PDMI PREPRINT — 06/1999

ON CUBIC METAPLECTIC EISENSTEIN SERIES ATTACHED TO THE JACOBI SUBGROUP OF Sp4(C)

D.S. Kataev

Russian Academy of Sciences Steklov Mathematical Institute St. Petersburg Department Fontanka 27, St. Petersburg 191011, Russia E-mail:dmitry@pdmi.ras.ru

March 16, 1999

ABSTRACT This paper is devoted to the study of cubic metaplectic Eisenstein series attached to the Jacobi maximal parabolic subgroup of the symplectic group Sp4(C). One has found formulae of Eisenstein series Fourier coefficients. These formulae contains the summation over some double cosets, which representative system is described explicitly.

Typeset by AMS-TEX

0. Introduction.

The aim of the present paper is the study of cubic metaplectic Eisenstein series on the symplectic group Sp_4(C) of the rank 2. The Eisenstein series we mean are cubic metaplectic forms under the congruence subgroup Γ(q) of Sp_4(o) where o is the integer ring of the field Q( √ −3).

Cubic metaplectic Eisenstein series were studied by Proskurin (see [4], [5]), but Proskurin dealt with Eisenstein series attached to the Siegel maximal parabolic subgroup of the symplectic group Sp_4(C). We deal with Eisenstein series attached to the Jacobi subgroup of the symplectic group and we use the so-called ”sl(2)-triples” technique (see [4], [5]) in order to evaluate their Fourier coefficients.

The paper is organized into four sections. The first section contains notations, definitions and an auxiliary proposition. In the section 2 we study in details the group Γ(q) and its subgroups and cosets. The most essential statements of this section are collected in Proposition 2.4 and Proposition 2.5. In the beginning of section 3 we give the necessary definitions concerning the metaplectic forms on Sp_4(C)/Sp_4, the Eisenstein series and their Fourier coefficients. Then our main result is stated in the Theorem. The rest of this section is devoted to the proof of this Theorem. In the section 4 we restrict our attention to the case of Bass–Milnor–Serre multiplier system and we use results of the section 2 for the study of series D̃_{μ,ν} that was obtained in the Theorem.

1. Preliminaries.

Let Sp_4(C) = {γ ∈ SL_4(C)|γσ^tγ = σ} be the symplectic group and

σ = 0 0 −1 0 0 0 0 −1 1 0 0 0 0 1 0 0

. (1.1)

Given 4 × 4 matrix γ ∈ SL_4(C) let us write γ = ( A B C D ) , where

A = ( a_1 a_2 a_3 a_4 ) , B = ( b_1 b_2 b_3 b_4 ) , C = ( c_1 c_2 c_3 c_4 ) , D = ( d_1 d_2 d_3 d_4 ) (1.2)

are 2 × 2 matrices. Also we take e_n to be a n × n identity matrix. For γ ∈ Sp_4(C) we have

γ^{−1} =

(_t D −^tB −^tC^tA ) . Hence we get that γ^{−1} ∈ Sp_4(C) if and only if

tBD =^tDB,^tCA =^tAC,^tAD −^tCB =^tDA −^tBC = e_2. (1.3)

One has so-called Iwasawa decomposition Sp_4(C) = NAK, where

N = {n(l)|l = (l_1, l_2, l_3, l_4) ∈ C^4}, n(l) =

1 l_1 l_2 − l_1l_4 l_4 0 1 l_4 − l_1l_3 l_3 0 0 1 0 0 0 −l_1 1

, (1.4)

A is the group of diag(t_1, t_2, t^{−1}_1 , t^{−1}_2 ), t_1, t_2 ∈ R^∗_+, (1.5) K = Sp_4 = Sp_4(C) ∩ SU_4 is a maximal compact subgroup of Sp_4(C).

and the product mapping N × A × K → NAK is an analytic diffeomorphism.

For γ = ( a b c d ) ∈ SL_2(C) we set

h_1(γ) =

1 0 0 0 0 a 0 b 0 0 1 0 0 c 0 d

, h2(γ) = a 0 0 b 0 a b 0 0 c d 0 c 0 0 d ,

h_3(γ) = a 0 b 0 0 1 0 0 c 0 d 0 0 0 0 1

, h4(γ) = a b 0 0 c d 0 0 0 0 d −c 0 0 −b a . (1.6)

It is obvious that h_i are group monomorphisms SL_2(C) → Sp_4(C).

Let T be the subgroup of all diagonal matrices in Sp_4(C) and B = NT = T N. Then B is a minimal parabolic subgroup of Sp_4(C) and we have Bruhat decomposition

Sp_4(C) = ⋃ r∈S BrB, (1.7)

where one can take S = {e_4, p, p̃, pp̃, p̃p, pp̃p, p̃pp̃, σ}. Here

p = 0 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0

, p̃ =

1 0 0 0 0 0 0 −1 0 0 1 0 0 1 0 0

(1.8)

and σ is the matrix in (1.1), which we can express also as σ = (pp̃)^2.

Let P̃ be the group of all matrices in Sp_4(C) of the form

∗ ∗ ∗ ∗ 0 ∗ ∗ ∗ 0 0 ∗ 0 0 ∗ ∗ ∗

. (1.9)

The so-defined group P̃ is a maximal parabolic subgroup of Sp_4(C) and it is known also as Jacobi subgroup.

The following proposition is auxiliary and it uses notations in (1.2), (1.4).

Proposition 1.1. Let γ = ( A B C D ) ∈ Sp_4(C) and d_1 ≠ 0, d_1d_4 − d_2d_3 ≠ 0.

If σ is as in (1.1) then one has the decomposition

γσ = n(l)diag(t_1, t_2, t^{−1}_1 , t^{−1}_2 )σn(l^′), (1.10)

where l = (l_1, l_2, l_3, l_4) ∈ C^4, l^′ = (l^′_1, l^′_2, l^′_3, l^′_4) ∈ C^4 and

t_1 = 1 d_1

, t_2 = d_1 d_1d_4 − d_2d_3

, l^′_1 = d_2 d_1 , l^′_3 = c_2d_3 − c_4d_1 d_1d_4 − d_2d_3

, l_3 = b_4d_1 − b_3d_2 d_1d_4 − d_2d_3 . (1.11)

Proof. It is not too difficult but very tedious to prove that the matrix γσ lies in the double coset BσB. Hence we get the decomposition in (1.10). Then formulae in (1.11) can be obtained by direct multiplying of matrices. □

2. Discrete subgroups.

Let q ⊂ (3) be an ideal of integer ring o of the field Q( √ −3) and let Γ_n(q) be the congruence subgroup mod q of the group SL_n(o), i.e. Γ_n(q) is the group of all matrices (a_{ij} ) ∈ SL_n(o) which satisfy the conditions a_{ii} ≡ 1 (mod 3), i = 1, . . . , n; a_{ij} ∈ q, i, j = 1, . . . , n, i ≠ j.

(2.1)

We define group Γ(q) as Γ(q) = Γ_4(q) ∩ Sp_4(C) and we put Δ = {n(l)|l ∈ q^4}, Δ̃_× = Γ(q) ∩ P̃ .

Proposition 2.1. Each γ̃ ∈ Δ̃_× can be factored uniquely as γ̃ = γ^′γ^{′′} with γ^′ = n(∗, ∗, 0, ∗) ∈ Δ, γ^{′′} = h_1(λ), λ ∈ Γ_2(q) and Δ̃_× = Δh_1(Γ_2(q)).

Proof. Obviously the upper left entry of the matrix γ̃ is equal to 1. Conditions in (1.3) yield

γ̃ =

1 ∗ ∗ ∗ 0 a ∗ b 0 0 1 0 0 c ∗ d .

It is easy to see now that γ̃ has the decomposition γ̃ = γ^′h_1(λ), where

γ^′ =

1 ∗ ∗ ∗ 0 1 ∗ 0 0 0 1 0 0 0 ∗ 1

= n(∗, ∗, 0, ∗) ∈ Δ, λ = ( a b c d ) ∈ SL_2(C)

and h_1 is the monomorphism in (1.6). Then the formula Δ̃_× = Δh_1(Γ_2(q)) is obvious since Δ and h_1(Γ_2(q)) are subgroups of Δ̃_×. □

Given m ∈ q, n ∈ o, t ∈ o, t ≠ 0 with n ≡ 1 (mod 3), gcd(m, n) = 1 we choose the matrix λ^{(t)}m,n ∈ Γ(q) in such a way that

(a) λ^{(t)}_{m,n} = ( k l m n ) with gcd(l, t) = 1;

(b) if m^′ ∈ q and m^′ ≡ m (mod n) then λ^{(t)}_m′_{,n} = λ^{(t)}_{m,n}.

(2.2)

One can easily find that such choice is possible (but is not unique). We fix our choice of λ^{(t)}m,n once for all. For simplicity we will write λ_{m,n} instead of λ^{(1)}m,n.

Let c̃ = (m_2, n_2, m_3, n_3, m_4, n_4) and Λ̃_× be the set of all vectors c̃ that satisfy the conditions m_i ∈ q, n_i ∈ o, n_i ≡ 1 mod 3, gcd(m_i, n_i) = 1, i = 2, 3, 4. For each pair (m_2, n_2), (m_3, n_3), (m_4, n_4) we choose the matrix λ_{m2,n2} , λ_{m3,n3} , λ^{(n2n3)}m_4,n_4 respectively. For c̃ ∈ Λ̃_× we define γ_{c̃} as the product γ_{c̃} = ϵ_2ϵ_3ϵ_4 where

ϵ_2 = h_2(λ_{m2,n2} ), ϵ_3 = h_3(λ_{m3,n3} ), ϵ_4 = h_4(λ^{(n2n3)}_{m4,n4} ) (2.3)

and h_i are monomorphisms in (1.6).

Let us notice that:

ϵ_2ϵ_3 = k_2k_3 0 k_2l_3 l_2 l_2m_3 k_2 l_2n_3 0 n_2m_3 m_2 n_2n_3 0 m_2k_3 0 m_2l_3 n_2

, ϵ3ϵ4 = k_3k_4 k_3l_4 l_3n_4 −l_3m_4 m_4 n_4 0 0 m_3k_4 m_3l_4 n_3n_4 −n_3m_4 0 0 −l_4 k_4 ,

ϵ^{−1}_4 ϵ^{−1}_3 = n_3n_4 −l_4 −l_3n_4 0 −n_3m_4 k_4 l_3m_4 0 −m_3k_4 0 k_3k_4 m_4 −m_3l_4 0 k_3l_4 n_4

, (2.4)

ϵ_2ϵ_3ϵ_4 = k_2k_3k_4 k_2k_3l_4 k_2l_3n_4 − l_2l_4 l_2k_4 − k_2l_3m_4 l_2m_3k_4 + k_2m_4 l_2m_3l_4 + k_2n_4 l_2n_3n_4 −l_2n_3m_4 n_2m_3k_4 + m_2m_4 n_2m_3l_4 + m_2n_4 n_2n_3n_4 −n_2n_3m_4 m_2k_3k_4 m_2k_3l_4 m_2l_3n_4 − n_2l_4 n_2k_4 − m_2l_3m_4 .

Proposition 2.2. Each coset in Δ̃_×\Γ(q) contains some matrix γ_{c̃}, c̃ ∈ Λ̃_×.

Proof. We only have to show for every γ ∈ Γ(q) that γ = δγ_{c̃}, where δ ∈ Δ̃_×. Let

γ = ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ d_1 d_2 ∗ ∗ ∗ ∗

∈ Γ(q)

and choose the matrix λ = ( k_4 l_4 m_4 n_4 ) ∈ Γ_2(q), where m_4 = − d_2 d , n_4 = d_1 d , gcd(l_4, d) =

1, d = gcd(d_1, d_2). Obviously (d_1, d_2) ·^tλ = (d, 0), thus we get γ = γ^′h_4(λ) and the vector c_3(γ^′) = (∗, ∗, d, 0) is the third row of the matrix γ^′. Denote by m_2 the second entry of c_3(γ^′) and by n_2 the greatest common divisor of the first and third entries of c_3(γ^′). So, we have c_3(γ^′) = (n_2m_3, m_2, n_2n_3, 0), where m_i ∈ q, n_i ∈ o, n_i ≡ 1 mod 3, gcd(m_i, n_i) = 1, i = 2, 3. Clearly d = n_2n_3.

Next define matrices ϵ_2 = h_2(λ_{m2 ,n2} ), ϵ_3 = h_3(λ_{m3,n3} ), ϵ_4 = h_4(λ^{(n2n3)}m_4,n_4 ). Then γ^′ = γ̃ϵ_2ϵ_3 (see

formulae in (2.4)) and the vector c_3(γ^′) = (0, 0, 1, 0) is the third row of matrix γ̃ = ( A B C D ) ∈ Γ(q). Now let us apply conditions in (1.3) to the matrix γ̃. Since C^tD = D^tC bottom row of the matrix γ̃ is the vector c_4(γ̃) = (0, ∗, ∗, ∗). Since^tAC =^tCA either second row of γ̃ is equal to the vector c_2(γ̃) = (0, ∗, ∗, ∗) or C = 0. In the first case we have γ̃ ∈ Δ̃_×. In the second

case the condition^tAD −^tCB = e_2 leads to A = ( 1 ∗ 0 1 ) , D = ( 1 0 ∗ 1 ) , that is γ̃ ∈ Δ̃_× too.

Consequently γ = γ̃ϵ_2ϵ_3ϵ_4 and each coset Δ̃_×\Γ(q) contains some matrix γ_{c̃}. □

Proposition 2.3. Set {γ_{c̃}|c̃ ∈ Λ̃_×} contains a unique representative of each coset in Δ̃_×\Γ(q).

Proof. The presence of the matrix γ_{c̃} in each coset in Δ̃_×\Γ(q) has been proved in the Proposition 2.2 and it is sufficient to prove uniqueness. Let c̃, c̃^′ ∈ Λ̃_× and γ_{c̃}, γ_{c̃}′ lie in one coset in Δ̃_×\Γ(q). Then γ_{c̃}′ = δγ_{c̃}, δ ∈ Δ̃_× and the third row of the matrix δ is the vector c_3(δ) = (0, 0, 1, 0). It yields that the third row of the matrix γ_{c̃} and the third row of the matrix γ_{c̃}′ are same, hence n_2n_3n_4 = n^′_2n^′_3n^′_4, m_4n_2n_3 = m^′_4n^′_2n^′_3. Since gcd(m_4, n_4) = 1 we get gcd(n_2n_3n_4, m_4n_2n_3) = n_2n_3. Analogously gcd(n^′_2n^′_3n^′_4, m^′_4n^′_2n^′_3) = n^′_2n^′_3, hence n_2n_3 = n^′_2n^′_3, n_4 = n^′_4, m_4 = m^′_4, consequently we have ϵ_4 = ϵ^′_4, ϵ_2ϵ_3 = δϵ^′_2ϵ^′_3. Next put ϵ̃_3 = ϵ_3ϵ^{′−1}_3 hence we get ϵ_2ϵ̃_3 = δϵ^′_2. The third row of ϵ_2ϵ̃_3 is the vector c_3(ϵ_2ϵ̃_3) = (n_2m̃_3, ∗, ∗, ∗), thus n_2m̃_3 = 0. But n_2 ≠ 0 and it follows that m̃_3 = 0, ñ_3 = 1, ϵ̃_3 = e_4 and ϵ_3 = ϵ^′_3. Finally the condition ϵ_2 = δϵ^′_2 yields ϵ_2 = ϵ^′_2 as claimed. □

Now we are going to describe a representative system for Δ̃_×\Γ(q)/^tΔ which we will use for the evaluation of Eisenstein series Fourier coefficients.

Let ñ = (n_2, n_3, n_4) and n_i ≡ 1 mod 3, gcd(n_i, q) = 1. Given ñ we choose subset M̃_4(ñ) of q which contains a unique representative of each class mod n_4 coprime n_4, subset M̃_3(ñ) of q which contains a unique representative of each class mod n_3 coprime n_3 and subset M̃_2(ñ) of q which contains a unique representative of each class mod n_2n_3 coprime n_2.

Proposition 2.4. The family of matrices γ = ϵ_2ϵ_3ϵ_4, where ϵ_2 = h_2(λ_{m2,n2} ), ϵ_3 = h_3(λ_{m3,n3} ), ϵ_4 = h_4(λ^{(n2n3)}m_4 ,n_4 ), m_i ∈ M̃_i(ñ), i = 2, 3, 4 is the representative system of the double coset Δ̃_×\Γ(q)/tΔ.

We will prove this proposition in following steps. Let us assume (m_2, n_2, m_3, n_3, m_4, n_4) ∈ Λ̃_×.

Lemma 2.1. Let v = (0, v_2, v_3, v_4), z = n_3(−v_2n_4l_4 − v_3m_4k_4 + v_4(k_4n_4 + m_4l_4)), v_2n^2_4 + v_3m^2_4 − 2v_4n_4m_4 = 0 and v_i ∈ q. If we put δ = ϵ_3ϵ_4^tn(v)ϵ^{−1}_4 ϵ^{−1}_3 , where n(v) and ϵ_i are defined in (1.4) and (2.3) respectively, then we have

δ = ∗ ∗ ∗ ∗ 0 1 0 0 0 z 1 0 ∗ ∗ ∗ ∗

. (2.5)

Proof. Obvious (but tedious) computation. □

The next lemma gives explicit expressions of variables v, z involved into the Lemma 2.1.

Lemma 2.2. Let v = (0, v_2, v_3, v_4), z = n_3(−v_2n_4l_4 − v_3m_4k_4 + v_4(k_4n_4 + m_4l_4)) and v_i ∈ q. Then v_2n^2_4 + v_3m^2_4 − 2v_4n_4m_4 = 0 if and only if one has v_4 = x, v_3 = −(2xl_4 + yn_4)n_4, v_2 = (2xk_4 + ym_4)m_4, z = n_3(x(k_4n_4 + m_4l_4) + yn_4m_4) for some x, y ∈ q.

Proof. Since gcd(n_4, m_4) = 1 the equation v_2n^2_4 + v_3m^2_4 − 2v_4n_4m_4 = 0 is equivalent to v_2 = ṽ_2m_4, v_3 = ṽ_3n_4 and ṽ_2n_4 + ṽ_3m_4 = 2v_4. From the equation k_4n_4 − m_4l_4 = 1 we obtain that (ṽ_2 − 2v_4k_4)n_4 + (ṽ_3 + 2v_4l_4)m_4 = 0. It yields ṽ_2 = 2v_4k_4 + ym_4, ṽ_3 = −2v_4l_4 − yn_4 for some y ∈ q. Substanding these expressions into the formula of z we get z = n_3(−v_2n_4l_4 − v_3m_4k_4 + v_4(k_4n_4 + m_4l_4)) = n_3(x(k_4n_4 + m_4l_4) + yn_4m_4) as required. □

Proof of existence in the Proposition 2.4. Let Z be a double coset in Δ̃_×\Γ(q)/^tΔ. According to Proposition 2.2 one exists some matrix ν_2ν_3ν_4 ∈ Z, where ν_2 = h_2(λ_{m2,n2} ), ν_3 = h_3(λ_{m3 ,n3} ), ν_4 = h_4(λ^{(n2n3)}m_4,n_4 ). Put

ϵ_4 = ν_4h_4 (( 1 0 ξ_4 1 )) = h_4(λ^{(n2n3)}

m^′_4 ,n_4 ) (2.6)

then m^′_4 = m_4 + ξ_4n_4 ∈ M̃_4(ñ) with suitably chosen ξ_4 and ν_2ν_3ϵ_4 ∈ Z. Let

ϵ_3 = ν_3h_3 (( 1 0 ξ_3 1 )) = h_3(λ_m′_{3,n3} ), (2.7) where m^′_3 = m_3 + ξ_3n_3 ∈ M̃_3(ñ) with some ξ_3, hence we obtain ν_2ϵ_3h_3 (( 1 0 −ξ_3 1 )) ϵ_4 ∈ Z.

Since h_3 (( 1 0 −ξ_3 1 )) ϵ_4 = ϵ_4δ with

δ = 1 0 0 0 0 1 0 0 −ξ_3k^2_4 −ξ_3l_4k_4 1 0 −ξ_3l_4k_4 −ξ_3l^2_4 0 1

∈^tΔ, (2.8)

we get ν_2ϵ_3ϵ_4 ∈ Z. Given v, z as in the Lemma 2.1 we have ν_2ϵ_3ϵ_4^tn(v) = ν_2δϵ_3ϵ_4,

ν_2δ = k_2 0 0 l_2 0 k_2 l_2 0 0 m_2 l_2 0 m_2 0 0 l_2

∗ ∗ ∗ ∗ 0 1 0 0 0 z 1 0 ∗ ∗ ∗ ∗ = ∗ ∗ ∗ ∗ 0 k^′_2 l_2 0 0 m^′_2 n_2 0 ∗ ∗ ∗ ∗

= δ̃ϵ2. (2.9)

Here m^′_2 = m_2 + zn_2, ϵ_2 = h_2(λ_m′_{2 ,n2} ), δ̃ ∈ Δ̃_×, hence ϵ_2ϵ_3ϵ_4 ∈ Z. Lemma 2.2 yields z = n_3(x(k_4n_4 + m_4l_4) + yn_4m_4) and since gcd(k_4n_4 + m_4l_4, n_4m_4) = 1 we obtain that m^′_2 ∈ M̃_2(ñ) for suitably chosen x and y. Thus existence in the Proposition 2.4 is proved. □

Proof of uniqueness in the Proposition 2.4. Let γ = ϵ_2ϵ_3ϵ_4 and γ^′ = ϵ^′_2ϵ^′_3ϵ^′_4 lies in one double coset Δ̃_×\Γ(q)/^tΔ then γ^′ = λγδ where λ ∈ Δ̃_×, δ ∈^tΔ, i.e.

λ = 1 λ_{12} λ_{13} λ_{14} 0 λ_{22} λ_{23} λ_{24} 0 0 1 0 0 λ_{42} λ_{43} λ_{44}

, δ =

1 0 0 0 v 1 0 1 ∗ ∗ 1 −v ∗ ∗ 0 1

. (2.10)

Here ϵ_2 = h_2(λ_{m2 ,n2} ), ϵ_3 = h_3(λ_{m3,n3} ), ϵ_4 = h_4(λ^{(n2n3)}m_4,n_4 ) and ϵ^′_2 = h_2(λ_m′_{2,n}′_2 ), ϵ^′_3 = h_3(λ_m′_{3,n}′_3 ), ϵ^′_4 = h_4(λ^{(n′2n′3)}_m′_{4 ,n}′_4 ). It follows from (2.4) and (2.10) that n^′_2n^′_3n^′_4 = n_2n_3n_4 and n^′_2n^′_3m^′_4 = n_2n_3m_4 + vn_2n_3n_4 where n_i ≠ 0. Since gcd(n_4, m_4) = 1 we get n^′_2n^′_3|n_2n_3; analogously n_2n_3|n^′_2n^′_3. Thus n^′_4 = n_4, m^′_4 = m_4 + vn_4. But m^′_4, m_4 ∈ M̃_4(ñ), consequently m_4 = m^′_4 and ϵ_4 = ϵ^′_4.

Next, it is easy to see that ϵ^′_2ϵ^′_3 = λϵ_2ϵ_3ϵ_4δϵ^{−1}_4 = λϵ_2ϵ_3δ^′ where

δ^′ = δ_{11} δ_{12} 0 0 δ_{21} δ_{22} 0 0 ∗ ∗ δ_{33} δ_{34} ∗ ∗ δ_{43} δ_{44}

, λϵ2ϵ3δ^′ =

∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ δ_{34}n_2n_3 ∗ ∗ ∗ ∗

. (2.11)

These formulae yield δ_{34}n_2n_3 = 0 and δ_{34} = 0. But δ^′, λϵ_2ϵ_3δ^′ ∈ Sp_4(C) and we get

δ^′ =

1 v^′ 0 0 0 1 0 0 δ^′_{11} δ^′_{12} 1 0 δ^′_{21} δ^′_{22} −v^′ 1

, λϵ2ϵ3δ^′ =

∗ ∗ ∗ ∗ ∗ ∗ ∗ λ_{24}n_2 ∗ ∗ ∗ 0 ∗ ∗ ∗ ∗

. (2.12)

Then it follows from formulae in (2.4) that λ_{24} = 0 and since λ ∈ Sp_4(C) we have

λ = 1 λ_{12} λ_{13} λ_{14} 0 1 λ_{23} 0 0 0 1 0 0 λ_{42} λ_{43} 1

, λϵ2ϵ3 =

∗ ∗ ∗ ∗ ∗ ∗ l_2n_3 + λ_{23}n_2n_3 0 n_2m_3 m_3 n_2n_3 0 ∗ ∗ ∗ n_2 .

It yields n^′_2n^′_3 = n_2n_3, n^′_2 = n_2, n^′_2m^′_3 = n_2m_3 + δ^′_{11}n_2n_3. Consequently we get n^′_3 = n_3, m^′_3 = m_3 + δ^′_{11}n_3. But m^′_3, m_3 ∈ M̃_3(ñ), thus we have m^′_3 = m_3, ϵ^′_3 = ϵ_3.

It remainds to prove m^′_2 = m_2. We have obtained in (2.11) and (2.12) that

δ^′ = ( A 0 0^tA^{−1} ) 1 0 0 0 v 1 0 0 δ_{11} δ_{12} 1 −v δ_{21} δ_{22} 0 1 ( A 0 0^tA^{−1}

)_{−1} = 1 v^′ 0 0 0 1 0 0 δ^′_{11} δ^′_{12} 1 0 δ^′_{21} δ^′_{22} −v^′ 1 ,

where A = ( k_4 l_4 m_4 n_4 ) . But ( k_4 l_4 m_4 n_4 ) ( 1 0 v 1 ) ( k_4 −m_4 −l_4 n_4 ) = ( ∗ ∗ n^2_4v ∗ ) , consequently

n^2_4v = 0 and v = 0, v^′ = 0. If we compare the second entries of the third rows of matrices ϵ^′_2ϵ_3 and λϵ_2ϵ_3δ^′ we will obtain m^′_2 = m_2 + n_2n_3δ^′_{12}. Since m^′_2, m_2 ∈ M̃_2(ñ) we have m^′_2 = m_2. That is ϵ^′_i = ϵ_i, i = 2, 3, 4 as required. □

For γ ∈ Γ(q) we define the group Δ̃^γ by^tΔ̃^γ = γ^{−1}Δ_×γ ∩^tΔ. It is easy to check that Δ̃γ = {δ ∈ Δ|γtδγ−1 ∈ Δ̃_×} and we will describe structure of this group in the following proposition.

Proposition 2.5. Let γ = ( A B C D ) as in (1.2) and θ̃ = (d_1/gcd(d_1, d_2))^2 then

Δ̃^γ = { n ( 0, d^2 d^2_1 l_3, l_3, − d_2 d_1 l_3 )| | l_3 ∈ θ̃q } . (2.13)

Proof. Let δ = n(l_1, l_2, l_3, l_4) ∈ Δ and Ω = ( l_2 − l_1l_4 l_4 − l_1l_3 l_4 l_3 ) , L = ( 0 0 l_1 0 ) , M = ( 0 −l_1 0 0 ) are 2 × 2 matrices. Then we can express γ^tδγ^{−1} as

γ^tδγ^{−1} = ( A B C D ) ( L 0 Ω M ) (_t

D −^tB −^tC^tA ) + e_4 = = ( AL^tD + BΩ^tD − BM^tC, −ALB − BΩ^tB + BM^tA CL^tD + DΩ^tD − DM^tC, −CL^tB − DΩ^tB + DM^tA ) + e_4.

(2.14)

If γ^tδγ^{−1} ∈ Δ̃_× then the matrix CL^tD + DΩ^tD − DM^tC is symmetric. Since L = −^tM it yields D^tΩ^tD = DΩ^tD, but det D ≠ 0 consequently Ω =^tΩ and l_1l_3 = 0. Either l_1 = 0 or l_3 = 0 we deal with two cases:

1) Let l_1 = 0. Then γ^tδγ^{−1} ∈ Δ̃_× if and only if DΩ^tD = ( 0 ∗ 0 ∗ ) (we recall that this matrix

is symmetric). It is equivalent to the equation Ω^tD = ( 0 ∗ 0 ∗ ) , i.e. ( l_2 l_4 l_4 l_3 ) ( d_1 d_3 d_2 d_4 ) = ( d_1l_2 + d_2l_4 ∗ d_1l_4 + d_2l_3 ∗ ) = ( 0 ∗ 0 ∗ ) . (2.15)

If d_2 = 0 then l_2 = l_4 = 0, l_3 ∈ q and l_2 = d^2/d^2_1 · l_3, l_4 = −d_2/d_1 · l_3 otherwise. Consequently we obtain Δ̃^γ ⊃ { n ( 0, d^2 d^2_1 l_3, l_3, − d_2 d_1 l_3 )| | l_3 ∈ θ̃q } , (2.16) where θ̃ = (d_1/gcd(d_1, d_2))^2.

2) In the case l_3 = 0 put l_1 ≠ 0, then Δ̃^γ ⊃ n(l_1, ∗, 0, ∗). On the other hand the proof in the case l_1 = 0 leads to the conclusion that Δ̃^γ ⊃ n(0, ∗, l^′_3, ∗) for some l^′_3 ≠ 0. But Δ̃^γ is group and we have Δ̃^γ ⊃ n(l_1, ∗, 0, ∗) · n(0, ∗, l^′_3, ∗) = n(l_1, l^′_2, l^′_3, l^′_4). We have obtained the condition

Ω =^tΩ, where Ω = ( l^′_2 − l_1l^′_4 l^′_4 − l_1l^′_3 l^′_4 l^′_3 ) and consequently l_1l^′_3 = 0 for l_1 ≠ 0, l^′_3 ≠ 0. This

contradiction shows that l_1 = 0 and we have described structure of Δ̃^γ entirely in the first part of the proof. Thus the Proposition 2.5 is proved. □

We define for the ideal θ̃q a domain F̃_γ = C^2 × C/θ̃q × C in C^4. Let a set Ω̃ ⊂ Γ(q) contains a unique representative of each double coset in Δ̃_×\Γ(q)/^tΔ, a set Λ̃_γ contains a unique representative of each coset in^tΔ̃^γ/^tΔ then we define a set

P̃ = {(γ, h)|γ ∈ Ω̃, h ∈ Λ̃_γ}. (2.17)

Proposition 2.6.

1) The mapping P̃ → Δ̃_×\Γ(q) defined by (γ, h) → Δ̃_×γh is bijective; 2) σ^{−1}Λ̃_γσ contains a unique representative of each coset in Δ̃^γ\Δ;

3) n(F̃_γ ) = {n(l_1, l_2, l_3, l_4)|(l_1, l_2, l_3, l_4) ∈ F̃_γ } contains a unique representative of each coset in Δ^γ\N.

Proof.

1) To prove injectivity let γ_1h_1 = γ_2h_2 then one exists some δ ∈ Δ̃_× such that γ_1h_1 = δγ_2h_2. Thus γ_1 = δγ_2h_2h^{−1}_1 , h_1, h_2 ∈^tΔ, hence γ_1 = γ_2 = γ. Next γδ^{−1}γ^{−1} = h_2h^{−1}_1 ∈ γΔ̃_×γ^{−1} and it yields h_2h^{−1}_1 ∈^tΔ̃^γ. Thus we receive h_1 = h_2 as claimed. To prove surjectivity let α ∈ Δ̃_×\Γ(q) then α = γδ, γ ∈ Ω̃, δ ∈^tΔ and δ = ωh, ω ∈^tΔ̃^γ, h ∈ Λ̃_γ. Next γω = μγ where μ ∈ Δ̃_× and α = γωh = γh;

2) This is obvious;

3) Let D̃_γ be the fundamental domain of the group Δ̃^γ\N. Obviously D̃_γ ⊂ F̃_γ. To prove that D̃_γ ⊃ F̃_γ choose z_1, z_2 ∈ F̃_γ such that z_1 is equavalent to z_2 in D̃_γ . Then z_1 = z_2 + n ( 0, d^2/d^2_1 · l_3, l_3, −d_2/d_1 · l_3 ) , l_3 ∈ θ̃q, l_3 ≠ 0 and z^{(3)}_1 = z^{(3)}_2 + l_3. But z^{(3)}_1 , z^{(3)}_2 ∈ C/θ̃q consequently l_3 = 0 and z_1 = z_2 as required. □

3. Eisenstein series Fourier coefficients.

We set X = C^4 × R^{∗2}_+ , considering the right-side as a product of real analytic manifolds. For w = (z_1, z_2, z_3, z_4, u, v) ∈ X we set

n(w) = n(z_1, z_2, z_3, z_4), a(w) = diag(uv^{1/2}, v^{1/2}, u^{−1}v^{−1/2}, v^{−1/2}), U(w) = u, V (w) = v, Z_i = z_i, Q(w) = (z_1, u), Q̃(w) = (z_3, v).

(3.1)

According to Iwasawa we have the real analytic manifolds isomorphism

X → Sp_4(C)/Sp_4, w → n(w)a(w)Sp_4 (3.2)

which transfers on X the action by left multiplication of the group Sp_4(C) on Sp_4(C)/Sp_4. We will write γw for the image of the point w ∈ X under the action of γ ∈ Sp_4(C).

Let Γ be a discrete subgroup of Sp_4(C) and ψ̃ : Γ → C^∗ be an unitary character. We say F : X → C is an automorphic form under Γ with multiplier system ψ̃ if F is a C^∞–function satisfying the conditions

(a) F (γw) = ψ̃(γ)F (w) for all γ ∈ Γ, w ∈ X;

(b) F is an eigenfunction of all the invariant differential operators on X; (c) There is c ∈ R such that |F (w)| < Norm(n(w)a(w))^c for all w ∈ X.

In part (c), by Norm(δ) for δ ∈ Sp_4(C) we mean trace(δ^tδ̄).

Put Γ = Γ(q), q ⊂ (3) and let Lebesgue measurable set F_q ⊂ C^4 be such that its image under the isomorphism of real analytic manifolds

(z_1, z_2, z_3, z_4) → n(z_1, z_2, z_3, z_4) (3.3)

contains a unique representative of each coset in Δ\N. We write vol(F_q) for the volume of F_q and set c = vol(F_q)^{−1}. It is obvious that vol(F_q) does not depend on the particular choice of F_q. Now assume that Δ is contained in the kernel of the homomorphism ψ̃. Given μ, ν ∈ q^∗, let

c_{μ,ν} (u, v; F ) = c

∫∫∫∫

F_q

F (w)e(μz_1 + νz_3)dz_1dz_2dz_3dz_4, (3.4)

with w ∈ X. This integral does not depend on the particular choice of F_q since Δ is contained in both the kernel of ψ̃ and the kernel of the homomorphism

N → C^∗, n(l_1, l_2, l_3, l_4) → e(μl_1 + νl_3). (3.5)

We call c_{μ,ν}(u, v; F ) the Fourier coefficients of the form F .

If F is an automorphic form under Γ(q) and λ ∈ Sp_4(C) is any matrix satisfying the conditions

λΓ(q)λ^{−1} = Γ(q) and ψ̃(λγλ^{−1}) = ψ̃(γ) for all γ ∈ Γ, (3.6)

then the function w → F (λw), w ∈ X also is an automorphic form under the group Γ(q) with the same multiplier system ψ̃ as F is. This fact can be easily checked.

In a well known manner (see [2] for details) one can realize SL_2(C)/SU_2 as H = C × R^∗_+. The action by left translations of the group SL_2(C) on SL_2(C)/SU_2 transfers on H and we will write γw for the image of w under γ. For this action one has

γw = ( (az + b)(cz + d) + ac̄v^2 |cz + d|^2 + |c|^2v^2 , v |cz + d|^2 + |c|^2v^2 ) , (3.7)

where γ = ( a b c d ) ∈ SL_2(C), w = (z, v) ∈ H.

Let f : H → C be an automorphic form under the group Γ_2(q) with multiplier system k̃(γ) = ψ̃(h_4(γ)) and D_{L−B}f = r(2 − r)f, where γ ∈ Γ_2(q) and D_{L−B} is the Laplace-Beltrami operator. Then for f one has a Fourier expansion f( ( 0 −1 1 0 ) (z, v)) = c_0(v) + ∑ ν∈q^∗\{0}

ρ(ν)vK_{r−1}(4π|ν|v)e(νz), (z, v) ∈ H. (3.8)

Here K_m is the Bessel–MacDonald function with z, m ∈ C, ℜ(z) > 0, ρ(ν) ∈ C, and, with some ρ_+, ρ_− ∈ C, we have either c_0(v) = ρ_+v^r + ρ_−v^{2−r} or c_0(v) = ρ_+v log v + ρ_−v, according to r ≠ 1 or r = 1 (see for example [5], part 0.3). In accordance with Selberg-Langlands theory one can attach to f and Jacobi maximal parabolic subgroup P̃ series

Ẽ(w, s; f) = ∑ γ ψ̃(γ)U(γw)^{2s}V (γw)^sf̄(Q̃(γw)), (3.9)

where w ∈ X, s ∈ C and the summation is carried out over a set of matrices γ ∈ Γ(q) that contains a unique representative of each coset in Δ̃_×\Γ(q) (see [3]). In framework of the Selberg- Langlands theory this series is the maximal parabolic Eisensein series attached to the form f and the Jacobi maximal parabolic subgroup P̃ . It is known that the maximal parabolic Eisensein series converges absolutely and locally uniformly in X × {s ∈ C | ℜ(s) > τ} for some τ and given w ∈ X, the function Ẽ(w, s; f) is regular on X × {s ∈ C | ℜ(s) > τ} and can be extended meromorphically to C.

We will evaluate the Fourier coefficients c_{μ,ν}(u, v, Ẽ(σ(·), s; f)), where w → Ẽ(σw, s; f), w ∈ X is an automorphic form under the group Γ(q) with multiplier system ψ̃, as well as the Eisenstein series Ẽ(·, s; f) itself, because of we have σΓ(q)σ^{−1} = Γ(q) and ψ̃(σγσ^{−1}) = ψ̃(γ) for all γ ∈ Γ(q). Immediately from the definition we get

c̃_{μ,ν} = c_{μ,ν}(u, v, Ẽ(σ(·), s; f)) = = c ∫∫∫∫

F_q

Ẽ(σw, s; f)e(μz_1 + νz_3)dz_1dz_2dz_3dz_4

= c ∑ γ ψ̃(γ)

∫∫∫∫

F_q

~▽(γσw)e(μz_1 + νz_3)dz_1dz_2dz_3dz_4.

(3.10)

The summation is carried out over some set of matrices γ that contains a unique representative of each coset in Δ̃_×\Γ(q); c = vol(F_q)^{−1}, F_q denotes (C/q)^4 and

~▽(w) = (U^2V )(w)^sf̄(Q̃(w)), w = (z_1, z_2, z_3, z_4, u, v) ∈ X. (3.11)

Also we will use notations m_+ = mρ̄_+, m_− = mρ̄_−, m = vol(C/q)^{−3}.

Theorem. For the Eisenstein series Fourier coefficients following formulae hold:

c̃_{μ,0} = m_+D̃μ,0(s, r)J̃μ,0(u, v, s, r) + m_−D̃μ,0(s, 2−r)J̃μ,0(u, v, s, 2−r),

m_+ ∂ ∂t D̃_{μ,0}(s, t)J̃_{μ,0}(u, v, s, t) | | t=1 + m_−D̃_{μ,0}(s, 1)J̃_{μ,0}(u, v, s, 1),

(3.12)

according to r ≠ 0 or r = 0 and

c̃_{μ,ν} = mD̃_{μ,ν} (s)J̃_{μ,ν} (u, v, s, r) for ν ≠ 0 and any r, (3.13)

where D̃_{μ,0}(s, t) = ∑ γ ψ̃(γ)e(μl^′_1)|t^2_1|^s|θ̃|^2 1 |t^2|^t

; (3.14)

D̃_{μ,ν} (s) = ∑ γ ψ̃(γ)e(μl^′_1 + νl^′_3)ρ̄(−νt^2)|t^2_1|^s|θ̃|^2 1 |t^2|

; (3.15)

J̃_{μ,ν}(u, v, s, t) = = ∫∫∫ C^3 ( U^{2s}V^{s+t} ) (σ̂w̃)e(μz_1)dz_1dz_2dz_4 if ν = 0 and

= ∫∫∫ C^3 ( U^{2s}V^{s+1} ) (σ̂w̃)K¯_{t−1}(4π|ν|V (σ̂w̃))e(μz_1 − νZ_3(σ̂w̃))dz_1dz_2dz_4

(3.16)

otherwise. Here w̃ = (z_1, z_2, 0, z_4, u, v) ∈ X ,

θ̃ = ( d_1 gcd(d_1, d_2)

)_2

, t_1 = 1 d_1

, t_2 = d_1 d_1d_4 − d_2d_3 , l^′_1 = d_2 d_1

, l^′_3 = c_2d_3 − c_4d_1 d_1d_4 − d_2d_3

(3.17)

and σ̂ =

0 0 −1 0 0 1 0 0 1 0 0 0 0 0 0 1

. (3.18)

The summation in the series D̃_{μ,0}(s, r) and D̃_{μ,ν} (s) is over some set of matrices γ ∈ Γ(q), where γ = ( A B C D ) as defined in (1.2). This set contains a unique representative of each double coset

in Δ̃_×\Γ(q)/^tΔ and it is chosen so that b_4d_1 − b_3d_2 = 0. All series and integrals are absolutely convergent whenever ℜ(s) is sufficiently large and it is assumed that ρ(λ) = 0 if λ /∈ q^∗.

We will prove this theorem with the help of some auxiliary lemmas. Lemma 3.1. (a) If γ = n(l), l = (l_1, l_2, l_3, l_4) ∈ C^4 then

Z_3(γw) = z_3 + l_3, U(γw) = u, V (γw) = v, Q̃(γw) = (z_3 + l_3, v); (3.19)

(b) If γ = diag(t_1, t_2, t^{−1}_1 , t^{−1}_2 ), t_1, t_2 ∈ C^∗ then

Z_3(γw) = z_3t^2, U(γw) = |t_1t^{−1}_2 |u, V (γw) = |t^2|v, Q̃(γw) = (t^2z_3, |t^2|v). (3.20)

Proof. See ([5] prop. 2.3.1). □

Lemma 3.2. Let γ ∈ h_1(α), α = ( a b c d ) ∈ SL_2(C). Then we have ( U^2V ) (γw) = u^2v, Q̃(γw) = ( a b c d ) Q̃(w). (3.21)

Proof. See ([5] prop.2.3.4). □

Lemma 3.3. Let w̃ = (z_1, z_2, 0, z_4, u, v), a ∈ C^∗. Then (U^2V )(σw) = (U^2V )(σ̂w̃),

(a^2Z_3(σw), |a^2|V (σw)) = ( 0 −1 1 0 ) ( 1 a^2

(z_3 + Z_3(σ̂w̃)), 1 |a^2|

V (σ̂w̃) ) . (3.22)

Proof. If we put p̃ = h_1( ( 0 −1 1 0 ) ), δ̃ = n(0, 0, z_3, 0), δ̃^′ = h_1( ( 1 z_3 0 1 ) ) then we get σ =

p̃σ̂, σ̂δ̃ = δ̃^′σ̂. Hence one has σ̂n(w)a(w) = δ̃^′σ̂n(w̃)a(w̃) and σ̂w = δ̃^′σ̂w̃. Thus by using Lemma 3.2 we obtain

(U^2V )(σw) = (U^2V )(p̃σ̂w) = (U^2V )(σ̂w) = (U^2V )(δ̃^′σ̂w̃) = (U^2V )(σ̂w̃), (3.23)

Q̃(σw) = ( 0 −1 1 0 ) Q̃(σ̂w) = ( 0 −1 1 0 ) Q̃(δ̃^′σ̂w̃) = = ( 0 −1 1 0 ) ( 1 z_3 0 1 ) Q̃(σ̂w̃) = ( 0 −1 1 0 ) (z_3 + Z_3(σ̂w̃), V (σ̂w̃)).

(3.24)

Next, in the equation

(a^2Z_3(σw), |a^2|V (σw)) = ( 0 −1 1 0 ) ( 1 a^2

(z_3 + Z_3(σ̂w̃)), 1 |a^2|

V (σ̂w̃) ) (3.25)

the left side is nothing but else ( a 0 0 1/a ) (Z_3(σw), V (σw)), the right side is equal to ( 0 −1 1 0 ) ( 1/a 0 0 a ) (z_3 + Z_3(σ̂w̃), V (σ̂w̃)). This concludes the lemma. □

Proof of Theorem. Immediately from the definition we get

c̃_{μ,ν} = c ∑ γ ψ̃(γ) ∑ h ∫∫∫∫

F̃_q

~▽(γσhw)e(μz_1 + νz_3)dz_1dz_2dz_3dz_4, (3.26)

where the summation is over γ ∈ Ω̃, h ∈ σ^{−1}Λ̃_γσ, consequently

c̃_{μ,ν} = c ∑ γ ψ̃(γ)

∫∫∫∫

F̃_γ

~▽(γσw)e(μz_1 + νz_3)dz_1dz_2dz_3dz_4. (3.27)

We can express γσw as n(l)diag(t_1, t_2, t^{−1}_1 , t^{−1}_2 )σn(l^′)w = nãσñw by formulae in the Proposition 1.1. This proposition yields l_3 = (b_4d_1 − b_3d_2)/(d_1d_4 − d_2d_3) = 0, thus by using Lemma 3.1 we obtain (U^2V )(γσw) = |t^2_1|(U^2V )(σñw) and

Q̃(γσw) = (Z_3(ãσñw), V (ãσñw)) = (t^2Z_3(σñw), |t^2|V (σñw)). (3.28)

Hence we get ~▽(γσw) = |t^2_1|^s(U^2V )(σñw)^sf̄(t^2Z_3(σñw), |t^2|V (σñw)).

Now let us make a change of variables by the formula ñw = w. Since

n(l_1, l_2, l_3, l_4) n(l^′_1, l^′_2, l^′_3, l^′_4) = n(t_1, t_2, t_3, t_4) with t_1 = l_1 + l^′_1, t_2 = l_2 + l^′_2 + l^2_1l^′_3 + 2l_1l^′_4, t_3 = l_3 + l^′_3, t_4 = l_4 + l^′_4 + l_1l^′_3, we have

c̃_{μ,ν} = c ∑ γ ψ̃(γ)e(μl^′_1 + νl^′_3)|t^2_1|^sĨ,

Ĩ =

∫∫∫∫

F̃_γ

(U^2V )(σw)^sf̄(t^2Z_3(σw), |t^2|V (σw))e(μz_1 + νz_3)dz_1dz_2dz_3dz_4.

(3.29)

Next, by using Lemma 3.3 we get

Ĩ = ∫∫∫ C^3

(U^2V )(σ̂w̃)^se(μz_1)Ĩ_3dz_1dz_2dz_4,

Ĩ_3 = ∫ C/θ̃q f̄( ( 0 −1 1 0 ) ( 1 t^2

(z_3 + Z_3(σ̂w̃)), 1 |t^2|

V (σ̂w̃) ) )e(νz_3)dz_3.

(3.30)

To evaluate the integral Ĩ_3 one would notice two facts. In the first place, formulae in (3.17) yield θ̃/t^2 ∈ o. And secondly, one can check that ∫ C/θ̃q

e(λz)dz = { vol(C/q)|θ̃|^2, if λ = 0, 0, if λθ̃ ∈ q^∗, λ ≠ 0.

(3.31)

It follows from the Fourier expansion of f in (3.7) that f( ( 0 −1 1 0 ) ( 1 t^2

(z_3 + Z_3(σ̂w̃)), 1 |t^2|

V (σ̂w̃) ) ) = c_0 ( 1 |t^2|

V (σ̂w̃) ) + + ∑ κ∈q^∗\{0}

ρ(κ) 1 |t^2|

V (σ̂w̃)K_{r−1} ( 4π|κ| 1 |t^2|

V (σ̂w̃) ) e ( κ 1 t^2

(z_3 + Z_3(σ̂w̃))

) (3.32)

and if we substitute (3.32) into (3.30) then integrating term–by–term we have

Ĩ_3 =vol(C/q)|θ̃|^2·

· ρ_+ 1 |t^2|^r

V (σ̂w̃)^r + ρ_− 1 |t^2|^{2−r}

V (σ̂w̃)^{2−r}, ν = 0, r ≠ 1

ρ_+ 1 |t^2|

V (σ̂w̃) log 1 |t^2|

V (σ̂w̃) + ρ_− 1 |t^2|

V (σ̂w̃), ν = 0, r = 1

ρ(−νt^2) 1 |t^2|

V (σ̂w̃)K_{r−1}(4π|ν|V (σ̂w̃))e(−νZ_3(σ̂w̃)), ν ≠ 0

(3.33)

Then the final result can be obtained from this formula by simple computation. □

4. On the series D̃_{μ,ν} .

We have described in the Proposition 2.4 the representative system of the coset Δ̃_×\Γ(q)/Δ and we can apply this fact to give more manageable form for the series D̃_{μ,ν} that arose in the

Theorem. Indeed, by means of the Proposition 2.4 and Theorem sums in (3.14) and (3.15) can be rewritten as the sums over n_2, n_3, n_4 ≡ 1 mod 3, gcd(n_2n_3n_4, q) = 1 and m_2 ∈ M̃_2(ñ), m_3 ∈ M̃_3(ñ), m_4 ∈ M̃_4(ñ), ñ = (n_2, n_3, n_4). Also we can rewrite formulae in (3.17) as

θ̃ = n_4, t_1 = 1 n_2n_3n_4

, t_2 = n_4 n_2

, l^′_1 = − m_4 n_4 , l^′_3 = m^2l_3n^2_4 n^2n_3 − m_3l^2_4 n_3 − 2m_2n_4l_4

n_2n_3 . (4.1)

Let us now restrict our attention by the case when ψ̃ be the so-called Bass–Milnor–Serre’s homomorphism of the group Γ(3) and κ_2 be Kubota’s homomorphism of the group Γ_2(3) (see [1] and [5]). As it was stated by Proskurin (see [5], prop.2.2.9) ψ̃(h_i(λ)) = κ̄_2(λ), i = 1, 3, ψ̃(h_i(λ)) = κ_2(λ), i = 2, 4. Thus we have:

D̃_{μ,0}(s, t) = ∑ n2,n3,n4≡1mod3 gcd(n2n3n4,q)=1

Ẽ(μ, 0, ñ) ‖n_2‖^{s−t}‖n_3‖^s‖n_4‖^{s+t−1}

, (4.2)

D̃_{μ,ν} (s) = ∑ n2,n3,n4≡1mod3 gcd(n2n3n4,q)=1,νn24/n2∈q∗

ρ̄(−νn^2_4/n^2)Ẽ(μ, ν, ñ) ‖n_2‖^{s−1}‖n_3‖^s‖n_4‖^s

, (4.3)

where ‖ · ‖ is a norm in the field Q( √ −3), ρ(λ) = 0 if λ /∈ q^∗,

Ẽ(μ, ν, ñ) = ∑ m_i∈M̃_i(ñ) ( m_2 n_2 ) ( m_3 n_3 ) ( m_4 n_4 ) ×

× e ( ν ( m^2l_3n^2_4 n^2n_3 − m_3l^2_4 n_3 − 2m_2n_4l_4 n_2n_3 ) − μ m_4 n_4

) (4.4)

and (_· · ) is a cubic residue symbol. For λ ∈ q^∗, q ⊂ (3), c, c^′ ∈ 1 + q we set

S(λ, c, c^′) = ∑ k∈c(c,c^′) ( k c ) ( k c^′ ) e (λk/c) (Gauss sum), (4.5)

where e(z) = exp(2πi(z+z̄)) and c(c, c^′) is a reduced residue system mod c composed of numbers coprime with c^′. Let us assume that νn^2_4/n^2 ∈ q^∗ therefore νn_4/n_2 ∈ q^∗ too. Then we can prove following proposition.

Proposition 4.1. The series Ẽ(μ, ν, ñ) in (4.4) can be factored as

Ẽ(μ, ν, ñ) = S(μ, n_4, n_2n_3) · P(ν, ñ), where (4.6)

P(ν, ñ) = ∑ m_2∈M̃_2(ñ) ( m_2 n_2 ) S ( ν ( m^2n^2_4 n^2 + 2 m_2n_4 n_2 − 1 ) , n_3, n^2 ) . (4.7)

Proof. Let us choose a set M̃_3(ñ) in such a way that for all m_3 ∈ M̃_3(ñ), one has gcd(m_3, n_2) = 1. Also we can choose the set M̃_4(ñ) so that for all matrices λ^{(n2n3)}m_4,n_4 we have m_4l_4 ≡ −1

(mod n_2n_3n_4) and gcd(m_4, n_2n_3) = 1. Now let us make a change of variables m_3 ≡ m^′_3m^2_4 (mod n_3), m_2 ≡ m^′_2m_4 (mod n_2n_3). Then we have l_3 ≡ l^′_3m̂^2_4 (mod n_3) where m_4m̂_4 ≡ 1 (mod n_2n_3). Therefore we obtain:

Ẽ(μ, ν, ñ) = ∑ m^′_2,m^′_3,m_4 ( m^′_2 n_2 ) ( m_4 n_2 ) ( m^′_3 n_3 ) ( m_4 n_3 ) ( m_4 n_4 ) ×

×e ( −μ m_4 n_4 + ν ( − m^′_3 n_3 + m^{′2}_2 l^′_3n^2_4 n^2n_3 − 2 m^′_2n_4 n_2n_3 )) = = S(μ, n_4, n_2n_3) ∑ m_2 ,m_3 ( m_2 n_2 ) ( m_3 n_3 ) e ( ν ( − m_3 n_3 + m^2l_3n^2_4 n^2n_3 − 2 m_2n_4 n_2n_3 )) . (4.8)

Finally if we change variables m_2 ≡ m^′_2m_3 (mod n_2n_3) then we get proposition. □

References.

1. H. Bass, J. Milnor, and J.-P. Serre, Solution of the congruence subgroup problem for SL_n(n ≥ 3) and Sp_{2n}(n ≥ 2), Institut des Hautes Études Scientifiques, Publ. Math, 33 (1967), 59–137.

2. T. Kubota, On automorphic functions and reciprocity law in a number theory, Lecture in Math. Kyoto Univer., Vol. 2 (1969).

3. R. P. Langlands, On the functional equations satisfied by Eisenstein Series , Lecture Notes in Math., 544 (1976), Springer-Verlag.

4. N. Proskurin, On cubic symplectic metaplectic forms, J. für die reine und angew. Math., Band 388 (1988), 158–188.

5. N. Proskurin, Cubic metaplectic forms and theta function, Lecture Notes in Math, 1677 (1998), Springer-Verlag, 196 pages.