L = Lip (a). Then |yy^′| ≤ (1 + 2α)|xx^′|, and we have |a(x) − a(x^′)| /|xx^′| ≤ ( |a(y) − a(y^′)| /|yy^′| ) (1 + 2α) + L ( |xy| + |x^′y^′| ) /|xx^′| ≤ (1 + 2α) |a(y) − a(y^′)| /|yy^′| + 2αL, which implies |a(y) − a(y^′)| /|yy^′| ≥ L · (1 − 2α)/(1 + 2α) − ϵ/(1 + 2α). The claim follows from that the ϵ > 0 was chosen arbitrary. □

1.2. Proposition. Let M = M(B) be a spectral triple of density D = dens(M) > 2 on a compact metric space X. Then for every x, x^′ ∈ X we have |xx^′| ≤ |xx^′|_M ≤ D + 2 D − 2 |xx^′|. Moreover, for each (y, y^′) ∈ B we have |yy^′| = |yy^′|_M , where | |_M is the Connes metric associated with M.

Proof. If a ∈ A and Lip (a) ≤ 1, then ‖[D, π(a)]‖ ≤ 1, where D = ds^{−1}. Choosing a = a_x : X → R, a_x(x^′) = |xx^′|, we obtain |xx^′|_M ≥ |xx^′|. If ‖[D, π(a)]‖ ≤ 1, then by Lemma 1.1 we have Lip (a) ≤ (D + 2)/(D − 2). This gives |xx^′|_M ≤ D + 2 D − 2 |xx^′|. If (y, y^′) ∈ B and ‖[D, π(a)]‖ ≤ 1, then |a(y) − a(y^′)| ≤ ‖[D, π(a)]‖ · |yy^′| ≤ |yy^′|, whence |yy^′|_M ≤ |yy^′|. □ 1.3. Corollary. Let M = M(B) be a spectral triple with density D = dens(M) > 2 on a compact metric space X. Then M is a spectral triple M^′ with density D^′ = dens(M^′) such that D D − 2 D + 2 ≤ D^′ ≤ D D + 2 D − 2 for the compact metric space (X, dist_M ), where dist_M is the Connes metric associated with M. Furthermore, dist_M ′ = dist_M . □ Proof. Using Proposition 1.2, we obtain D − 2 D + 2 |z| |zb| ≤ |z|_M |zb|_M ≤ D + 2 D − 2 |z| |zb| for each z ∈ X^2 \ Δ, b ∈ B. This immediately implies the required estimate for dens(M^′). Since |yy^′|_M = |yy^′| for every (y, y^′) ∈ B, the unit length and Dirac operators of the triples M and M^′ coincide. Hence dist_M ′ = dist_M . □

The property dist_M ′ = dist_M of Connes metrics is similar to the well known property of intrinsic metrics to be invariant under the standard procedure of getting an intrinsic metric from the given one.

Local density. Let dens(B, U_t) be the density of the set B ⊂ X^2 in the neighborhood U_t = {z ∈ X^2 | |z| ≤ t} of the diagonal Δ. This function does not increase in t, and thus there exists the limit dens_{loc}(B) = lim_{t→0} dens(B, U_t),

which is called the local density of B. Clearly, dens_{loc}(B) ≥ dens(B). Thus in contrast to the density dens(M), the local density dens_{loc}(M) = dens_{loc}(B) of a spectral triple M = M(B) might be infinite even for infinite X (see Sec. 4).

If X is a space with intrinsic metric, then for each Lipschitz function a on X we have

Lip (a) = sup_{x∈X} dil_x(a),

where dil_x(a) = lim_{ϵ→0} Lip (a|D_ϵ(x)) is the dilatation of a at the point x, D_ϵ(x) = {x^′ ∈ X | |xx^′| ≤ ϵ}. In that case, Lemma 1.1 and Proposition 1.2 remain true for D = dens_{loc}(M). In particular, we have

1.4. Proposition. Let M = M(B) be a spectral triple of infinite local density on a space X with intrinsic metric. Then its Connes metric coincides with the metric of X, |xx^′|_M = |xx^′| for every x, x^′ ∈ X. □

One can slightly modify the main construction additionally introducing a symmetric function m : B → N, m(y, y^′) = m(y^′, y) for all (y, y^′) ∈ B, a multiplicity function. The space H is then defined as the space of sections of the bundle p : C^m → B, satisfying the condition

‖ξ‖^2 = ∑ (y,y^′)∈B ‖ξ(y, y^′)‖^2 < ∞,

where the fiber over a point (y, y^′) ∈ B is a finite dimensional Hilbert space p^{−1}(y, y^′) ≃ C^{m(y,y′ )}. The definitions of the representation π and the operator ds remain the same as above. The fact that ds is well defined follows from that the function m is symmetric. So modified spectral triple {A, H, ds} we denote by M(B, m). Obviously, M(B) = M(B, 1). It is easy to see that Propositions 1.2 and 1.4, and Corollary 1.3 are true for triples M(B, m) as well.

3. Axioms of spectral geometry. We give here a set of axioms which leads to spectral triples of form M(B, m).

Recall (see [N, Chapter IV]) that a spectral measure on a locally compact space T is any operator-valued function P , defined on the Borel subsets of T and having the properties – given a Borel subset A ⊂ T , the operator P (A) is an orthogonal projector in a fixed Hilbert space H;

– given ξ ∈ H, the function (P (A)ξ, ξ) is a Borel measure on T . In particular, P (A_1 ∪ A_2) = P (A_1) + P (A_2) and P (A_1)P (A_2) = 0 for A_1 ∩ A_2 = ∅.

A spectral geometry on a compact metric space X is given by an involutive representation π of the algebra A of Lipschitz functions on X in a Hilbert space H and an injective compact self-adjoint operator ds on H such that the following conditions (i)–(iv) are satisfied (i) the representation π is the restriction on A of an involutive representation ~π of C^∗- algebra C(X^2) of continuous functions on X^2, where a function a ∈ A is considered as the continuous function a(x, x^′) = a(x) on X^2.

According to a classical result of Dunford (see [N, Chapter IV]), the knowledge of the representation ~π is equivalent to the knowledge of a spectral measure P on X^2 such that ~π(a) = ∫ X^2 a(x, x^′)dP (x, x^′) for every a ∈ C(X^2), in particular, π(a) = ∫ X^2 a(x)dP (x, x ′) for every a ∈ A.

(ii) ds ∘ P (A) = P (γ(A)) ∘ ds for every Borel subset A ⊂ X^2, where γ(x, x^′) = (x^′, x) for (x, x^′) ∈ X^2.

It follows from (ii) that the operator ds^2 commutes with P , in particular, [ds^2, π(a)] = 0 for every a ∈ A.

Let L_λ be the eigenspace of ds^2 corresponding to an eigenvalue λ^2, A_λ = A_{−λ} ⊂ X^2 the union of all open in X^2 subsets A for which P (A) is the projector on a subspace orthogonal to L_λ (i.e., lying in the orthogonal complement L^⊥_λ to L_λ). Then, as it is easy to see (Lemma 1.7), P (A_λ) is also the projector on a subspace orthogonal to L_λ, and A_λ is a (unique) maximal open subset with this property.

(iii) P (A_λ) is the projector onto the orthogonal complement L^⊥_λ of L_λ for each eigenvalue λ of ds. We put Λ_λ = X^2 \ A_λ.

(iv) |yy^′| = |λ| for every (y, y^′) ∈ Λ_λ.

The set B = ∪_λΛ_λ, where λ runs over all eigenvalues of ds, is called the support of the spectral geometry M = {A, H, ds}. This terminology is justified by the fact that the closure B coincides with the support of the operator ds (see Corollary 1.8).

1.5. Proposition. Let X be a compact metric space, a subset B ⊂ X^2 \ Δ satisfies the conditions (a), (b) of the main construction, the function m : B → N is symmetric. Then the spectral triple M(B, m) = {A, H, ds} is a spectral geometry on X.

Proof. The representation π is the restriction on A of the representation ~π, (~π(a)ξ) (y, y^′) = a(y, y^′)ξ(y, y^′), (y, y^′) ∈ B of C^∗-algebra C(X^2) in H.

Given (y, y^′) ∈ B, we define the projector P (y, y^′) as

(P (y, y^′)ξ) (z, z^′) = { ξ(y, y^′), z = y, z^′ = y^′; 0, otherwise,

ξ ∈ H. Then the spectral measure P associated with ~π is defined by

P (A) = ∑ (y,y^′)∈A∩B P (y, y^′)

for every Borel A ⊂ X^2. It follows from the definitions of operators ds and P (y, y^′) that ds ∘ P (y, y^′) = P (y^′, y) ∘ ds for every (y, y^′) ∈ B, which implies the condition (ii) of the spectral geometry.

The set Λ_λ = {(y, y^′) ∈ B | |yy^′| = |λ|} is finite according to (b), and P (Λ_λ) is the projector on the λ^2-eigenspace L_λ of ds^2 for each eigenvalue λ of ds. Thus the conditions (iii) and (iv) from the definition of spectral geometry are fulfilled. □

The main result of this section is that any spectral geometry can be obtained by using the main construction (and taking into account the multiplicity function m of eigenvalues of the unit length operator).

1.6. Theorem. Let {A, H, ds} be a spectral geometry on a compact metric space X. Then its support B ⊂ X^2 \ Δ satisties the conditions (a), (b), and there exists a symmetric function m : B → N, for which {A, H, ds} is isomorphic to the spectral geometry M(B, m) = {A, H^′, ds^′} by an isometry U : H → H^′ conjugating the representations of A and unit length operators ds, ds^′. The proof is based on the following lemma.

1.7. Lemma. Assume that a spectral triple {A, H, ds} on a compact metric space X satisfies the axioms (i), (ii) of spectral geometry. Let L_λ be the eigenspace of ds^2 corresponding to an eigenvalue λ^2. Then there exists a unique maximal open subset A_λ ⊂ X^2, for which P (A_λ) is the projector on a subspace orthogonal L_λ. Furthermore, its complement Λ_λ = X^2 \ A_λ is finite.

Proof. Let {A_σ} be the collection of all open sets in X^2, for which P (A_σ) is the projector on a subspace orthogonal to L_λ, A_λ = ∪_σA_σ. We show that P (A_λ) is also the projector on a subspace Q_λ, which is orthogonal to L_λ. Let P_λ be the projector on L_λ. Then since the spectral measure P commutes with P_λ the operator P (A_λ) ∘ P_λ is the projector on Q_λ ∩ L_λ. Thus if the assertion is not true, then there exists a vector ξ ∈ L_λ, ‖ξ‖ = 1, for which P (A_λ)ξ = ξ. Then the Borel measure μ = (P ξ, ξ) possesses the properties: μ(A_σ) = 0 for all σ and μ(A_λ) = 1. This, obviously, is impossible, because for every ϵ > 0 one can find a compact subset K ⊂ A_λ with μ(K) ≥ 1 − ϵ. On the other hand, one can cover K by a finite number of subsets from {A_σ} and consequently μ(K) = 0.

Therefore, A_λ is a maximal open subset, for which P (A_λ) is the projector on a subspace orthogonal to L_λ. Obviously, it is unique with this property. It remains to show that its complement Λ_λ is finite.

The operator ds^2 is compact, thus the space L_λ is finite dimensional. We show that Λ_λ consists of at most dim L_λ(= dim_C L_λ) points. If this is not the case, then choosing disjoint neighborhoods U_i of points z_1, . . . , z_n ∈ Λ_λ, n > dim L_λ, we find that at least one of the projectors P (U_i) is the projector on a subspace orthogonal to L_λ. The set A^′_λ = A_λ ∪ U_i is open in X^2 and contains A_λ as a proper subset. Furthermore, P (A^′_λ) = P (A_λ) + P (U_i ∩ Λ_λ) is the projector on a subspace orthogonal to L_λ. This contradicts the fact that A_λ is maximal. □

Proof of Theorem 1.6. By axiom (iv), given (y, y^′) ∈ B there exists an eigenvalue λ of ds with |yy^′| = |λ|. Since ds is injective, it follows that B ⊂ X^2 \ Δ. The subspace L_λ is invariant for ds, thus it follows from (ii) that A_λ is symmetric. Thus B is symmetric, γ(B) = B. Using (iv), we obtain that B_t = {(y, y^′) ∈ B | |yy^′| ≥ t} coincides with ∪_{|λ|≥t}Λ_λ, where the union is taken over all eigenvaues λ of ds with |λ| ≥ t. By Lemma 1.7, each Λ_λ is finite. Then B_t is finite for each t > 0, since ds is compact. Therefore, B satisfies the conditions (a), (b) of the main construction.

By Lemma 1.7 and axiom (iii), the operator P (y, y^′) is a nonzero projector on a subspace L_{y,y}′ ⊂ L_λ for every point (y, y^′) ∈ Λ_λ. We define a function m : B → N by m(y, y^′) = dim L_{y,y}′ . It follows from (ii) that ds(L_{y,y}′ ) = ds ∘ P (y, y^′)(H) = P (y^′, y) ∘ ds(H) = L_y′_{,y}, thus m is symmetric.

Using injectivity of ds and axiom (i), now it is easy to construct an isometry U : H → H^′ establishing an isomorphism between {A, H, ds} and M(B, m) = {A, H^′, ds^′}. □

The support of an operator A in H is defined as the complement to the union of all open sets U × U^′ ⊂ X^2, for which π(a) ∘ A ∘ π(a^′) = 0 for all a, a^′ ∈ A with supp (a) ⊂ U, supp (a^′) ⊂ U^′.

1.8. Corollary. Let M = {A, H, ds} be a spectral geometry on compact metric space X. Then the support of ds coincides with the closure of its support B, supp ds = B.

Proof. By Theorem 1.6, the spectral geometry M coincides with M(B, m), where m is the multiplicity function. For every a, a^′ ∈ A, ξ ∈ H and (y, y^′) ∈ B we have (π(a) ∘ ds ∘ π(a^′)ξ) (y, y^′) = a(y) · |yy^′| · a^′(y^′) · ξ(y^′, y). Thus π(a) ∘ ds ∘ π(a^′) = 0 ⇔ a(y) · a^′(y^′) = 0 for all (y, y^′) ∈ B. Hence the claim. □

4. Existence of spectral geometries with nonzero density. Given a compact metric space X we shall show how to construct a spectral geometry with an arbitrary large density. By Theorem 1.6, it suffices to find a subset B ⊂ X^2 \ Δ satisfying the conditions (a), (b) of the main construction and having the density bigger than a given number.

1.9. Proposition. Given D ∈ (2, ∞], let {Y_k} be a sequence of finite δ_k-nets in X such that δ_k ↘ 0 as k → ∞. We put B = ∪_kB(k), where B(k) = { (y, y^′) ∈ Y^2_k \ Δ | |yy^′| ≤ δ_{k−1}ϕ(δ_{k−1}) } , ϕ(t) = 2D if D < ∞ and if D = ∞, then ϕ(t) ≥ 4 be a function with ϕ(t) → ∞ and tϕ(t) ↘ 0 as t → 0.

Then the set B satisfies the conditions (a), (b) of the main construction and has the density dens(B) ≥ D, is D < ∞, and local density dens_{loc}(B) = ∞, if D = ∞.

Proof. The set B is obviously symmetric. Let t > 0. Then for (y, y^′) ∈ B_t we have (y, y^′) ∈ B(k) and t ≤ |yy^′| ≤ δ_{k−1}ϕ(δ_{k−1}). Hence k ≤ k(t) for all (y, y^′) ∈ B_t. Thus B_t is finite.

One can assme that diam X ≤ δ_1ϕ(δ_1)/2. Given x ≠ x^′ ∈ X there exists k ≥ 2 such that δ_kϕ(δ_k)/2 ≤ |xx^′| ≤ δ_{k−1}ϕ(δ_{k−1})/2. Since Y_k is a δ_k-net, one can find y, y^′ ∈ Y_k with |xy|, |x^′y^′| ≤ δ_k ≤ 2|xx^′|/ϕ(δ_k). Furthermore, |yy^′| ≥ |xx^′| − 2δ_k ≥ δ_k(ϕ(δ_k)/2 − 2) > 0 and |yy^′| ≤ |xx^′| + 2δ_k ≤ δ_{k−1}ϕ(δ_{k−1})/2 + 2δ_k ≤ δ_{k−1}ϕ(δ_{k−1}). Thus (y, y^′) ∈ B. Therefore, given z = (x, x^′) ∈ X^2 \ Δ we have found b = (y, y^′) ∈ B with |z|/|zb| ≥ ϕ(δ_k)/2. Thus dens(B) ≥ D, if D < ∞. For D = ∞ this argument shows that a point z ∈ X^2 \ Δ can be approximated by points of B with a prescribed arbitrarily small error, if z lies in a sufficiently small neighborhood of the diagonal Δ. Thus dens_{loc}(B) = ∞. □

§2. Bounded deformations of a spectral geometry

If for a spectral triple the axioms (i)–(iii) are fulfilled, then axiom (iv) uniquely defines a spectral geometry whose unit length operator differs from that one of the spectral triple only by the spectrum. Forgetting about axiom (iv) we come up to the notion of deformation of a spectral geometry.

Let M = {A, H, ds} be a spectral geometry on compact metric space X. Its deformation is given by a compact self-adjoint operator ds^′ in H of form ds^′(ξ)(y, y^′) = ρ(y, y^′)ξ(y^′, y), where ρ : B → R is a symmetric positive function on the support B of M. Notation: ds^′ = ds_ρ. Therefore, the deformation ds_ρ of M can be identified with a positive symmetric function ρ : B → R, which is called the marked spectrum of the deformation ds_ρ.

A deformation ds_ρ is said to be bounded, if the ratio ρ(y, y^′)/|yy^′| is bounded and separated away from zero on B.

Every deformation ds_ρ of a spectral geometry {A, H, ds} defines the Connes metric on X, |xx^′|_ρ = sup {|a(x^′) − a(x)| | a ∈ A, ‖[D_ρ, π(a)]‖ ≤ 1} , where D_ρ is the operator inverse to ds_ρ. The following proposition immediately follows from definitions.

2.1. Proposition. Let ds_ρ be a bounded deformation of a spectral geometry M on a compact metric space X. Then its Connes metric | |_ρ is biLipschitz equivalent to the Connes metric | |_M of M. More precisely, c|xx^′|_M ≤ |xx^′|_ρ ≤ C|xx^′|_M for all x ≠ x^′ ∈ X and any constants C, c > 0, satisfying the condition c ≤ ρ(y, y^′)/|yy^′| ≤ C for all (y, y^′) ∈ supp M. □

1. Bounded deformations of a connected spectral geometry.

Let M = {A, H, ds} be a spectral geometry on a compact metric space X, B ⊂ X^2 \ Δ its support. Given t > 0 we define Γ_t as a graph whose set of oriented edges is B_t = {b ∈ B | |b| ≥ t} and the vertex set Y_t is the projection of B_t on X. The graph Γ_t is called the incidence graph of level t of M. It follows from the axioms that the incidence graph Γ_t is finite and has no isolated vertices for every t > 0.

A spectral geometry M is said to be connected if its incidence graph Γ_t is connected for each sufficiently small t > 0. The property of a spectral geometry to be connected is not very much restrictive, and the construction described in Proposition 1.9 gives usually a connected spectral geometry.

Let Y ⊂ X be the projection of the support B ⊂ X^2 of a spectral geometry M on the factor X. Then points y, y^′ ∈ Y are vertices of the incidence graph Γ_t for every sufficiently small level t > 0. Let ρ be the marked spectrum of a bounded deformation ds_ρ of M. Its restriction to Γ_t defines an intrinsic metric ρ_t on each connected component of the graph Γ_t, i.e., we first extend ρ to a locally intrinsic metric on Γ_t, for which the length of each edge (y, y^′) ∈ B is equal to ρ(y, y^′) and then we let ρ_t(y, y^′) be the length of a shortest path in Γ_t between y and y^′ with respect to this metric. The function ρ_t(y, y^′) does not decreases in t, thus there exists a limit

ρ(y, y^′) = lim_{t→0} ρ_t(y, y^′).

If (y, y^′) ∈ B or if the geometry M is connected, then this limit is finite. Furthermore, ρ(y, y^′) = 0 ⇔ y = y^′ since ds_ρ is a bounded deformation.

2.2. Proposition. Let d_ρ be the Connes metric associated with a bounded deformation ρ of a connected spectral geometry M on a compact metric space X, D = dens(M) > 2. Then d_ρ(y, y^′) = ρ(y, y^′) for every y, y^′ ∈ Y .

Proof. Assume that a function a ∈ A satisfies the condition ‖[D_ρ, π(a)]‖ ≤ 1. This means that |a(y) − a(y^′)| ≤ ρ(y, y^′) for each point (y, y^′) ∈ B. Thus

|a(y) − a(y^′)| ≤ k−1∑ i=0 |a(y_{i+1}) − a(y_i)| ≤ k−1∑ i=0 ρ(y_{i+1}, y_i)

for every sequence of edges with consecutive vertices (y_0, . . . , y_k) ∈ Y between y = y_0 and y^′ = y_k. In particular, |a(y) − a(y^′)| ≤ ρ(y, y^′) and whence d_ρ(y, y^′) ≤ ρ(y, y^′).

For the proof of the opposite inequality we recall that the set Y is everywhere dense in X due to the condition D > 2 (see §1). We fix y ∈ Y and consider the function a_y : Y → R, a_y(y^′) = ρ(y, y^′). Though this function is not defined on all over X and a priori is not necessarily

Lipschitz on Y , nevertherless, one can apply to it the arguments from Lemma 1.1 and obtain that Lip (a_y) ≤

D + 2 D − 2 sup (z,z^′)∈B |a_y(z^′) − a_y(z)| |zz^′| (the Lipschitz constant Lip (a_y) is not supposed to be finite). Since |a_y(z^′) − a_y(z)| ≤ ρ(z, z^′) ≤ ρ(z, z^′) ≤ C|zz^′| for all (z, z^′) ∈ B, we have Lip (a_y) ≤ C(D + 2)/(D − 2) < ∞. Thus the function a_y can be extended to a Lipschitz function on X, for which we use the same notation. Furthermore, for the operator D_ρ = ds^{−1}_ρ we have ‖[D_ρ, π(a_y)]‖ = sup_{(z,z′)∈B} |a_y(z^′) − a_y(z)| ρ(z, z^′) ≤ 1 and |a_y(y) − a_y(y^′)| = ρ(y, y^′). Therefore, d_ρ(y, y^′) ≥ ρ(y, y^′). □

2. Bounded deformations and Hausdorff–Gromov convergence.

Deformations of a spectral geometry seem to be a convenient tool for constructions of metrics with prescribed properties. Thus it is important to understand relations between different topologies on the sets of deformations and Connes metrics associated with these deformations. We start with the compact-open topology on the first set and Hausdorff–Gromov topology on the second one.

The compact-open topology on the set Ξ of bounded deformations is defined as the compactopen topology on the set of maps of form 1/ρ : B → R, ρ ∈ Ξ. In other words, the base of neighborhoods of a marked spectrum ρ_0 ∈ Ξ with respect to this topology consists of the sets

U_{t,ϵ}(ρ_0) = { ρ ∈ Ξ | | | | 1 ρ(y, y^′) − 1 ρ_0(y, y^′) | | | < ϵ for all (y, y^′) ∈ B^t } , t, ϵ > 0. The condition that deformations are close w.r.t. compact-open topology is too weak for the associated Connes metrics to be close even in such rough topology as the Hausdorff–Gromov one. Nevertherless, they are close under some additional restrictions.

2.3. Theorem. Let M = {A, H, ds} be a connected spectral geometry of density D > 2 on a compact metric space X. If a sequence {ρ_i} of its deformations converges to ρ_0 ∈ Ξ in the compact-open topology and ρ_0(y, y^′) ≤ ρ_i(y, y^′) ≤ C|yy^′| for all (y, y^′) ∈ supp M, i ≥ 1 and some constant C > 0, then the associated Connes metrics d_i = d_{ρi} on X Hausdorff–Gromov converge to the Connes metric d_0, associated with ρ_0. . We first briefly describe the idea of the proof. By the condtion on the density D of M, the vertex set Y_t of its incidence graph is a δ(t)-net in X with δ(t) ≤ Dt/(D − 2) for every level t > 0. This is established in Lemma 2.4. Thus it suffices to prove the uniform convergence of the Connes metrics on sets Y_t. By Proposition 2.2, we know how to find distances in the Connes metric d_ρ, associated with a bounded deformation ρ ∈ Ξ, between points of Y_t. The convergence ρ_i → ρ_0 in the compact-open topology implies the convergence of intrinsic metrics (ρ_i)_t → (ρ_0)_t on the incidence graphs of every level t > 0. The required convergence ρ_i → ρ_0 on Y_t then follows from the condition ρ_i ≥ ρ_0.

The number δ(Y ) = inf {δ > 0 | X ⊂ ∪_{y∈Y} D_δ(y)}, where D_r(x) be the ball {x^′ ∈ X | |x^′x| ≤ r}, is called the bounding radius of Y ⊂ X.

2.4. Lemma. Assume that a subset B ⊂ X^2 is symmetric and has the density D > 2. For t > 0 let Y_t ⊂ X be the projection on X of B_t = {(y, y^′) ∈ B | |yy^′| ≥ t}, δ(t) the bounding radius of Y_t. Then δ(t) ≤ D D − 2 · t. Proof. Suppose that δ(t) > Dt/(D −2). Since X is compact, there exists x ∈ X with |xY_t| = δ(t) and respectively x^′ ∈ X with |xx^′| = δ(t). We fix ϵ ∈ (0, D − 2) such that δ(t)/t ≥ (D − ϵ)/(D − 2 − ϵ), and approximate the points x, x^′ by a pair (y, y^′) ∈ B with |xy|, |x^′y^′| ≤ α|xx^′|, where α = 1/(D − ϵ) < 1/2. Then (1 − 2α)δ(t) ≥ t by the choice of ϵ, and |yy^′| ≥ (1 − 2α)|xx^′| ≥ t. Thus (y, y^′) ∈ B_t and y ∈ Y_t. Furthermore, |xy| ≤ αδ(t) < δ(t), which contradicts the condition |xY_t| = δ(t). □ Proof of Theorem 2.3. Let δ > 0. By Lemma 2.4, the set Y_t is a finite δ-net in X for all sufficiently small t > 0. It follows from the condition of the theorem that 0 < c ≤ ρ_i(y, y^′)/|yy^′| ≤ C for all (y, y^′) ∈ B = supp M and i ≥ 0. Thus in view of Proposition 2.1, one can assume that Y_t is a δ-net also with respect to the Connes metrics d_0, d_i, i ≥ 1 on X. Therefore, it suffices to show that d_i(y, y^′) → d_0(y, y^′) as i → ∞ for every y, y^′ ∈ Y_t.

By Proposition 2.2, we have d_i(y, y^′) = ρ_i(y, y^′), i ≥ 0, where

ρ_i(y, y^′) = lim_{τ→0}(ρ_i)_τ (y, y^′)

and (ρ_i)_τ is an intrinsic metric on the incidence graph Γ_τ , constructed by the restriction ρ_i|Γ_τ .

It follows from the condition ρ_0 ≤ ρ_i, i ≥ 1 that ρ_0 ≤ ρ_i and hence

ρ_0(y, y^′) ≤ lim inf_{i→∞} ρ_i(y, y^′).

To prove the opposite inequality, we approximate the distance d_0(y, y^′) = ρ_0(y, y^′) by the distances (ρ_0)_τ (y, y^′) as τ → 0, and for every fixed τ > 0 the distance (ρ_0)_τ (y, y^′) by the distances (ρ_i)_τ (y, y^′) as i → ∞ using the convergence ρ_i → ρ_0 in the compact-open topology. Since ρ_i(y, y^′) ≤ (ρ_i)_τ (y, y^′), we obtain

ρ_0(y, y^′) ≥ lim sup_{i→∞} ρ_i(y, y^′). □

3. Weak topology on bounded deformations. Let D_ρ = ds^{−1}_ρ be the Dirac operator associated with a deformation ρ. The compact-open topology on the set Ξ of bounded deformations (of geometry M) can be described as the topology of pointwise convergence of operators D_ρ, ρ ∈ Ξ on functions with finite supports. In other words, ρ_i → ρ in the compact-open topology if and only if Dρ_i(ξ) → D_ρ(ξ) for each ξ ∈ H with finite support.

The weak topology on Ξ is defined as the topology of pointwise convergence of operators D_ρ, ρ ∈ Ξ on arbitrary elements ξ ∈ H. This simultaneously defines a corresponding topology on the set of the associated Connes metrics. d_ρ. The weak topology is finer than the compact-open one. Still, it is not clear whether the convergence of deformations in former topology implies the Hausdorff–Gromov convergence of the associated Connes metrics. d_ρ.

Question. Assume that the marked spectra ρ_i → ρ_0 with respect to the weak topology. Is it true that the associated Connes metrics d_i converge to d_0 uniformly or at least by Hausdorff–Gromov? (See Proposition 3.8 below.)

4. Uniform topology and the Lipschitz convergence. The uniform topology on Ξ is defined as the topology of the norm convergence of operators D_ρ, ρ ∈ Ξ. In other words, the base of neighborhoods of a marked spectrum ρ_0 ∈ Ξ in this topology is formed by the sets

U_ϵ(ρ_0) = { ρ ∈ Ξ | | | | 1 ρ(y, y^′) − 1 ρ_0(y, y^′) | | | < ϵ for all (y, y^′) ∈ supp M } , ϵ > 0. Recall that the Lipschitz distance between metrics d, d^′ on X is defined as |dd^′|_L = sup_{x≠y} | | |log d^′(x, y) d(x, y) | | | . The next statement follows almost immediately from definitions.

2.5. Proposition. Let M = {A, H, ds} be a spectral geometry on a compact metric space X. Assume that a sequence of marked spectra {ρ_i} ∈ Ξ of its bounded deformations converges to ρ_0 ∈ Ξ in the uniform topology. Then for the associated Connes metrics on X we have |d_{ρi} d_{ρ0} |_L → 0 as i → ∞. □ 5. Pertubations of degenerations. A deformation ds_ρ of a spectral geometry M is said to be regular, if ρ(y, y^′) = ρ(y, y^′) for all (y, y^′) ∈ supp M (see Sec. 1). To a given deformation ρ it canonically corresponds a regular deformation ρ. A deformation ρ is said to be simple, if for every (y, y^′), (z, z^′) ∈ supp M the condition ρ(y, y^′) = ρ(z, z^′) implies (y, y^′) = (z, z^′) or (y, y^′) = (z^′, z).

2.6. Lemma. Every spectral geometry M = {A, H, ds} on a compact metric space X can be approximated in the uniform topology by its simple regular deformations.

Proof. Given z ∈ B = supp M we put ρ(z) = |z|. Obviously, ρ = ρ, i.e., the geometry M itself is regular. The support B can be represented as a sequence B = {z_1, z_2, . . . } in such a way that ρ(z_{i+1}) ≤ ρ(z_i) for every i ≥ 1. We fix a positive sequence {ϵ_i} satisying the following conditions (1) ϵ_i < ρ^2(z_i)/(1 + ρ(z_i)) for all i ≥ 1; (2) ∑ i>j ϵ_i < ϵ_j for all j ≥ 1;

(3) if ρ(z_{i+1}) < ρ(z_i), then ϵ_k < ρ(z_i) − ρ(z_{i+1}) for k = min{j | ρ(z_j) = ρ(z_i)}. Given h ∈ (0, 1) and i ≥ 1 we put ρ_h(z_i) = ρ(z_i) − hϵ_i. Then ρ_h(z_i) > 0, since ϵ_i < ρ(z_i).

Furthermore, 1 ρ_h(z_i) − 1 ρ(z_i) = hϵ_i ρ(z_i) (ρ(z_i) − hϵ_i) < h by condition (1). Thus ρ_h → ρ as h → 0 in the uniform topology. It follows from the regularity of ρ and condition (2) that the deformations ρ_h are regular for all h ∈ (0, 1). Conditions (2) and (3) imply that all deformations ρ_h are simple. □

§3. Dimension of spectral geometry

1. Definition and properties of dimension of spectral geometries.

The dimension of a spectral geometry is defined in [Bu] via the notion of the Dixmier trace Tr_ω (see [Di], [Co]). Let M = {A, H, ds} be a spectral geometry on a compact metric space X. Its dimension is defined as

dim M := sup{p ≥ 0 | Tr_ω (|ds|^p) = ∞} = inf{p ≥ 0 | Tr_ω (|ds|^p) = 0}.

The following lemma shows that this notion is well defined.

3.1. Lemma. Let M = {A, H, ds} be a spectral geometry on a compact metric space X. Put p_− = sup{p ≥ 0 | Tr_ω (|ds|^p) = ∞}, p_+ = inf{p ≥ 0 | Tr_ω (|ds|^p) = 0}. Then p_− = p_+. Proof. Obviously, p_− ≤ p_+. Suppose that p_− < p_+. Then 0 < Tr_ω (|ds|^p) < ∞ for every p ∈ (p_−, p_+). Let μ_0 ≥ μ_1 ≥ . . . be the sequence of the eigenvalues of |ds|, written in nonincreasing order according to multiplicity. We choose p, p^′ ∈ (p_−, p_+), p^′ > p and fix an ϵ > 0. There is a n_0 > 0 such that μ^{p′ −p}_n < ϵ for all n ≥ n_0 and, furthermore, σ_N (|ds|^p) = ∑_{N−1} n=0 μ^p_n ≤ C log N for all sufficiently large N, where the constant C > 0 does not depend on N. Then σ_N ( |ds|^{p′} ) ≤ n_0−1∑

n=0 μ^{p′}_n + ϵ N−1∑ n=n_0 μ^p_n ≤ ϵ(1 + C) log N

for all sufficiently large N. Thus Tr_ω ( |ds|^{p′} ) = 0. This contradicts the assumption p^′ < p_+. □

Let E_t be the maximal subspace in H with ‖ds^{−1}|E_t‖ ≤ t^{−1}. In the case when the multiplicity function m ≡ 1, we have dim E_t = |B_t|. The following proposition is proved in [Bu]. 3.2. Proposition. The dimension dim M coicides with

dim_2 M = lim sup_{t→0} log dim E_t log 1/t and dim_3 M = inf{p ≥ 0 | Trace (|ds|^p) < ∞}. □

Furthermore, we have 3.3. Lemma. For every p > dim M the trace of the operator |ds|^p is finite, Trace (|ds|^p) = ∑ n μ^p_n < ∞. Proof. As usual, let μ_0 ≥ μ_1 ≥ . . . be the sequence of the eigenvalues of the operator |ds| written in nonincreasing order according to multiplicity. By Proposition 3.2, we have

dim M = lim sup_{t→0} log dim E_t

log t^{−1} . Take an ϵ > 0 such that d = dim M < p − ϵ. Then for every sufficiently small t > 0 we have dim E_t ≤ t^{−(d+ϵ)}, where dim E_t = ∑ (y,y^′)∈B_t m(y, y ′) coincides with the number of eigenvalues (with multiplicity) of |ds|, which ≥ t. Therefore, if μ_n = t, then n ≤ t^{−(d+ϵ)} + C and μ^p_n ≤ (n − C)^{−p/(d+ϵ)}, where the constant C does not depend on n. Hence, the claim. □ 2. Dixmier trace and Hausdorff measures. Let M = {A, H, ds} be a spectral geometry on X, B ⊂ X^2 \ Δ its support. As usual, for t > 0 we put B_t = {b ∈ B | |b| ≥ t}, Y_t ⊂ X the projection of B_t on the factor X, δ(t) the bounding radius of Y_t (see §2). The relative bounding radius of the support B of the geometry M is defined as ν = ν(B) = lim sup_{t→0} δ(t)/t.

In what follows, we assume that ν < ∞. This condition is fulfilled, if, for example, D = densM > 2 (see Lemma 2.4). We use notation H^p(X) for the p-dimensional Hausdorff measure of X. Recall that H^p(X) = lim_{t→0} H^p_t (X), where H^p_t (X) = inf ∑ diam F ≤t (diam F )^p

and the infimum is taken over all covers of X by nonempty closed subset of diameter ≤ t.

3.4. Theorem. Given p > 0, we have

(2ν^p)Tr_ω (|ds|^p) ≥ H^p(X)

(in the case ν = 0, H^p(X) > 0 it means that Tr_ω (|ds|^p) = ∞). Proof. We can assume that H^p(X) > 0, since otherwise it is nothing to prove.

(1) The set Y_t is a δ(t)-net in X. Thus ∑ y∈Y_t ( diam D_{δ(t)}(y) )_p ≥ H^p_{2δ(t)}(X).

On the other hand, ∑ y∈Y_t ( diam D_{δ(t)}(y) )_p ≤ (2δ(t))^p |Y_t|, whence |Y_t| ≥ H^p_{2δ(t)}(X) (2δ(t))^p . Fix an ϵ > 0. Then δ(t)/t ≤ ν + ϵ for all sufficiently small t. Furthermore, we can assume that H^p_{2δ(t)}(X) ≥ H^p(X) − ϵ (if H^p(X) = ∞, then H^p_{2δ(t)}t(X) ≥ 1/ϵ). For such a t we have

|Y_t| ≥ H^p(X) − ϵ (2(ν + ϵ))^pt^p . (2) We consider first the case when the marked spectrum of ds is simple (see §2, Sec. 5). One can also assume that the multiplicity function m : B → N is constant and equals 1, since otherwise the required inequality becomes only stronger. Therefore, the multiplicity of every eigenvalue of |ds| equals 2. Let μ = {μ_1 = μ_2 > μ_3 = μ_4 > . . . } be the sequence of the eigenvalues of |ds| written in nonincreasing order according to multiplicity. We put μ_{k−1} = μ_k = t. Then for all sufficiently large k, say k ≥ k_0 we have due to (1) k = |B_t| ≥ |Y_t| ≥ H^p(X) − ϵ (2(ν + ϵ))^pt^p . Hence μ^p_{k−1} = μ^p_k ≥ H^p(X) − ϵ (2(ν + ϵ))^pk . Recalling the definition of the Dixmier trace, we immediately obtain Tr_ω(|ds|^p) ≥ 1 (2ν)^p H^p(X), and in the case of the simple spectrum the theorem is proved.

(3) Now we consider the general case. By Lemma 2.6, the operator ds can be approximated in the uniform topology by simple regular deformations. For every such a deformation ρ, we have already proved that (2ν_ρ)^pTr_ω (|ds_ρ|^p) ≥ H^p((X, d_ρ)), where d_ρ is the Connes metric on X associated with the deformation. By Proposition 2.5, these Connes metrics approximate the initial metric of X in the Lipschitz metric. Thus H^p((X, d_ρ)) → H^p(X). On the other hand, the convergence ρ → μ in the uniform topology, obviously, implies that Tr_ω(|ds_ρ|^p) → Tr_ω(|ds|^p). Thus to complete the proof, it suffices to show that lim sup_{ρ→μ} ν_ρ ≤ ν.

Fix an ϵ > 0. Then for all deformations ρ sufficiently close to μ we have 1 − ϵ ≤ |xx^′|_ρ/|xx^′| ≤ 1 + ϵ for each x, x^′ ∈ X. Thus B_t ⊂ B_{ρ,(1−ϵ)t} and Y_t ⊂ Y_{ρ,(1−ϵ)t}, where B_{ρ,t} = {b ∈ B | |b|_ρ ≥ t} and Y_{ρ,t} be the projection of B_{ρ,t} ⊂ X^2 on the factor X. Then the bounding radius (see §2) we have

δ(t) = δ(Y_t) ≥ δ(Y_{ρ,(1−ϵ)t}) ≥ (1 + ϵ)^{−1}δ_ρ(Y_{ρ,(1−ϵ)t}) = δ_ρ ((1 − ϵ)t) /(1 + ϵ).

Consequently ν = lim sup_{t→0} δ(t)/t ≥ ν_ρ(1 − ϵ)/(1 + ϵ),

which implies the required inequality. Note that similar argument shows that actually ν_ρ → ν. □ 3.5. Remark. The appearence of the factor ν in the inequality above, which is closely related to the density of spectral geometry, is not incidental. There is a similar factor in the Connes-Sullivan formula ([Co, IV, Theorem 17]) and others formulars from [Co].

Here we consider this factor in more details. If the density of a spectral geometry D = densM > 2, then by Lemma 2.4, ν ≤ D/(D − 2). One can give more precise estimate for sufficiently “regular” spaces.

A metric space X is called R-uniformly perfect, R ≥ 1, if there is an ϵ > 0 such that for every x ∈ X the set D_r(x) \ D_{r/R}(x) is not empty for all 0 < r ≤ ϵ.

The following lemma is a version of Lemma 2.4.

3.6. Lemma. Assume that a metric space X is R-uniformly perfect, R ≥ 1, a subset B ⊂ X^2\Δ is symmetric and has local density dens_{loc}(B) = D > 2. Given t > 0 let Y_t ⊂ X be the projection on X of B_t = {(y, y^′) ∈ B | |yy^′| ≥ t}, δ(t) the bounding radius of Y_t. Then ν(B) = lim sup_{t→0} δ(t)/t ≤ R/(D − 2). In particular, ν(B) = 0, if dens_{loc}(B) = ∞.

Proof. We can assume that D < ∞. Suppose that ν = ν(B) > R/(D − 2) and fix an ϵ ∈ (0, D − 2 − R/ν). Then ν > R/(D − 2 − ϵ), and there is an arbitrary small t > 0 with (1) δ(t)/t ≥ R/(D − 2 − ϵ); (2) for every pair (x, x^′) ∈ X^2 \ Δ with |xx^′| ≤ t there is a pair (y, y^′) ∈ B with |xy|, |x^′y^′| ≤ α|xx^′|, where α = 1/(D − ϵ) < 1/2. Then for r = (D − ϵ)δ(t) and r^′ = (D − ϵ)t/(D − 2 − ϵ) we have r/r^′ ≥ R by (1). Now we choose a point x ∈ X with |xY_t| = δ(t). Since the space is uniformly perfect, there is a point x^′ ∈ X with (D − ϵ)t D − 2 − ϵ ≤ |xx^′| < (D − ϵ)δ(t). We approximate the pair (x, x^′) according (2) by a pair (y, y^′) ∈ B with |xy|, |x^′y^′| ≤ α|xx^′|. Then |yy^′| ≥ (1 − 2α)|xx^′| ≥ t, thus (y, y^′) ∈ B_t and y ∈ Y_t. Furthermore, |xy| ≤ α|xx^′| < δ(t), which is a contradiction with the choice of x. □

The next statement directly follows from Theorem 3.4.

3.7. Corollary. Let M be a spectral geometry o a compact metric space X, and assume that ν(B) < ∞. Then dim M ≥ dim_H X,

where dim_H X is the Hausdorff dimension of X. □

3. Weak L^p-topology on bounded deformations.

Let M = {A, H, ds} be a spectral geometry on a compact metric space X. For p > 0 we denote by L^p(B) the Banach space of sections ξ : B → C^m satisfying the condition ‖ξ‖^p = ∑ (y,y^′)∈B ‖ξ(y, y^′)‖^p < ∞,

where B ⊂ X^2 \ Δ is the support of M, m : B → N the multiplicity function (cp. §1). Given a bounded deformation ρ ∈ Ξ of M (see §2), the operator D_ρ = ds^{−1}_ρ is defined on a dense subset in L^p(B). The weak L^p-topology on the set Ξ of bounded deformations is defined as the topology of pointwise convergence of operators D_ρ, ρ ∈ Ξ on arbitrary elements ξ ∈ L^p(B). For p = 2, this definition coincides with one given in §2, Sec. 3.

3.8. Proposition. Let M = {A, H, ds} be a spectral geometry on a compact metric space X. Assume that a sequence of marked spectra {ρ_i} ∈ Ξ converges in the weak L^p-topology to ρ_0 ∈ Ξ. If p > dim M, then the associated Connes metrics d_{ρi} on X converge in the Lipschitz topology to d_{ρ0} , |d_{ρi} d_{ρ0} |_L → 0 as i → ∞. In particular, if dim M < 2, then the convergence of marked spectra in the weak topology implies the convergence of the associated Connes metrics in the Lipschitz topology.

Proof. Using Lemma 3.3 and the fact that every deformation ρ ∈ Ξ is bounded, we obtain ∑ (y,y^′)∈B (ρ(y, y^′))^p ≤ C ∑ (y,y^′)∈B |yy^′|^p ≤ CTrace (|ds|^p) < ∞.

It is easy to construct a section ξ_0 : B → C^m with ‖ξ_0(y, y^′)‖ = ρ_0(y, y^′) for all (y, y^′) ∈ B. Then ξ_0 ∈ L^p(B) and, by the condition, ∑ (y,y^′)∈B | | | 1 ρ_i(y, y^′) − 1 ρ_0(y, y^′) | | | p ‖ξ_0(y, y^′)‖^p → 0 as i → ∞.

By the choice of ξ_0 this implies that for every ϵ > 0 we have 1 − ϵ ≤ ρ_0(y, y^′) ρ_i(y, y^′) ≤ 1 + ϵ

for all (y, y^′) ∈ B and all sufficiently large i. It follows that for such i we have

(1 − ϵ)d_{ρi} (x, x^′) ≤ d_{ρ0} (x, x^′) ≤ (1 + ϵ)d_{ρi} (x, x^′)

for every x, x^′ ∈ X. This means that |d_{ρi} d_{ρ0} |_L → 0 as i → ∞. □

4. Estimate from above for the spectral dimension. The spectral dimension of a compact metric space X is defined as

dim_S X := lim inf{dim M | dens_{loc}(M) → ∞},

where the lower limit is taken over all spectral geometries M on X, whose local density unboundedly increases. It is easy to see that the spectral dimesion is a biLipschitz invariant of X. By Lemma 3.6, the relative bounding radius of M is finite, if dens_{loc}(M) > 2. Thus dim_S X ≥ dim_H X by Corollary 3.7.

For sufficiently homogeneous spaces, the spectral dimension coincides with the Hausdorff dimension. A metric space X is said to be q-quasi-homogeneous, (q-q.h. for brevity), q > 0, if for every δ > 0 there exists a δ-net Y_δ ⊂ X such that the ball D_ρ(x) contains at most C(ρ/δ)^q points of Y_δ for every ρ > 0 and x ∈ X, where the constant C > 0 does not depend on δ, ρ and x. 3.9. Theorem. Assume that a compact metric space X is q-q.h. Then there exists on X a spectral geometry M with the infinite local density and the dimension dim M ≤ q. In particular, dim_S X ≤ q.

The proof is based on the following proposition.

3.10. Proposition. Assume that a compact metric space X is q-q.h. Then there exists a symmetric subset B ⊂ X^2 \ Δ having the infinite local density such that the set B_t = {b ∈ B | |b| ≥ t} contains at most C(log 1/t)^{2q+1}/t^q elements for every (sufficiently small) t > 0, where the constant C > 0 does not depend on t.

Proof. We put δ_k = 2^{−k} and for every k ≥ 5 consider a δ_k-net Y_k = Y_{δk} from the definition of quasi-homogeneity. Due to that property, we have |Y_k| ≤ Cδ^{−q}_k . Let B = ∪_kB(k), where B(k) = { (y, y^′) ∈ Y^2_k \ Δ | |yy^′| ≤ R_k } , R_k = (k−1)δ_{k−1}. The set B is, obviously, symmetric and, by Proposition 1.9, has the infinite local density. Let t > 0. If (y, y^′) ∈ B_t, then (y, y^′) ∈ B(k) with R_k ≥ |yy^′| ≥ t. Thus (k − 1)/2^{k−1} ≥ t. Let k_0 be the maximal integer satisfying this inequality. Then |B_t| ≤ k_0∑

k=5 ∑ y∈Y_k |D_{Rk} (y) ∩ Y_k| ≤ C k_0∑

k=5 |Y_k|(R_k/δ_k)^q ≤ Ck^{q+1}_0 2^{(k0 +1)q}.

Using the condition k_0 −1 ≥ t2^{k0−1}, we obtain that |B_t| ≤ C^′(log 1/t)^{2q+1}/t^q, where the constant C^′ > 0 does not depend on t. □

Proof of Theorem 3.9. We consider the spectral geometry M = M(B, 1) on X, where the set B is constructed in Proposition 3.10. For the subspace E_t ⊂ H and every t > 0, we, obviously, have dim E_t = |B_t|. Computing the dimension of M with help of Proposition 3.2 and using the estimate from Proposition 3.10, we obtain dim M ≤ q. □

Every compact Riemannian manifold X is, obviously, q-q.h. with q = dim X. Thus using Theorem 3.9 and Corollary 3.7, we obtain

3.11. Corollary. Every compact Riemannian manifold X possesses a spectral geometry M with the infinite local density and the dimension dim M = dim X. In particular, dim_S X = dim X. □

We give another example of a compact Hausdorff space, whose spectral dimension coincides with the Hausdorff one.

Given n ∈ N and p > 1, the set P_{n,p} = {0, . . . , n}^N with metric |x x^′| = 1 p^k , where k = min{N | x(N +1) ≠ x^′(N +1)}, is a compact Cantor space of diameter diam (P_{n,p}) = 1.

3.12. Lemma. The compact space P_{n,p} is q-quasi-homogeneous with q = log_p(n + 1).

Proof. For every N ∈ N, the set P^N_{n,p} = {x ∈ P_{n,p} | x(k) = x(N) for all k ≥ N} is a δ-net in P_{n,p} with δ = p^{−N} and contains (n + 1)^N elements. Therefore, for Y_δ = P^N_{n,p} we have |Y_δ| = (n + 1)^N = δ^{−q}. Given ρ > 0 and x ∈ P_{n,p}, the ball B_ρ(x) coincides with { x^′ ∈ P_{n,p} | p^{−Q} ≤ ρ } , where Q = Q(x^′) and Q + 1 is the minimal integer k with x^′(k) ≠ x(k).

Thus for the minimal Q satisfying the inequality p^{−Q} ≤ ρ, we have | (B_ρ(x) ∩ Y_δ) | ≤ (n + 1)^{N−Q} ≤ δ^{−q}p^{−qQ} ≤ C( ρ δ )^q,

where the constant C > 0 depends only on p and q. □

The following statement is well known (at least for p = 2), and we give its proof for sake of completeness only.

3.13. Lemma. dim_H P_{n,p} ≥ log_p(n + 1).

Proof. We introduce a probability measure mes on P_{n,p} defined by the condition that the numbers {0, . . . , n} appear as x(k) with probability 1/(n + 1) for every x ∈ P_{n,p}, k ∈ N. In other words, for every x ∈ P_{n,p}, N ∈ N we have mes ( B_p−N (x) ) = 1 (n + 1)^N . Thus for q = log_p(n + 1) we have mes ( B_p−N (x) ) = ( diam ( B_p−N (x) ))_q = p^{−qN} . Given a closed subset F ⊂ P_{n,p}, there are x ∈ P_{n,p}, N ∈ N such that F ⊂ B_p−N (x) and diam (F ) = diam ( B_p−N (x) ) . Indeed, F is compact, thus there exist x, x^′ ∈ F with

|x x^′| = diam (F ) = p^{−N}

for some N ∈ N. Hence F ⊂ B_p−N (x) and diam (F ) = diam ( B_p−N (x) ) . Therefore, mes(F ) ≤ (diam (F ))^q

for every closed F ⊂ P_{n,p}. Thus given a covering {F } of P_{n,p} by closed subsets, we have ∑ (diam F )^q ≥ ∑ mes(F ) ≥ mes(P_{n,p}) = 1.

For the q-dimensional Hausdorff measure this gives H_q(P_{n,p}) ≥ 1, and dim_H P_{n,p} ≥ log_p(n + 1). □

From Corollary 3.7, Theorem 3.9, and Lemmas 3.12 and 3.13, we obtain

3.14. Corollary. For every n ∈ N, p > 1, there exists a spectral geometry M with the infinite local density and the dimension dim M = log_p(n + 1) = dim_H P_{n,p} on the compact metric space P_{n,p}. In particular, dim_S P_{n,p} = dim_H P_{n,p}. □

5. Comparison with other definitions of dimension. A number of definitions of dimension suitable for subsets of metric spaces is known (see, for example [KT], [Tr]), especially in the literature on fractal geometry [Fa1], [Fa2], which give different results for sufficiently pathological spaces. We mention here besides the Hausdorff’s also packing dimension, upper and lower box dimension, the Minkowski–Bouligand dimension [Bo] (the last is defined for subsets of Euclidean spaces). It is well known that the upper box dimension dominates all dimensions from this list. Thus we compare the spectral dimension dim_S only with the upper box dimension dim_B, which is defined as follows.

Let N_t(X) be the least number of elements, which is needed to cover X by sets of diameter ≤ 2t. We put

dim_BX = lim sup_{t→0} log N_t(X) log t^{−1} . In [KT], this quantity is called the upper metric dimension of X.

3.15. Theorem. For each compact metric space X it holds

dim_S X ≥ dim_BX.

Proof. It is easy to see that N_t(X) is at most the maximal number of t-separated points in X and is at least the maximal number of 2t-separated points in X (see [KT, Theorem IV]). Thus in the definition of the upper box dimension, one can take as N_t(X) the maximal number of t-separated points in X.

We fix ϵ > 0 and D ≥ 4. Since

dim_S X ≥ inf{dim M | dens_{loc}(M) ≥ D + ϵ},

there exists a spectral geometry M on X with dens_{loc}(M) ≥ D+ϵ, for which dim_S X+ϵ ≥ dim M. Using the definition of the local density dens_{loc}(M), we find t > 0 such that for each x, x^′ ∈ X with 0 < |xx^′| ≤ t there is b = (y, y^′) ∈ supp M with max {|xy|, |x^′y^′|} ≤ |xx^′|/D. The set of t/2-isolated points of X (i.e., separated from any other point by the distance > t/2) is finite because X is compact. Removing this set from X, we change neither the spectral nor the upper box dimension of X. Thus in what follows, we assume that X contains no t/2-isolated point.

Any subset in X of diameter ≤ t/10, separated from its complement by the distance > t/2, is called t-cluster. Obviously, the number of t-clusters in X is finite. Let δ_0 be the minimum of their diameters. Then δ_0 > 0, since X contains no t/2-isolated point.

For each δ ∈ (0, δ_0/2), there is τ ∈ (0, δ) with

log N_τ (X) log τ^{−1}

≥ dim_BX − ϵ.

Let A_τ be a subset in X, consisting from the maximal number of τ-separated points, |A_τ | = N_τ (X). For each point a ∈ A_τ , we associate the pair z_a = (a, a^′) ∈ X^2 \ Δ, where a^′ ∈ A_τ be (some) closest to a points. Then |aa^′| ≥ τ. We show that |aa^′| ≤ t.

Assume that |aa^′| > t. There is x ∈ X different from a with |xa| ≤ t/2, since there is no t/2-isolated point. Then |xa^′| > t/2 ≥ 5δ_0 ≥ 5τ. Moreover, by the definition of δ_0, one can choose x so that |xa| ≥ δ_0/2 ≥ τ. However, this contradicts the maximality of A_τ . Therefore, |aa^′| ≤ t. For different a, a^′ ∈ A_τ (nonordered) pairs z_a, z_a′ coincide or |z_az_a′ | ≥ τ. Hence, we obtained at least N_τ (X)/2 such pairs. Each pair z_a = (a, a^′) can be approximated by b_a = (y, y^′) ∈ supp M so that max {|ay|, |a^′y^′|} ≤ |aa^′|/D, because |aa^′| ≤ t. Since D ≥ 4, for different pairs such points are different and |yy^′| ≥ (1 − 2/D)|aa^′| ≥ τ/2. Thus for the spectral geometry M we have dim E_{τ/2} ≥ N_τ (X)/2 and

log dim E_{τ/2} log(τ/2)^{−1}

≥ (dim_BX − ϵ)

1 − log 2/ log N_τ (X) 1 + log 2/ log τ^{−1} . Taking δ → 0, we obtain dim_S X + ϵ ≥ dim M ≥ dim_BX − ϵ.

Now the required inequality follows since ϵ is arbitrary. □

3.16. Remark. We can see from the proof that the following more precise inequality

dim_BX ≤ inf{dim M | dens_{loc}(M) ≥ 4}

holds.

References

[Bo] G. Bouligand, Ensembles impropes et nombre dimensionnel, Bull. Sci. Math. (2) 52 (1928), 320–344 & 361–376.

[Bu] S. Buyalo, Measurability of self-similar spectral geometries, POMI Preprint 9 (1999). [Co] A. Connes, Noncommutative Geometry, Academic Press, New York, 1994.

[Di] J. Dixmier, Existence de traces non normales, C.R. Acad. Sc. Paris Ser. A-B, 262 (1966), A1107–A1108. [Fa1] K. Falconer, Fractal Geometry-Mathematical Foundations and Applications, John Wiley & Sons, Chichester, 1990.

[Fa2] K. Falconer, Techniques in Fractal Geometry, John Wiley & Sons, Chichester, 1997. [KT] A. N. Kolmogorov and V. M. Tihomirov, ϵ-Entropy and ϵ-capacity of sets in functional spaces, Am. Math.

Soc. Transl. 17 (1961), 277–364.

[N] M. A. Naimark, Normed rings, P.Noordhoff, N.Y., Groningen, The Netherlands, 1959. [Tr] C. Tricot, Two definition of fractal dimension, Math. Proc. Camb. Phil. Soc. 91 (1982), 57–74.