PDMI PREPRINT — 11/1996

Boundary Control and Inverse Problems: One-Dimensional variant of the BC-Method

M. I. Belishev

Russian Academy of Sciences Steklov Mathematical Institute St. Petersburg Department Fontanka 27, St. Petersburg 191011, Russia E-mail: belisch@pdmi.ras.ru

Oktober 1996

This is the first paper included in a planned series of articles entitled “Boundary Control and Inverse Problems”. It deals with one approach to Inverse Problems (so-called “BC-method”) based upon ideas and results of the Boundary Control Theory. One-dimensional variant of the method is demonstrated on the case of classical problem of recovering a density of inhomogeneous string. Both dynamical and spectral statements of the problem are considered. The paper is written so that to be an introduction to the multidimensional BC-method. Bibliography–23.

Typeset by AMS-TEX

§0. Introduction

This is the first paper included in a planned series of articles lumped together as “Boundary Control and Inverse Problems”. The series is devoted to one approach to Inverse Problems (IP’s) based upon ideas and results of the Boundary Control Theory. It is so-called the BC-method proposed in [1].

It should be noted that the approach was originally created to solve multidimensional problems. Early in development of it, a scheme of the method was rather complicated. Later it was simplified, but, nevertheless, to introduce the method it would be convenient to start from some of its “elementary” variant. This paper plays the role of introduction in the BC-method. It is demonstrated on the case of classical (one-dimensional) problem of recovering a density of inhomogeneous string. Both dynamical and spectral statements of the problem are considered.

The dynamical IP for a string plays a central role. Its statement concerns to a dynamical system with boundary control ρu_{tt} − u_{xx} = 0, x > 0, t > 0, u|_{t=0} = u_t|_{t=0} = 0, u|_{x=0} = f. Entering into the wave equation, a density ρ = ρ(x) is assumed to be a smooth positive function. Let u = u^f (x, t) be a solution. The map R: f → u^f_x | |_{x=0} realizes an “input → output” correspondence of the system. The IP is to recover a density ρ via the given R. We demonstrate how can one solve the problem by the BC-method. It should be noted that 1-dim version of the method is very closely related to the “local approach” belonging to A. S. Blagovestchenskii [2] who first solved the problem in intrinsic dynamical terms.

The spectral IP for a finite string goes back to classical results of M.G. Krein [3–6]. It is connected with the boundary-value problem { φ^{′′} + λρφ = 0, x ∈ ( 0; x_∗) φ|_{x=0} = φ|_{x=x∗} = 0. Let { λ_k }_∞ k=1 be its spectrum, and { φ(·) }_∞ k=1 be the corresponding eigenfunctions normalized by conditions_{x∗} ∫ 0 ρ(x)φ_k(x)φ_l(x) dx = δ_{kl} ; φ^′_k(0) > 0.

The set of pairs { λ_k; φ^′_k(0) }_∞ k=1 is said to be spectral data of a string. The spectral IP is to recover ρ on ( 0; x_∗ ) via given spectral data. This problem is solved by spectral variant of the BC-method [7].

So, we solve the problems solved earlier by M. G. Krein and A. S. Blagovestchenskii. However, in contrast to known approaches the BC-method may be directly extended on multidimensional cases.

By its nature the BC-method is an approach of a complex character. It uses the Control Theory, the System Theory, asymptotic methods in Propagation of Singularities, and the Functional Analysis. However, in our opinion its principle feature is that the method recovers and uses very close and deep relations between the Boundary Control Theory and IP’s. To demonstrate these relations is one of main goals of this paper.

§1. Kinematics

1.1. Eikonal. A string is identified with the semiaxis x ≥ 0 provided with a function (density) ρ(·) ∈ C^2_{loc}[0; ∞); ρ(x) > 0, x ≥ 0. So, on every compact interval 0 ≤ x ≤ h a density is separated from zero.

Function τ (·),

τ (x): = x∫ 0 ρ^{1/2}(s) ds >, x ≥ 0, is called an eikonal (time function, optical length). It is a smooth positive function strongly growing along a string; τ (0) = 0. From a physical view-point, its value τ (x_0) coincides with the time needed for a wave initiated at the endpoint x = 0 to pass the interval [0; x_0]. An eikonal plays a role of natural coordinate on a string.

An inverse function is denoted x(·); so, τ ( x(ξ) ) = ξ and x ( τ (s) ) = s for any ξ, s ≥ 0. It may be represented in the form of

x(τ ) = τ∫ 0 ρ^{−1/2} ( x(ξ) ) dξ, τ ≥ 0.

Following from the definitions the relations

τ^′(x) = ρ^{1/2}(x), x > 0; x^′(τ ) = ρ^{−1/2} ( x(τ ) ) , τ > 0, (1.1) are valid.

Below we shall use an increasing family of sets

Ω^ξ: = { x > 0: τ (x) < ξ } = ( 0; x(ξ) ) , each one having the sense of interval of a string filled by waves up to moment t = ξ. The whole of string is filled over the time T_∗: = sup_{x≥0} τ (x) ≤ ∞.

1.2. Power Moments. Let us introduce functions (moments)

μ_0(τ ): = x(τ)∫

0 ρ(x) dx; μ_1(τ ): = x(τ)∫

0 xρ(x) dx; ν(τ ): = x(τ)∫

0 (x_∗ − x)^2ρ(x) dx, τ > 0,

where x_∗ > 0 is a fixed point on a string. The following representations turn out to be useful for the IP:

x(τ ) = τ∫ 0 dη μ^′_0(η) = μ^′_1(τ ) μ^′_0(τ )

= x_∗ − [^τ∫ 0 dη ν^′(η) + 1 x_∗ ]_{−1} , τ > 0. (1.2) Let us prove the latter one. Differentiating we have

ν^′(τ ) = ( x_∗ − x(τ ) )_2 ρ ( x(τ ) ) x^′(τ ) = text(see(1.1)) = ( x_∗ − x(τ ) )_2 1 x^′(τ ) , that leads to equation x^′(τ ) ( x_∗ − x(τ ) )_2 = 1 ν^′_h(τ ) . An integration gives the needed equality. The other ones are obtained in the same way.

1.3. Images. Let a = a(x) be a function given on a string. Function

~a(τ ): = ρ^{1/4} ( x(τ ) ) a ( x(τ ) ) , τ ≥ 0, is said to be an image of a(·). The (linear) map I: a → ~a is called the image map. Let us point

out some of the useful properties:

(i) the inclusion supp a ⊂ Ω̄^ξ is equivalent to supp ~a ⊂ [0; ξ], ξ > 0;

(ii) map I is invertible, ( I^{−1}f ) (x) = ρ^{−1/4}(x)f ( τ (x) ) , x ≥ 0; (iii) let L and ~L be the operators acting on the classes C^2_{loc} [ x ≥ 0 ] and C^2_{loc} [ τ ≥ 0 ] respectively, ( La ) (x): = ρ^{−1}(x)a^{′′}(x); (~ Lf ) (τ ): = f^{′′}(τ ) − q(τ )f(τ ),

where

q(τ ): = 1 4 ρ^{′′} ( x(τ ) ) ρ^2 ( x(τ ) ) − 5 16 [ ρ^′ ( x(τ ) )]_2 ρ^3 ( x(τ ) ) , is a continuous function of τ ≥ 0. Relation ~LI = IL (1.3) may be checked by direct inspection using the change of variables x → τ = τ (x).

In the IP not the image map itself is used, but some of its reduction described here. For fixed

T < T_∗ let us introduce two (real) Hilbert spaces: H^T : = L_2 ( Ω^T ; ρ dx ) , (a, b)_HT = x(τ)∫

0 a(x)b(x)ρ(x) dx, and ~H^T : = L_2 ( 0; T ) , (f, g) e_{HT} = T∫ 0 f(τ )g(τ ) dτ. The map I^T : H^T → ~H^T , ( I^T a ) (τ ) = ρ^{1/4} ( x(τ ) ) a ( x(τ ) ) , 0 ≤ τ ≤ T, is called image operator. It is a unitary operator from H^T onto ~H^T . Indeed, for any a, b ∈ H^T

and f ∈ ~H^T we have

(a, b)_HT = x(T )∫

0 a(x)b(x)ρ(x) dx = T∫ 0 a ( x(τ ) ) b ( x(τ ) ) ρ ( x(τ ) ) dτ ρ^{1/2} ( x(τ ) ) = (~a,~b) e_{HT} = ( I^T a, I^T b ) e_HT ; (( I^T )_{−1} f ) (x) = (( I^T )_∗ f ) (x) = ρ^{−1/4}(x)f ( τ (x) ) , x ∈ Ω^T . (1.4)

2. Dynamics

2.1. Boundary-Value Initial Problem. Let us fix some T < T_∗ and consider the system Its solution (wave) u = u^f (x, t) describes a vibration of string initiated by a boundary source (control) f = f(t). All of the essential properties of u^f may be extracted from a convenient representation brought out below. To formulate the result it would be useful to accept the following agreement.

Remark 2.1. All the functions depending on time t are assumed to be continued by zero on t < 0. Lemma 2.1. For any f ∈ C^2[0; T ], f(0) = f^′(0) = 0, problem (2.1)–(2.3) has a unique classical solution u^f which may be represented in the form of

u^f (x, t) = (ρ(x) ρ(0) )_{−1/4} f ( t − τ (x) ) + x(t)∫

x w(x, s)f ( t − τ (s) ) ds, x ≥ 0, 0 ≤ t ≤ T, (2.4)

with the piece-wise continuous kernel w. This kernel is a twice continuously differentiable function in the domain { (x, s): 0 ≤ τ (x) ≤ s ≤ T } satisfying w(0, s) = 0, 0 ≤ s ≤ T ; in the complement domain it vanishes identically: w(x, s) = 0 for x(s) < x < ∞. A possible jump of w may be present only on the characteristic curve s = τ (x).

Sketch of the proof.

(i) Using (1.3) one can show that function

~u^f (τ, t): = ρ^{−1/4}(0) ( Iu^f (·, t) ) (τ ) = ( ρ(x(τ )) ρ(0) )_{1/4} u^f ( x(τ ), t )

satisfies the system ~u_{tt} − ~u_{ττ} + q(τ )~u = 0, τ > 0, 0 < t < T, (2.5) ~u|_{t=0} = ~u_t|_{t=0} = 0, (2.6) ~u|_{τ=0} = f. (2.7)

Searching its solution in the form of

~u^f (τ, t) = f(t − τ ) + t∫ τ ~w(τ, s)f(t − s) ds (2.8)

with a kernel ~w: ~w|_{s<τ} ≡ 0 the system may be reduced to a classical Goursat problem

~w_{ss} − ~w_{ττ} + q(τ ) ~w = 0 in D^T , (2.9)

~w|_{τ=0} = 0, ~w|_{τ=s} = − 1 2 s∫ 0 q(η) dη, (2.10)

where D^T : = { (τ, s): 0 < τ < s < T } .

(ii) Problem (2.9), (2.10) is reduced to a Volterra’s type equation with the help of the following trick. It is easy to check that function

y(τ, s): = ~w(τ, s) + 1 2 s+τ 2∫ s−τ 2 q(η) dη (2.11)

solves the problem

y_{ss} − y_{ττ} = G in D^T , (2.12) y|_{τ=0} = 0, y|_{τ=s} = 0, (2.13)

where G = G(τ, s): = −q(τ )y(τ, s) + q(τ )F (τ, s), and F (τ, s) denotes the integral term in (2.11).

Problem (2.12), (2.13) is resolved by the D’Alambert formula: y(τ, s) = ( MG ) (τ, s): = ∫ ∫ M(^{τ,s}) G(τ^′, s^′) dτ^′ ds^′, (τ, s) ∈ D^T , (2.14)

where M^{(τ,s)} is the rectangle with vertexes (τ, s), (0, s − τ ), (^{s−τ}_2 ,^{s−τ}_2 ), (^{s+τ}_2 ,^{s+τ}_2 ). Applying (2.14) to problem (2.12), (2.13) we reduce it to the integral equation

y + M(qy) = M(qF ) in D^T (2.15)

of Volterra’s type which may be analyzed in the space C^2 (¯ D^T ) by standard methods.

(iii) A solvability of (2.15) leads to a solvability of (2.9), (2.10) that justifies representation (2.8).

Returning back on a string by means of map ρ^{1/4}(0)I^{−1}: ~u^f → u^f we obtain (2.4). Equality w(0, ·) = 0 follows from the condition ~w(0, ·) = 0 in (2.10). The lemma is proved. Remark 2.2. The right-hand side of (2.4) has a meaning for any f ∈ L_2(0; T ). In what follows we consider it as a (generalized) solution u^f of problem (2.1)–(2.3) for controls of this class.

Being a very convenient instrument in direct and inverse problems, representation (2.4), unfortunately, has not an analog in multidimensional case.

2.2. Properties of waves.

(i) Along with (2.4) one has u^f (x, t) ≡ 0 for x > x(t), that implies the inclusion

supp u^f (·, ξ) ⊂ Ω̄^ξ = [ 0; x(ξ) ] (2.16)

being valid for any fixed t = ξ > 0. It shows that wave u^f propagates along a string filling the increasing interval Ω^ξ. Its “forward front” x = x(ξ) moves with velocity x^′(ξ) = ρ^{−1/2} ( x(ξ) ) , that motivates a “kinematical” terminology used in sec. 1.

Satisfying u^f ≡ 0, x > x(t), any classical, (i.e., twice-differentiable) solution has to vanish on the characteristic curve t = τ (x) together with the first derivatives. Therefore, in addition to (2.16), the equalities u^f ( x(ξ), ξ ) = u^f_x ( x(ξ), ξ ) = u^f_t ( x(ξ), ξ ) = 0, 0 < ξ < T, (2.16^′)

Fig. 1.

are fulfilled on a forward front of any smooth wave.

(ii) Another important property of waves is known as the “principle of locality.” We formulate it omitting the details (see [2]).

Let Δ^T : = { (x, t): x ∈ Ω^T , 0 < t < 2T − τ (x) } be a space-time domain shown on the Fig. 1.

For any T < T_∗ problem ρu_{tt} − u_{xx} = 0 in Δ^T , u|_{t=0} = u_t|_{t=0} = 0, u|_{x=0} = f, turns out to be well-posed. Thus, for given control f a solution u^f in Δ^T is uniquely determined by values ρ|_{ΩT} , being independent on behavior of density on x > x(T ).

This result has an apparent physical sense being related to a finiteness of velocity of wave propagation.

(iii) An independence of density ρ on time leads to the so-called “stationary state” property. For any f we define a delayed control f_ξ,

f_ξ(t): = f ( t − (T − ξ) ) , 0 ≤ t ≤ T, (ξ be a parameter, ξ ∈ [0; T ]), understanding the definition in accordance with Remark 2.1.

Relation u^{fξ} (·, T ) = u^f (·, ξ) (2.17)

is valid for arbitrary f. It means that a delay of control leads to the same delay of wave.

2.3. String as Dynamical System. Control Operator. Here problem (2.1)–(2.3) is considered in terms adopted in Control Theory. The objects determining a string as a dynamical system (DS) are introduced. The system itself is denoted α^T .

The space of controls (inputs) F^T : = L_2(0; T ) is said to be an outer space of α^T . Wave u^f (·, T ) is considered as a state of DS α^T . Every state is localized on interval Ω^T (see (2.16)) and belongs to the space H^T : = L_2(Ω^T ; ρ dx) (see Remark 2.2) which is called an inner space of the system.

The “input-state” correspondence in α^T is realized by the control operator W^T : F^T → H^T ,

W^T f: = u^f (·, T ).

This operator resolves problem (2.1)–(2.3). To describe its useful representation we need some auxiliary operators:

integral Volterra operator K^T : H^T → H^T , ( K^T a ) (x) = x(T )∫

x k(x, s)a(s) ds, x ∈ Ω^T ,

with the kernel k(x, s): = ( ρ(s) ρ(0) )_{1/4} w(x, s), where w is taken from (2.4);

operator Y^T : F^T → F^T , ( Y^T f ) (t): = T − t, 0 < t < T, satisfying ( Y^T )_{−1} = ( Y^T )_∗ = Y^T .

We understand here the image operator as a map from H^T in F^T , ( I^T a ) (t) = ρ^{1/4} ( x(t) ) a ( x(t) ) , 0 < t < T. Its adjoint see in (1.4).

In what follows the unit operators are denoted I.

Lemma 2.2. Control operator W^T acts continuously from F^T in H^T , representation

W^T = ρ^{1/4}(0) [_I H^T + K T ]( I^T )_∗ Y^T (2.18)

being valid.

Proof. Along with (2.4) one has ( W^T f ) (x) = ( ρ(x) ρ(0) )_{−1/4} f ( T − τ (x) ) + x(T )∫

x w(x, s)f ( T − τ (s) ) ds =

= ρ^{1/4}(0) [ ρ^{−1/4}(x)f ( T − τ (x) ) + x(T )∫

x k(x, s)ρ^{−1/4}(s)f ( T − τ (s) ) ds ] , (2.19)

that is equivalent to (2.18). The lemma is proved.

In its turn, (2.18) implies the following representation of ( W^T )_∗ : H^T → F^T : ( W^T )_∗ = ρ^{1/4}(0)Y^T I^T [_I H^T + ( K^T )_∗] ; ( (W^T )^∗a ) (t) = ( ρ ( x(T −t) ) ρ(0) )_{1/4} a ( x(T −t) ) + T∫ t w^∗(η, t)a ( x(T −η) ) dη, 0 ≤ t ≤ T, (2.20) with the smooth kernel w^∗(η, t): = w ( x(T − η), x(T − t) ) ( ρ ( x(T − t) ) ρ ( x(T − η) ) )_{1/4} .

A stationary state property of the DS α^T may be expressed as follows. Let T^{T,ξ}: F^T → F^T be the delay operator, ( T^{T,ξ}f ) (t) = f_ξ (t): = { 0, 0 < t < T − ξ, f ( t − (T − ξ) ) , T − ξ ≤ t < T, (0 < ξ < T ); T^{T,0}: = O_F T ; T^{T,T} : = I_FT .

Then relation (2.17) may be written in the form of W^T T^{T,ξ}f = u^f (·, ξ), 0 ≤ ξ ≤ T. (2.21) 2.4. Response Operator. An “input-output” correspondence in DS α^T is realized by the response (or transfer) operator R^T : F^T → F^T , Dom R^T = { f ∈ C^2[0; T ]: f(0) = f^′(0) = 0 } , ( R^T f ) (t): = u^f_x(0, t), 0 < t < T. From a viewpoint of mechanics, values u^f_x(0, ·) describe the forces generated at the endpoint x = 0 of a string by a wave process which was initiated by control f.

Lemma 2.3. For any f ∈ Dom R^T representation ( R^T f ) (t) = −ρ^{1/2}(0)f^′(t) − ρ^′(0) 4ρ(0) f(t) + t∫ 0 r(t − s)f(s) ds, 0 < t < T, (2.22)

with kernel r ∈ C^1[0; T ] is valid.

Proof. Differentiating on x in (2.4), one has u^f_x(x, t) = − (ρ(x) ρ(0) )_{−1/4} f^′ ( t − τ (x) ) τ^′(x) − 1 4 ( ρ(x) ρ(0) )_{−5/4} ρ′(x) ρ(0) f ( t − τ (x) ) −

− w(x, x)f ( t − τ (x) ) + x(t)∫

x w_x(x, s)f ( t − τ (s) ) ds.

Putting here x = 0 and taking into account τ^′(0) = ρ^{1/2}(0), w(0, 0) = 0 (see Lemma 2.1), we obtain ( R^T f ) (t) = u^f_x(0, t) = −ρ^{1/2}(0)f^′(t) − 1 4 ρ^′(0) ρ(0) f(t) + x(t)∫

0 w_x(0, s)f ( t − τ (s) ) ds, 0 ≤ t ≤ T.

A change of variables η = t − τ (s), s = x(t − η), leads to (2.22) with the kernel r(ξ) = ρ^{−1/2} ( x(ξ) ) w_x ( 0, x(ξ) ) , 0 ≤ ξ ≤ T. The lemma is proved.

The following notation is similar to Remark 2.2.

Remark 2.3. For any f ∈ H^1[0; T ], f(0) = 0, the right-hand side of (2.22) retains its sense as a function of F^T . In what follows it is put as a definition of R^T f for controls of this Sobolev class.

So, an extended response operator is defined on Dom ( R^T ) = { f ∈ H^1[0; T ]: f(0) = 0 } . One could easily check its properties brought out below: (i) adjoint operator ( R^T )_∗ : F^T → F^T , Dom ( R^T )_∗ = { f ∈ H^1[0; T ]: f(T ) = 0 } is represented in the form of (( R^T )_∗ f ) (t) = ρ^{1/2}(0)f^′(t) − ρ^′(0) 4ρ(0) f(t) + T∫ t r(s − t)f(s) ds, 0 < t < T ; (2.23)

(ii) let T^{T,ξ} be delay operator, and J^T be the integrating operator in F^T , ( J^T f ) (t): = ∫_t 0 f(s) ds. The relations T^{T,ξ}R^T = R^T T^{T,ξ}, J^T R^T = R^T J^T (2.24)

are valid on DomR^T ;

(iii) along with (2.22) operator R^T J^T is represented in the form of ( R^T J^T f ) (t) = −ρ^{1/2}(0)f(t) + t∫ 0 r_1(t − s)f(s) ds, 0 < t < T, (2.25)

with the kernel

r_1(t) = − ρ^′(0) 4ρ(0) + t∫ 0 r(s) ds, t ≥ 0; it is a continues operator defined on the whole F^T .

In accordance with principle of locality (see (ii), subsec. 2.2), for any given f the values u^f_x(0, t), t ∈ [0; 2T ], are determined by a behavior of density ρ on interval Ω^T . That implies the following important property of a response operator:

(iv) operator R^{2T} : F^{2T} → F^{2T} , Dom R^{2T} = { f ∈ H^1[0; 2T ]: f(0) = 0 } , is determined by values of ρ|_{ΩT} , being independent of ρ(x), x > x(T ).

A local character of dependence of a response operator on a density holds true in multidimensional case.

Representation (2.22) has no natural analog for the case of several space variables. A response operator of multidimensional DS is essentially more complicated object.

2.5. Connecting Operator. Operator C^T : F^T → F^T ,

C^T : = ( W^T )_∗ W^T , is said to be the connecting operator of DS α^T . Along with the definition one has ( C^T f, g ) F^T = ( W^T f, W^T g ) H^T = ( u^f (·, T ), u^g (·, T ) ) H^T , (2.26)

so, operator C^T connects the metrics of outer and inner spaces of DS α^T .

A connecting operator plays a central role in the BC-method due to the following remarkable fact. It may be expressed via a response operator in a simple and explicit form. To formulate the result it is convenient to introduce some auxiliary operators, namely, operator of odd continuation of controls S^T : F^T → F^{2T} , ( S^T f ) (t): = { f(t), 0 < t < T, −f(2T − t), T ≤ t < 2T ; operator G^{2T} : F^{2T} → F^{2T} , ( G^{2T} f ) (t): = 1 2 [ f(t) − f(2T − t) ] , 0 < t < 2T, selecting an odd part of controls;

operator N^{2T} : F^{2T} → F^T ,

N^{2T} f: = f|_{(0;T )} ,

reducing controls on interval (0; T ).

One can easily derive the relation for adjoint operator ( S^T )_∗ : F^{2T} → F^T , ( S^T )_∗ = 2N^{2T} G^{2T} . (2.27)

We also use operator J^{2T} : F^{2T} → F^{2T} , ( J^{2T} f ) (t) = t∫ 0 f(η) dη, 0 < t < 2T.

Theorem 2.1. The connecting operator C^T acts continuously in F^T ; representations

C^T = − 1 2 ( S^T )_∗ R^{2T} J^{2T} S^T ;

( C^T f ) (t) = ρ^{1/2}(0)f(t) + T∫ 0 C^T (t, η)f(η) dη, 0 < t < T, (2.28) with kernel C^T (t, η) = 1 2 2T −t−η ∫ |t−η| r(ξ) dξ,

are valid.

Proof. For arbitrarily chosen controls f, g ∈ C^∞_0 [0; T ] let us denote f_−: = S^T f ∈ C^∞_0 [0; 2T ] ⊂

F^{2T} and introduce function w^{fg} (s, t): = ∞∫ 0 u^{f−} (x, s)u^g (x, t)ρ(x) dx, (s, t) ∈ [0; 2T ] × [0; T ].

In view of (2.16) this integral is really taken on interval Ω^T , equalities u^g ( x(T ), t ) = u^g_x ( x(T ), t ) = 0, 0 < t < T, (2.29) being valid at its endpoint x = x(T ).

Function w^{fg} satisfies the relations ( ∂2 ∂t^2 − ∂^2 ∂s^2 ) w^{fg} (t, s) = ∞∫ 0 [ u^{f−} (x, s)u^g_{tt}(x, t) − u^{f−}_{ss} (x, s)u^g (x, t) ] ρ(x) dx =

= x(T )∫

0 [ u^{f−} (x, s)u^g_{xx}(x, t) − u^{f−}_{xx}(x, s)u^g (x, t) ] dx = (see (2.29) = = − [ u^{f−} (0, s)u^g_x(0, t) − u^{f−}_x (x, s)u^g (0, t) ] = −f_−(s) ( R^T g ) (t) + ( R^{2T} f_− ) (s)g(t) =: F (s, t). Recalling zero Cauchy data for waves (2.2) one obtains the problem { w^{fg}_{tt} − w^{fg}_{ss} = F in (0; 2T ) × (0; T ),

w^{fg} |_{t=0} = w^{fg}_t |_{t=0} = 0.

In triangular domain { (s, t): 0 ≤ t ≤ T, t ≤ s ≤ 2T − t } it may be solved in quadratures by means of D’Alambert formula: w^{fg} (s, t) = 1 2 t∫ 0 dη s+t−η∫

s−t+η dξ F (ξ, η).

Putting here s = t = T , one has

w^{fg}(T, T ) = 1 2 T∫ 0 dη 2T −η∫

η [ −f_−(ξ) ( R^T g ) (η) + ( R^{2T} f_− ) (ξ)g(η) ] dη =

= − 1 2 T∫ 0 dη ( R^T g ) (η) 2T −η∫

η f_−(ξ) dξ + T∫ 0 dη g(η) 1 2 [^{2T −η}∫ 0 ( R^{2T} f_− ) (ξ) dξ − η∫ 0 ( R^{2T} f_− ) (ξ) dξ ] .

By virtue of oddness of f_− we have 2T −η∫

η f_−(ξ) dξ ≡ 0, 0 < η < T.

Continuing the calculation and taking into account representation 1 2 [^{2T −η}∫ 0 ( R^{2T} f_− ) (ξ) dξ − η∫ 0 ( R^{2T} f_− ) (ξ) dξ ] = − ( N^{2T} G^{2T} J^{2T} R^{2T} S^T_−f ) (η), 0 < η < T, one can obtain w^{fg} (T, T ) = − ( g, N^{2T} G^{2T} J^{2T} R^{2T} S^T_−f ) = (see (2.27), (2.24)) = = ( − 1 2 ( S^T )_∗ R^{2T} J^{2T} S^T f, g ) F^T .

From the other hand, the definition of w^{fg} implies

w^{fg}(T.T ) = ∞∫ 0 u^{f−} (x, T )u^g (x, T )ρ(x) dx = = ( u^f (·, T ), u^g (·, T ) ) H^T = (see (2.26)) = ( C^T f, g ) F^T . Comparing two obtained expressions for w^{fg}(T, T ), we justify the first representation of (2.28). Substituting (2.22) in it, we can derive the second one. The theorem is proved.

An important possibility to calculate the values of w^{fg} via response operator was first detected by A. S. Blagovestchenskii. The first representation in (2.28) holds true in multidimensional case. It was found in [8].

3. Controllability

3.1. Wave Shaping. In its general form the question under consideration may be posed as follows. Can one manage a shape of wave on a string? In another words, is it possible to transfer DS α^T from initial zero state to given final state u^f (·, T ) = a(·) by means of a proper choice of control f?

In view of property (2.16) function a, (i.e., prescribed shape of wave) has to be localized on interval Ω^T filled by waves. So, a natural statement of the problem is the following: given function a ∈ H^T find control f ∈ F^T satisfying

u^f (·, T ) = a. (3.1)

This sort of problems is a subject of the Boundary Control Theory being a highly developed branch of Mathematical Physics (see, for instance, [9–11]).

Problem (3.1) is obviously equivalent to equation

W^T f = a. (3.2)

Its solvability is established by the following result.

Lemma 3.1. Control operator W^T acts isomorphically from F^T onto H^T .

Proof. Entering in (2.18), operator I_HT + K^T is boundedly invertible in H^T . Operators ( I^T )_∗ = ( I^T )_{−1} : F^T → H^T and Y^T : F^T → F^T are isomorphisms. Therefore, operator W^T turns out to be an isomorphism, representation ( W^T )_{−1} = Y^T I^T [_I H^T + K T ]_{−1} being valid. The lemma is proved.

Corollary 1. For any a ∈ H^T , problem (3.1) is uniquely solvable.

The obtained result may be represented in another terms. In the Control Theory a set of states U^T : = Ran W^T = { u^f (·, T ): f ∈ F^T } is called a reachable set (at the moment t = T ). Lemma 4.1 establishes equality

U^T = H^T . (3.3)

Property (3.3) is said to be a complete (exact) controllability of DS α^T .

So, a wave shaping problem for a string turns out to be well-posed. It is not true in multidimensional case. The result of Lemma 3.1 is not valid, equality (3.3) being broken. To investigate a multidimensional analog of the problem is essentially more difficult task requiring another instruments.

We conclude this subsection by one more useful consequence of Lemma 3.1.

Corollary 2. Connecting operator C^T is a positive definite isomorphism in F^T , mapping C[0; T ] onto C[0; T ].

3.2. Reachable Sets and Projectors. For what follows it is convenient to formulate property (3.3) in a slightly more general form and to discuss some of its consequences.

In outer space F^T let us select an extending family of subspaces of delayed controls

F^{T,ξ}: = T^{T,ξ}F^T = { f ∈ F^T : f(t) = 0, 0 < t < T − ξ }

indexed by parameter ξ ∈ [0; T ].

Inner space H^T contains a corresponding family of reachable sets

U^ξ: = W^T F^{T,ξ} = (see (2.21)) = { u^f (·, ξ): f ∈ F^T } , 0 ≤ ξ ≤ T, formed by waves. Let P^ξ_w be operator which acts in U^T and projects it orthogonally (in H^T - metric) on U^ξ. We call P^ξ_w a wave projector. Let P^ξ_{w⊥} be a complement projector in U^T on U^T ⊖ U^ξ.

There is the second selected family of subspaces in H^T ,

H^ξ: = { a ∈ H^T : supp a ⊂ Ω̄^ξ } , H^0: = {0}.

The corresponding projectors P^ξ in H^T on H^ξ, and complement projectors P^ξ_⊥: = I_HT − P^ξ act by the rule of ( P^ξa ) (x) = { a(x), x ∈ Ω^ξ, 0, x ∈ Ω^T \Ω^ξ, ; ( P^ξ_⊥a ) (x) = { 0, x ∈ Ω^ξ, a(x), x ∈ Ω^T \Ω^ξ, cutting off functions on intervals ( 0; x(ξ) ) and ( x(ξ); x(T ) ) on a string.

Property (3.3) together with stationary state relation (2.21) implies

U^ξ = H^ξ; P^ξ_w = P^ξ; P^ξ_{w⊥} = P^ξ_⊥ (3.4)

for any ξ ∈ [0; T ]. Moreover, control operator W^T maps F^{T,ξ} on U^ξ = H^ξ isomorphically.

Reachable sets U^ξ and wave projectors P^ξ_w are intrinsic objects of DS α^T , whereas H^ξ and P^ξ are something “extrinsic” for it. They turn out to be related due to controllability of a string.

More complicated dynamical systems can loss this property, that leads to a break down of (3.4). As example, the two velocity (vector) system may be mentioned (see [12, 13]).

A structure of reachable sets and properties of wave projectors are the central questions which has to be solved to apply the BC-method.

3.3. Observability. It is a traditional matter in the Control Theory to interpret a property of

controllability in dual terms. Here we describe such an interpretation of results of the previous

subsection.

Boundary-value initial problem ρv_{tt} − v_{xx} = 0, x ∈ Ω^T , τ (x) < t < T, (3.5) (α^T )_∗ : = v|_{t=T} = 0, v_t|_{t=T} = a, (3.6)

v|_{x=0} = 0. (3.7)

is said to be dual to problem (2.1)–(2.3), the corresponding DS being denoted ( α^T )_∗ . The known

fact is that problem (3.5)–(3.7) is well-posed one. For any a ∈ C^2 (¯ Ω^T ) ⊂ H^T , a(0) = a^′(0) = 0,

it has a unique classical solution v = v^a(x, t).

The operator O^T : H^T → F^T , Dom O^T = { a ∈ C^2 (¯ Ω^T ) : a(0) = a^′(0) = 0 } , ( O^T a ) (t): = v^a_x(0, t), t ∈ [0; T ],

is called the operator of observation of DS ( α^T )_∗ . From a mechanical viewpoint operator O^T

describes forces generated at fixed endpoint x = 0 of a string by a wave process which is initiated

by perturbation of velocity. The process is observed in inverted time. The following result

explains the term “dual” with respect to system (3.5)–(3.7).

Lemma 3.2. Equality

O^T = ( W^T )_∗ (3.8)

is valid on DomO^T .

Proof. Let us fix arbitrary f ∈ C^∞_0 [0; T ] ⊂ F^T and a ∈ Dom O^T . Both of the (classical) solutions

u^f and v^a are simultaneously defined in domain { (x, t): x ∈ Ω^T , τ (x) < t < T } . Integrating on

it, we have

0 = T∫ 0 dt x(t)∫

0 dx [ ρ(x)u^f_{tt}(x, t) − u^f_{xx}(x, t) ] v^a(x, t) =

= x(T )∫

0 dx ρ(x) T∫ τ(x) dt u^f_{tt}(x, t)v^a(x, t) − T∫ 0 dt x(t)∫

0 dx u^f_{xx}(x, t)v^a(x, t) = = (see (2.2), (2.3), (2.16)^′, (3.6), (3.7)) = = − x(T )∫

0 dx ρ(x)u^f (x, T )a(x) + T∫ 0 dt f(t)v^a_x (0, t)+

+ T∫ 0 dt x(t)∫

0 dx u^f (x, t) [ ρ(x)v^a_{tt}(x, t) − v^a_{xx}(x, t) ] = = − ( W^T f, a ) H^T + ( f, O^T a ) F^T , that leads to (3.8). The lemma is proved.

Corollary 1. Operator O^T is extendable from DomO^T onto H^T by continuity, the extension being represented in the form of ( O^T a ) (t) = ( ρ ( x(T − t) ) ρ(0) )_{1/4} a ( x(T − t) ) + T∫ t w^∗(η, t)a ( x(T − η) ) dη, 0 < t < T. (3.9) To prove (3.9) one has just to join (3.8) and (2.20). Next result follows from an elementary analysis of (3.9). It corresponds to a finiteness of velocity of waves v^a.

Corollary 2. If supp a ⊂ Ω̄^T \Ω^ξ = [x(ξ); x(T )] (for some fixed ξ: 0 < ξ < T ), then one has supp O^T a ⊂ [0; T − ξ].

The property of DS ( α^T )_∗ being dual to a controllability of α^T is given by the following proposition.

Lemma 3.3. Equality Ker O^T = {0} (3.10)

is valid.

Proof. Along with well-known operator relation one has

Ker O^T = Ker (W^T )^∗ = H^T ⊖ clos RanW^T = H^T ⊖ clos U^T = (see (3.3)) = {0}.

The lemma is proved.

Property (3.10) may be interpreted as follows. Any wave v^a initiated by perturbation of velocity a, supp a ⊂ Ω^T , has to manifest itself (to be observed) at the endpoint x = 0 during a time 0 < t < T . In opposite case, if no forces are detected, i.e., ∂_xv^a(0, t) ≡ 0, 0 < t < T , then perturbation a(·) is localized sufficiently far from the endpoint, i.e., out of Ω^T .

A duality “controllability-observability” is a very general feature of dynamical systems (see [9–11]). A multidimensional case is no exception.

4. Propagation of Breaks

4.1. Breaks in DS α^T . The contents of two nearest subsections correspond to a fact which is well-known for physicists. Sharp signals exited in a dynamical system propagate along space-time rays with velocity being inherent in a system.

Let us return to DS α^T and consider a case of discontinuous control f ∈ F^T having a jump at the moment t = T − ξ (0 < ξ < T ), f(T − ξ + 0) − f(T − ξ − 0) ≠ 0. Then, by virtue of (absolute) continuity of the integral term in (2.4), (2.19) one has relation u^f ( x(ξ) − 0, T ) − u^f ( x(ξ) + 0, T ) = ( ρ ( x(ξ) ) ρ(0) )_{−1/4} [ f(T − ξ + 0) − f(T − ξ − 0) ] . (4.1)

So, a break of control produces a break of a wave, amplitudes of the breaks being connected by equality (4.1). In particular case of ξ = T one has f(−0) = 0 (see Remark 2.1) and u^f ( x(T ) + 0, T ) = 0 (see (2.16)), that leads to equality u^f ( x(T ) − 0, T ) = ( ρ ( x(T ) ) ρ(0) )_{−1/4} f(+0). (4.2)

It means that a break of wave moves along a string being localized at “forward front” x = x(T ).

4.2. Breaks in DS ( α^T )_∗ . A closely similar effect takes place in dual system ( α^T )_∗ . Let us suppose that function a(·) entering in the Cauchy Data (3.6) has a jump at x = x(ξ).

Recalling the definition O^T a: = v^a_x(0, ·) and using (3.9) one can derive the relation

v^a_x(0, T − ξ − 0) − v^a_x(0, T − ξ + 0) = ( ρ ( x(ξ) ) ρ(0) )_{1/4}[ a ( x(ξ) + 0 ) − a ( x(ξ) − 0 )] . (4.3)

It shows that a break of data propagates along a string, reaching its endpoint at the moment

t = T − ξ and producing a break of a force.

Having numerous applications, relations of the type of (4.2), (4.3) are usually called “geomet-

rical optics formulas” or “first break equalities”. They have direct analogs in multidimensional

case.

4.3. Amplitude Representation of Images. Here we deduce a relation expressing an image

of a function through breaks propagating in system ( α^T )_∗ . Recall that a family of cutting off projectors P^ξ, P^ξ_⊥ was introduced in subsec. 3.2.

Lemma 4.1. For any a ∈ C[0; T ] ⊂ H^T , ξ ∈ (0; T ), relation lim t→T −ξ−0 ( O^T P^ξ_⊥a ) (t) = ( ρ ( x(ξ) ) ρ(0) )_{1/4} a ( x(ξ) ) (4.4)

is valid.

Proof. Along with definitions one has

supp P^ξ_⊥a ⊂ [ x(ξ); x(T ) ] ; ( P^ξ_⊥a )( x(ξ) + 0 ) = a ( x(ξ) ) . (4.5)

By virtue of Lemma 3.2, Corollary 2 it implies

supp O^T P^ξ_⊥a ⊂ [0; T − ξ]; ( O^T P^ξ_⊥a ) (T − ξ + 0) = 0. (4.6)

Applying (4.3) we obtain ( O^T P^ξ_⊥a )| | t=T −ξ−0

t=T −ξ+0 = (see (4.6)) = ( O^T P^ξ_⊥a ) (T − ξ − 0) = = ( ρ ( x(ξ) ) ρ(0) )_{1/4}( P^ξ_⊥a )| | x=x(ξ)+0

x=x(ξ)−0 = (see (4.5)) = ( ρ ( x(ξ) ) ρ(0) )_{1/4} a ( x(ξ) ) . These equalities contain (4.4), that proves the lemma.

Recalling a definition of images (see subsec. 1.3) one can rewrite (4.4) in the form of lim t→T −ξ−0 ( O^T P^ξ_⊥a ) (t) = ρ^{1/4}(0)~a(ξ) = ρ^{1/4}(0) ( I^T a ) (ξ), 0 < ξ < T. (4.7) The latter formula represents an image of function as a collection of amplitudes of wave breaks

observed on endpoint of a string.

5. Inverse Problem

5.1. Statement of IP. A natural statement of dynamical IP is motivated by a local character of dependence of a response operator on density. Recall, that operator R^{2T} is determined by ρ|_{ΩT} (see (iii), subsec. 2.4). This property is of clear physical meaning. Indeed, a response of system α^T (i.e., force u^f_x(0, t)) generated by action of control f is formed by waves which return back to endpoint x = 0 being scattered by nonhomogeneities of density (see the arrows on Fig. 2):

The waves reflected from depths x > x(T ) reach the endpoint later the moment t = 2T . They will not be detected by outer observer measuring values u^f_x(0, t), 0 < t < 2T . Corresponding to these measurements, operator R^{2T} contains an information about ρ|_{ΩT} , but it “knows nothing” about ρ|_{x>x(T)} . Therefore, it would be natural for outer observer who investigates system α^T through “input–output” relations to pose the problem in the following form:

(IP) given R^{2T} recover ρ|_{ΩT} .

A. S. Blagovestchenskii was the first who posed the dynamical IP in such a clear form taking into account the principle of locality (causality). In classical paper [2] he elaborated so-called “local approach”, solving the IP and giving conditions of its solvability.

Proposed below the BC-method is closely similar to A. S. Blagovestchenskii’s approach, conserving its main feature, i.e., locality. A principle advantage of BC-method is the fact that ideas providing its basis work in a multidimensional case.

5.2. Relations between Control Problem and Inverse Problem. To present a heuristic idea of the BC-method let us compare two following situations concerning to DS α^T .

(1). Suppose that control (input) f has a shape of unit step, f(t) ≡ 1, 0 < t < T , and let u^f (·, T ) be the corresponding wave (state) shown on Fig. 3.

Obviously, a shape of the wave is determined by density ρ|_{ΩT} . So, in the case of “standard” input an information on a density is contained in a state.

(2). Suppose that we have succeeded to find the control f producing the wave u^f (·, T ) ≡ 1 in Ω^T (see Fig. 4).

Such the control solves Control Problem (3.1) with a ≡ 1. So, we have an input producing a “standard” state. It is quite clear, that, in contrast to the previous case, it is the input which contains an information on a density.

A main idea of the BC-method may be formulated as follows. A possibility to control a dynamical system, and to create “standard” states opens a way to transfer an information on its intrinsic structure from inner space to outer one. Obtaining the information, an outer observer can use it to recover the structure.

These considerations are detalized in the following plan of solving of the IP:

Fig. 4.

(i) to demonstrate an existence of controls f ∈ F^T producing “standard waves” u^f (·, T ) ∈ H^T ; (ii) to determine such the controls via inverse data (i.e., response operator R^{2T} ); (iii) to extract ρ|_{ΩT} from these controls.

5.3. Gelfand-Levitan-Krein Equations. Realizing the designated plan, we shall operate with standard states having a form of linear functions l^T ∈ H^T , l^T (x) = γx + δ, x ∈ Ω^T . Let us pose problem (3.1) with a special right-hand side:

find control f satisfying u^f (·, T ) = l^T . (5.1)

A solvability of the problem is guaranteed by results of Lemma 3.1; its solution is f = ( W^T )_{−1} l^T ∈ F^T . The following result characterized it in terms of inverse data.

Theorem 5.1. Control f = ( W^T )_{−1} l^T is a unique solution of equation C^T f = γ¶^T − δ ( R^T )_{∗¶T} in F^T , (5.2)

where ¶^T ∈ F^T , ¶^T (t): = T − t. The solution belongs to class C[0; T ].

Proof. At first let us remark that ¶^T ∈ Dom ( R^T )_∗ (see (i), subsec. 2.4) and, therefore, the right hand side of (5.2) is correctly defined.

Choosing arbitrarily a control g ∈ C^∞_0 [0; T ] ⊂ F^T one has equalities: ( C^T f, g ) = ( C^T (W^T )^{−1}l^T , g ) F^T = (see (2.26)) = ( l^T , u^g(·, T ) ) H^T = = x(T )∫

0 l^T (x)u^g (x, T )ρ(x) dx = x(T )∫

0 dx l^T (x) T∫ 0 (T − t) [ ρ(x)u^g_{tt}(x, t) ] dt =

= T∫ 0 dt (T − t) x(T )∫

0 l^T (x)u^g_{xx}(x, t) dx = (see (2.16)^′) =

= − T∫ 0 dt (T − t) [ l^T (0)u^g_x(0, t) − l^T_x (0)u^g (0, t) ] = = − (_{¶T} , δR^T g ) F^T + (_{¶T} , γg ) F^T = ( γ¶^T − δ(R^T )^∗¶^T , g ) F^T . Comparing the first and the last terms one obtains (5.2).

A solvability of (5.2), as well as uniqueness and continuity of the solution, follows from Corollary 2 of Lemma 3.1. The theorem is proved.

Let us consider two particular cases of equation (5.2):

(1) γ = 0, δ = 1. Denoting the linear function by 1^T , 1^T (x) ≡ 1 in Ω^T and q^T : = ( W^T )_{−1} 1^T we conclude, that control f = q^T which solves problem (3.1) with a = 1^T is a unique solution of equation C^T f = − ( R^T )_{∗¶T} in F^T . (5.3)

(2) γ = 1, δ = 0. In this case the linear function coincides with coordinate function on a string.

We denote it π^T (·): π^T (x) = x in Ω^T . Let us also denote p^T : = ( W^T )_{−1} π^T . Applying Theorem 5.1 one obtains that control f = p^T is a unique solution of equation

C^T f = ¶^T in F^T . (5.4)

A significance of equations (5.3), (5.4) for the IP is explained by the following. Possessing operator R^{2T} : f → u^f (0, ·)|_{(0;2T )} , outer observer can use them to find controls q^T , p^T in F^T . Indeed, reducing measurements on times 0 < t < T , he can determine operator R^T : f → u^f_x(0, ·)|_{(0;T )} and its adjoint ( R^T )_∗ ; operator C^T may be calculated by (2.28). Thus, the observer is able to write the equations and to solve them, obtaining

q^T = − ( C^T )_{−1}( R^T )_{∗¶T} , p^T = ( C^T )_{−1¶T} . (5.5)

So, items (i), (ii) of the program planned at the end of subsec. 5.2 are realized.

We call (5.3), (5.4) the Gelfand-Levitan-Krein equations (GLK-e) by the following reason. Classical Gelfand-Levitan equations (see [14]) for the case of the wave equation with a potential u_{tt} − u_{xx} + V (x)u = 0 may be deduced along with the same “boundary control” considerations as for (5.3), (5.4) (see [15]). In the case of a string with Neumann control u_x|_{x=0} = f equation (5.4) may be transferred into M. Krein’s equation [2, 4] by trivial substitution. So, our approach gives the “BC-interpretation” of basic equations known in inverse problems. A main advantage of such the interpretation is that it leads to natural multidimensional analogs of GLK-e [16, 17].

To complete the program (i)–(iii) it only remains for us to find a connection between solutions q^T , p^T and parameters of a string. A first way is to use “amplitude relation” (4.2):

1 = 1^T ( x(T ) − 0 ) = u^{qT} ( x(T ) − 0, T ) = ( ρ ( x(T ) ) ρ(0) )_{−1/4} q^T (+0);

x(T ) = π^T ( x(T ) − 0 ) = u^{pT} ( x(T ) − 0, T ) = ( ρ ( x(T ) ) ρ(0) )_{−1/4} p^T (+0),

that leads to equality

x(T ) = p^T (+0) q^T (+0)

. (5.6)

Another way is to use power moments (see subsec. 1.2):

μ_0(T ) = x(T )∫

0 ρ(x) dx = ( 1^T , 1^T ) H^T = ( W^T q^T , W^T q^T ) H^T =

= (see (2.26)) = ( C^T q^T , q^T ) F^T = (see (5.3)) = − ( (R^T )^∗¶^T , q^T ) F^T ;

μ_1(T ) = x(T )∫

0 xρ(x) dx = ( π^T , 1^T ) H^T = ( W^T p^T , W^T q^T ) H^T =

= (see (2.26)) = ( C^T p^T , q^T ) F^T = (see (5.4)) = (_{¶T} , q^T ) F^T . (5.7)

These relations will be used to recover a density.

5.4. Family of GLK-e. As well as the classical theory, the BC-method uses not a single GLK-equation, but a family of them.

Let us consider a set of “reduced” dynamical systems

α^ξ = ρu_{tt} − u_{xx} = 0, x > 0, 0 < t < ξ; u|_{t=0} = u_t|_{t=0} = 0; u|_{x=0} = f, indexed by parameter ξ ∈ (0; T ]. Each of them is described by corresponding spaces and operators, i.e., F^ξ: = L_2(0; ξ), H^ξ: = L_2(Ω^ξ ; ρ dx); W^ξ: F^ξ → H^ξ , R^ξ: F^ξ → F^ξ, C^ξ = (W^ξ )^∗W^ξ etc.

Systems α^ξ inherits all the properties of α^T . In particular, every α^ξ is controllable. By apparent reason, operator R^{2T} determines all the operators R^ξ, (R^ξ)^∗, R^{2ξ} for any ξ < T .

By virtue of (2.28) one has

C^ξ = − 1 2 (S^ξ)^∗R^{2ξ}J^{2ξ}S^ξ, (5.8)

so, a family of connecting operators is also determined. Eventually, possessing operator R^{2T} , an outer observer has a possibility to use a family of equations

C^ξf = −(R^ξ)^∗¶^ξ; C^ξf = ¶^ξ. (5.9)

(¶^ξ = ¶^ξ(t): = ξ − t) in outer spaces F^ξ, 0 < ξ ≤ T . Let q^ξ = −(C^ξ)^{−1}(R^ξ )^∗¶^ξ, p^ξ = (C^ξ)^{−1}¶^ξ,

be the solutions. Replacing T by ξ in (5.7), one has

μ_0(ξ) = − ( (R^ξ )^∗¶^ξ, q^ξ ) F^ξ ;

μ_1(ξ) = (_{¶ξ} , q^ξ ) F^ξ . ((5.10))

Doing the same in (5.6) and taking into account (1.2), we obtain x(ξ) = p^ξ(+0) q^ξ(+0) = − [ d dξ ( (R^ξ )^∗¶^ξ, q^ξ ) F^ξ ]_{−1} d dξ (_{¶ξ} , q^ξ ) F^ξ , 0 < ξ ≤ T. (5.11) There are precisely the relations which permit to solve the Inverse Problem.

5.5. Solving of IP. It only remains for us to sum up the consideration of subsec. 5.3, 5.4. The density ρ in Ω^T may be recovered via given response operator R^{2T} by means of the following procedure:

(i) find operators R^ξ, ( R^ξ )_∗ , and C^ξ (see (5.8)) for every ξ ∈ (0; T ];

(ii) solving GLK-equations (5.9), find controls q^ξ and p^ξ, 0 < ξ ≤ T ; (iii) find function x(ξ), 0 < ξ ≤ T , by means of first or second representation (5.11); (iv) inverting function x(·), find eikonal τ = τ (x), x ∈ [0; x(T )]; (v) recover density ρ(x) = ( τ^′(x)

)_2

, x ∈ [0; x(T )].

The Inverse Problem is solved.

5.6. Solvability of the IP. In addition to procedure (i)–(v) it would be desirable to have a characteristic description of the inverse data providing a solvability of the IP. More exactly, the question is to find necessary and sufficient conditions which guarantee an operator R to be a response operator of some DS α^T .

In the case of string with Neumann boundary control such the conditions were found by A. S. Blagovestchenskii in [2]. A closely similar result may be obtained in the frameworks of the BC-method.

Theorem 5.2. Operator R: F^{2T} → F^{2T} , Dom R = { f ∈ H^1[0; T ]: f(0) = 0 } , is a response operator of system (2.1)–(2.3) with ρ ∈ C^∞(Ω̄^T ) iff (i) representation R = −γ d dt + δI_F2T + t∫ 0 r(t − s)(·)(s) ds is valid with some constants γ > 0, δ, and function r ∈ C^∞[0; 2T ];

(ii) determined by R the operator C: F^T → F^T , C: = − 1 2 (S^T )^∗RJ^{2T} S^T

is a positive definite operator, i.e., C ≥ λI_FT with some constant λ > 0.

Omitting the proof, we would like to comment this result. Roughly speaking, to solve the IP means to solve equations (5.3), (5.4). A solvability of GLK-e is guaranteed by condition (ii), that leads to a solvability of the IP itself.

Unfortunately, so clear and completed result as in Theorem 5.2 is not still obtained in multidimensional case.

6. Visualization of Waves

6.1. Amplitude Formula. In sec. 6 some additional opportunities of the BC-method are demonstrated. We shall derive a relation which makes the waves on a string to be visible for outer observer.

Recall a family of subspaces H^ξ ⊂ H^T and corresponding projectors P^ξ, P^ξ_⊥ which cut off functions (see subsec. 3.2).

Lemma 6.1. Let f be a control of class C[0; T ], u^f (·, T ) be a corresponding wave. Its image, i.e., function ~u^f (·, T ) = I^T u^f (·, T ) may be represented in the form of ( I^T u^f (·, T ) ) (ξ) = ρ^{−1/4}(0) lim_{t→T −ξ−0} [ (W^T )^∗P^ξ_⊥W^T f ] (t), 0 < ξ < T. (6.1) Proof. Recall, that ~u^f (ξ, T ) = ( I^T u^f (·, T ) ) (ξ): = ρ^{1/4} ( x(ξ) ) u^f ( x(ξ), T ) , 0 ≤ ξ ≤ T, (see subsec. 1.3). Substituting a = u^f (·, T ) = W^T f in (4.7), one obtains ~u^f (ξ, T ) = ρ^{−1/4}(0) lim_{t→T −ξ−0} ( O^T P^ξ_⊥W^T f ) (t) =

= (see (3.8)) = ρ^{−1/4}(0) lim_{t→T −ξ−0} [ (W^T )^∗P^ξ_⊥W^T f ] (t), that proves the lemma.

As well as (4.7), relation (6.1) represents an image of a wave as a collection of wave break amplitudes. That is a reason to call it an “amplitude formula”.

6.2. Operators Π^{T,ξ}. Recall, that family of reachable sets U^ξ = W^T F^{T,ξ}, and corresponding projectors P^ξ_w, P^ξ_{w⊥} were introduced in subsec. 3.2.

Entering in the right-hand side of (6.1) the operator may be represented in the form of

(W^T )^∗P^ξ_⊥W^T = (W^T )^∗(I_HT − P^ξ)W^T =

= C^T − (W^T )^∗P^ξW^T = (see (3.4)) = C^T − (W^T )^∗P^ξ_wW^T .

(6.2)

A possibility to use the amplitude formula in the IP is opened by the following important fact. Operators Π^{T,ξ}: F^T → F^T , Π^{T,ξ}: = (W^T )^∗P^ξ_wW^T , 0 ≤ ξ ≤ T, may be expressed via connecting operator C^T , and, eventually, via inverse data R^{2T} .

Let us introduce operators X^{T,ξ}: F^T → F^T , ( X^{T,ξ}f ) (t): = { 0, 0 < t < T − ξ, f(t), T − ξ ≤ t < T, X^{T,0}: = O_F T ; X^{T,T} : = I_FT , which project in F^T on F^{T,ξ}, ξ ∈ [0; T ]. Denote by X^{T,ξ}_# the same operator X^{T,ξ} considered as a map from space F^T into space F^{T,ξ}. Its adjoint (X^{T,ξ}_# )^∗: F^{T,ξ} → F^T completes controls by zero on interval [0; T − ξ].

The operator C^{T,ξ}: F^{T,ξ} → F^{T,ξ}, C^{T,ξ}: = X^{T,ξ}_# C^T (X^{T,ξ}_# )^∗

is said to be a block of operator C^T in subspace F^{T,ξ}. It should be noted that C^{T,ξ} may be identified with connecting operator C^ξ of “reduced” system α^ξ (see subsec. 5.4). Together with C^T , every block turns out to be a positive definite isomorphism (in F^{T,ξ}). The same is evidently valid for its inverse (C^{T,ξ})^{−1}.

Lemma 6.2. For any ξ ∈ (0; T ] representation

Π^{T,ξ} = C^T (X^{T,ξ}_# )^∗(C^{T,ξ})^{−1}X^{T,ξ}_# C^T (6.3)

is valid.

Proof. Let W^T = E^T |W^T | be a polar decomposition of control operator (see [18]), where

|W^T |: = ( (W^T )^∗W^T )_{1/2} = (C^T )^{1/2},

E^T is a unitary operator acting from Ran |W^T | = (C^T )^{1/2}F^T = F^T onto Ran W^T = H^T .

Operator E^T connects the subspaces |W^T |F^{T,ξ} = (C^T )^{1/2}F^{T,ξ} ⊂ F^T and W^T F^{T,ξ} =: U^ξ ⊂ H^T , E^T (C^T )^{1/2}F^{T,ξ} = U^ξ. (6.4)

Let Q^{T,ξ} be the projector in F^T on subspace (C^T )^{1/2}F^{T,ξ}; recall, that P^ξ_w denotes the projector in H^T on U^ξ. Connection (6.4) implies the equality

E^T Q^{T,ξ} = P^ξ_wE^T , (6.5)

that leads to representation

Π^{T,ξ} = (E^T |W^T |)^∗P^ξ_wE^T |W^T | = |W^T |(E^T )^∗P^ξ_wE^T |W^T | = (see (6.5) = (C^T )^{1/2}Q^{T,ξ}(C^T )^{1/2}. (6.6) Projector Q^{T,ξ} may be represented as follows:

Q^{T,ξ} = (C^T )^{1/2}(X^{T,ξ}_# )^∗(C^{T,ξ})^{−1}X^{T,ξ}_# (C^T )^{1/2}. (6.7)

Indeed, as it may be easily checked by direct inspection, the right-hand side of (6.7) satisfies all the characteristic properties of this projector, i.e.,

(Q^{T,ξ})^2 = Q^{T,ξ}; (Q^{T,ξ})^∗ = Q^{T,ξ}; Ran Q^{T,ξ} = (C^T )^{1/2}F^{T,ξ}.

Substituting (6.7) in (6.6), we obtain (6.3). The lemma is proved.

Analyzing the proof, a reader could note that equality (6.3) owes its origin to “intrinsic” character of wave projectors P^ξ_w, as it was mentioned in subsec. 3.2. It explains a reason to replace P^ξ by P^ξ_w in (6.2). So, providing equality P^ξ_w = P^ξ, a controllability of string is a very important property for us.

6.3. Visualization. Summing up results of subsec. 6.1 and 6.2 we obtain representation ~u^f (ξ, T ) = ρ^{−1/4}(0) lim_{t→T −ξ−0} [ (C^T − Π^{T,ξ})f ] (t), ξ ∈ [0; T ], (6.8)

being valid for any f ∈ C[0; T ].

Solving the IP, outer observer can use (6.8) to visualize images of waves. Indeed, operator R^{2T} determines operator C^T (see (2.28)) which, in its turn, determines Π^{T,ξ} by (6.3). Unknown constant ρ(0) in (6.8) may be found as follows:

ρ(0) = [ lim_{t→+0} ( R^{2T} χ ) (t) ]_2 , where χ = χ(t) = t, 0 < t < 2T (see (2.22)).

Using the delay operator (see (2.21)) one could make formula (6.8) to be more expressive: ~u^f (τ, t) = ρ^{−1/4}(0) lim_{η→T −τ−0} [( C^T − Π^{T,τ} ) T^{T,t}f ] (η), (τ, t) ∈ [0; T ] × [0; T ].

So, outer observer is able to see whole the wave process in system (2.5)–(2.7).

To solve the IP itself, i.e., to recover a density, we can use solutions q^T , p^T of GLK-e. Along with their definitions one has ( C^T − Π^{T,ξ} ) q^T = (see (5.5)) = ( C^T − Π^{T,ξ} ) (C^T )^{−1} [ −(R^T )^∗¶^T ] = = (see (6.3)) = [ IFT − C^T (X^{T,ξ}_# )^∗(C^{T,ξ})^{−1}X^{T,ξ}_# ][ −(R^T )^∗¶^T ] , (6.9)

and, quite analogously, ( C^T − Π^{T,ξ} ) p^T = [ IFT − C^T (X^{T,ξ}_# )^∗(C^{T,ξ})^{−1}X^{T,ξ}_# ] ¶T . (6.10) From the other hand, we have ρ^{1/4} ( x(ξ) ) = ~1^T (ξ) = ~u^{qT} (ξ, T ) = (see (6.8)) = ρ^{−1/4}(0) lim_{t→T −ξ−0} [( C^T − Π^{T,ξ} ) q^T ] (t), (6.11)

and, analogously, ρ^{1/4} ( x(ξ) ) x(ξ) = ~π^T (ξ) = ~u^{pT} (ξ, T ) = ρ^{−1/4}(0) lim_{t→T −ξ−0} [( C^T − Π^{T,ξ} ) p^T ] (t). (6.12)

Calculating right-hand sides of (6.9), (6.10) and substituting them in (6.11), (6.12) one can find functions x(ξ) and ρ ( x(ξ) ) on ξ ∈ [0; T ]. Obviously, it is enough to recover ρ|_{ΩT} .

As a commentary, we could say that to solve the IP is to calculate the blocks (C^{T,ξ})^{−1}.

6.4. Amplitude Integral. An elegant operator construction realizing a wave visualization is described here.

Let Ξ^N = {ξ_k}^N_{k=0}: 0 = ξ_0 < ξ_1 < · · · < ξ_n = T be a finite partition of time interval [0; T ]; r(Ξ^N ): = max(ξ_k − ξ_{k−1}) be its range. It induces partition Θ^N : = {x(ξ_k)}^N_{k=0}: 0 = x(ξ_0) < x(ξ_1) < · · · < x(ξ_N ) = x(T ) of interval Ω̄^T on a string having range r(Θ^N ) = max [ x(ξ_k) − x(ξ_{k−1}) ] . The ranges satisfy the estimate

min_{Ω̄T} ρ^{−1/2} ≤ r(Θ^N ) r(Ξ^N )

≤ max_{Ω̄T} ρ^{−1/2}, (6.13)

which easily follows from (1.1).

Let us compose a Riemannian integral operator sum of the form of

S_ΞN : = N∑ k=1 Δ_kP^ξW^T Δ_kX^{T,ξ}, (6.14)

where Δ_kX^{T,ξ}: = X^{T,ξk} − X^{T,ξk−1} and Δ_kP^ξ: = P^{ξk} − P^{ξk−1} are projectors: ( Δ_kX^{T,ξ}f ) (t) = { f(t), t ∈ (T − ξ_k ; T − ξ_{k−1}), 0 for other t ∈ (0; T )

(6.15)

(see subsec. 6.2); ( Δ_kP^ξa ) (x) = { a(x), x ∈ ( x(ξ_{k−1}) ; x(ξ_k ) ) , 0 for other x ∈ Ω^T .

(6.16)

So, sum S_ΞN is operator from F^T in H^T .

We are going to show that refinement of a partition leads to convergence of sums (6.14). To describe the limit let us understand image operator I^T as a map from H^T in F^T (see Lemma 2.2). Recall, that its adjoint (I^T )^∗: F^T → H^T acts by the rule of ( (I^T )^∗f ) (x) = ρ^{−1/4}(x)f ( τ (x) ) , x ∈ Ω^T , that implies ( ρ^{1/4}(0)(I^T )^∗Y^T f ) (x) = ( ρ(x) ρ(0) )_{−1/4} f ( T − τ (x) ) , x ∈ Ω^T , (6.17)

where Y^T f = f(T − ·). Note also, that operator ρ^{1/4}(0)(I^T )^∗Y^T enters in representation (2.18).

Lemma 6.3. The estimate

‖S_ΞN − ρ^{1/4}(0)(I^T )^∗Y^T ‖ ≤ cr(Ξ^N ) (6.18)

is valid with constant c independent on partition.

Proof. Representations (6.15), (6.16) imply

IFT = N∑ k=1 Δ_kX^{T,ξ}; I_HT = N∑ k=1 Δ_kP^ξ. (6.19)

Relation [ (I^T )^∗Y^T ] Δ_kX^{T,ξ} = Δ_kP^ξ [ (I^T )^∗Y^T ] (6.20)

follows from (6.17). Therefore, one has

Δ_kP^ξW^T Δ_kX^{T,ξ} = (see (2.18), (6.20)) =

= ρ^{1/4}(0)Δ_kP^ξ(I^T )^∗Y^T + ρ^{1/4}(0)Δ_kP^ξK^T Δ_kP^ξ(I^T )^∗Y^T . (6.21)

Summarizing in both sides of (6.21) with regards to (6.19), we obtain

S_ΞN = ρ^{1/4}(0)(I^T )^∗Y^T + ρ^{1/4}(0) [^N∑ k=1 Δ_kP^ξK^T Δ_kP^ξ ] (I^T )^∗Y^T .

Since operators (I^T )^∗ and Y^T are unitary ones (see (1.4)), one has ‖ ‖S_{ΞN} − ρ^{1/4}(0)(I^T )^∗Y^T ‖ ‖ = ρ^{1/4}(0) ‖ ‖ N∑ k=1 Δ_kP^ξK^T Δ_kP^ξ ‖ ‖. (6.22)

The latter norm may be estimated as follows: ‖ ‖ N∑ k=1 Δ_kP^ξK^T Δ_kP^ξa ‖ ‖^2_{HT} = N∑ k=1 ‖ ‖Δ_kP^ξK^T Δ_kP^ξa ‖ ‖^2_{HT} =

= N∑ k=1 x(ξ_k)∫

x(ξ_{k−}1) dx ρ(x) [^{x(ξk)}∫ x K(x, y)a(y) dy ]_2 ≤

≤ max (x,y)∈Ω^T ×Ω^T [ρ(x) ρ(y) K^2(x, y) ]^N∑ k=1 [ x(ξ_k) − x(ξ_{k−1}) ]_2^{x(ξk)}∫ x(ξ_{k−}1) a^2(y)ρ(y) dy ≤ ≤ δr^2(Θ^N )‖a‖^2_HT ≤ (see (6.13)) ≤≤ δ_1r^2(Ξ^N )‖a‖^2_HT ,

that leads to inequality ‖ N∑ k=1 Δ_kP^ξK^T Δ_kP^ξ‖ ≤ δ^{1/2}_1 r(Ξ^N ).

Using it in (6.22) we obtain (6.18), that proves the lemma.

So, for any sequence of partitions Ξ^N , r(Ξ^N ) → 0, sums (6.14) tend to the limit

ρ^{1/4}(0)(I^T )^∗Y^T = lim S_ΞN =: T∫ 0 dP^ξ W^T dX^{T,ξ} (6.23)

which is called an amplitude integral. A reason to use this term is explained by approximate equality ( Δ_kP^ξW^T Δ_kX^{T,ξ}f ) (x) ≈_{x∼x(ξk)} ( ρ(x(ξ_k)) ρ(0) )_{−1/4} f(T − ξ_k), where the right-hand side coincides with amplitude of break of wave W^T Δ_kX^{T,ξ}f on its forward front x = x(ξ_k). So, sum (6.14) is formed by breaks.

On a heuristic level a construction of amplitude integral was proposed in [8] (see also [19]). A spirit of the construction is suggestive of a path integral.

6.5. Visualization via Amplitude Integral. Passing on to adjoint operators in (6.23) one can obtain

I^T = ρ^{−1/4}(0)Y^T T∫ 0 dX^{T,ξ} (W^T )^∗ dP^ξ.

Therefore, giving a visualization of waves operator I^T W^T : f → ~u^f (·, T ) may be represented in the form of

I^T W^T = ρ^{−1/4}(0)Y^T T∫ 0 dX^{T,ξ} (W^T )^∗ dP^ξW^T = ρ^{−1/4}(0)Y^T T∫ 0 dX^{T,ξ} d [ (W^T )^∗P^ξW^T ] .

Replacing P^ξ by P^ξ_w, we obtain

I^T W^T = ρ^{−1/4}(0)Y^T T∫ 0 dX^{T,ξ} dΠ^{T,ξ}. (6.24) A possibility to express its right-hand side via inverse data (see (6.3)) makes representation (6.24) to be an instrument of solving of the IP. In particular, the visualizing formula may be rewritten as follows: ~u^f (ξ, T ) = ( I^T W^T f ) (ξ) = ρ^{−1/4}(0) [ Y^T T∫ 0 dX^{T,ξ} dΠ^{T,ξ} f ] (ξ), ξ ∈ [0; T ]. 6.6. IP and Triangular Factorization. An appearance of operator integral in our considerations is no wonder. The thing is that to visualize the waves is to solve a problem of triangular factorization of the connecting operator.

As it may be easily shown, operator V^T : F^T → F^T , V^T : = Y^T I^T W^T possesses a triangular property with respect to family of subspaces F^{T,ξ} ⊂ F^T , i.e., V^T F^{T,ξ} ⊂ F^{T,ξ}, 0 ≤ ξ ≤ T, (see [20]). From the other hand, connecting operator is represented as follows: C^T : = (W^T )^∗W^T = (Y^T I^T W^T )^∗Y^T I^T W^T = (V^T )^∗V^T .

It means, that operator V^T provides a triangular factorization of C^T (see [20]).

A classical instrument of factorization is M. Brodskii’s operator integral (see [20, 21]). Our construction leads to representation

V^T = (see (6.24)) = ρ^{−1/4}(0) T∫ 0 dX^{T,ξ} dΠ^{T,ξ}, being differ from the classical one. Its main advantage is the following. Having a natural dynamical background, an amplitude integral works in multidimensional case. Moreover, it was first proposed in [8] to solve precisely the multidimensional IP. 7. Spectral Inverse Problem 7.1. Spectral Data. Here we consider a string of finite length located on interval Ω: = (0; x_∗), x_∗ < ∞. Its optical length is T_∗ = τ (x_∗) < ∞.

Let us pose the boundary-value problem φ^{′′} + λρφ = 0 in Ω, (7.1) φ|_{x=0} = φ|_{x=x∗} = 0. (7.2) The problem has a discrete spectrum {λ_k}^∞_{k=1}, 0 < λ_1 < λ_2 < . . . , λ_k →_{k→∞} ∞. The corresponding system of eigenfunctions {φ_k(·)}^∞_{k=1} forms a basis in space H: = H^{T∗} = L_2(Ω; ρ dx). Suppose, that they are normalized by conditions (φ_k, φ_l)_H = δ_{kl}, φ^′_k(0) > 0.

The set of pairs {λ_k; φ^′_k(0)}^∞_{k=1} is said to be spectral data of a string. Spectral IP is to recover ρ in Ω via given spectral data. This statement goes back to classical papers of M.G. Krein.

7.2. Spectral representation. Let U: H → Ĥ = l_2 be the Fourier Transform corresponding to problem (7.1), (7.2), Ua = â = {a^k}^∞_{k=1}, a^k: = (a, φ_k)_H , for any a ∈ H. Space Ĥ is said to be a space of spectral representation. Below we describe some objects in Ĥ which may be characterized via spectral data.

Dynamical system corresponding to a finite string is of the form ρu_{tt} − u_{xx} = 0, x ∈ Ω, 0 < t < T, (7.3) α^T : = u|_{t=0} = u_t|_{t=0} = 0, u|_{t=0} = u_t|_{t=0} = 0, (7.4) u|_{x=0} = f; u|_{x=x∗} = 0. (7.5)

Problem (7.3)–(7.5) may be solved by Fourier method. For control f ∈ C^2[0; T ], f(0) = f^′(0) = 0, let us seek the solution u^f in the form of u^f (x, t) = ∞∑ k=1 c^f_k(t)φ_k(x). The following calculation gives an equation for coefficients:

d^2 dt^2 c^f_k (t) = d^2 dt^2 ( u^f (·, t), φ_k ) H = x_∗∫

0 u^f_{tt}(x, t)φ_k(x)ρ(x) dx = x_∗∫

0 u^f_{xx}(x, t)φ_k(x) dx =

= (see (7.2), (7.5)) = u^f (0, t)φ^′_k(0) + x_∗∫

0 u^f (x, t)φ^{′′}_k (x) dx = f(t)φ^′_k (0) − λ_kc^f_k(t).

With regards to (7.4) one obtains the problem [ d^2 dt^2 + λ_k ] c^f_k(t) = φ^′(0)f(t), t > 0, c^f_k (0) = d dt c^f_k(0) = 0,

which may be solved explicitly:

c^f_k(t) = t∫ 0 [ φ^′_k(0)λ^{−1/2}_k sin ( λ^{1/2}_k (t − s) )] f(s) ds. (7.6)

It easy to see, that (7.6) holds true for any f ∈ F^T . For the final moment one has

c^f_k(T ) = ( u^f (·, T ), φ_k ) H = (s^T_k , f)_F T , (7.7)

where s^T_k = s^T_k (t): = φ^′_k(0)λ^{−1/2}_k sin ( λ^{1/2}_k (T − t) ) . So, Fourier coefficients of waves are determined by spectral data. Consequently, they determine the operator Ŵ^T : F^T → Ĥ, Ŵ^T : = UW^T , Ŵ^T f = û^f (·, T ) = {c^f_k (T )}^∞_{k=1} = (see (7.7)) = {(s^T_k , f)_{F T} }^∞_{k=1}. (7.8)

After Ŵ^T , a family of “spectral images” of reachable sets Û^ξ: = UU^ξ = UW^T F^{T,ξ} = Ŵ^T F^{T,ξ}, 0 ≤ ξ ≤ T, is also determined by spectral data. Obviously, the same is true for the projector P̂^ξ_w: = UP^ξ_wU^{−1} in Ĥ on Û^ξ.

Remark 7.1. In situation of spectral IP projector P̂^ξ_w may be constructed efficiently. Let {f^ξ_j }^∞_{j=1} be a system of controls which is complete in F^{T,ξ}: clos_F T Lin Span {f^ξ_j }^∞_{j=1} = F^{T,ξ}.

Then P̂^ξ_w may be found as the projector in Ĥ on the subspace clos_ĤLin Span {Ŵ^T f^ξ_j }^∞_{j=1} = Û^ξ.

A controllability of string leads to relations Û^ξ|_{ξ≥T∗} = UU^ξ |_{ξ≥T∗} = UH = Ĥ. Therefore, the value ξ = T_∗ is selected by condition P̂^ξ_w|_{ξ≥T∗} =_{IĤ}. (7.9) Together with Ŵ^T (see (7.8)), its adjoint (Ŵ^T )^∗: Ĥ → F^T , (Ŵ^T )^∗ = (W^T )^∗U^{−1} may be expressed via {λ_k; φ^′_k(0)}^∞_{k=1}. For any y ∈ Ĥ, y = {y^k}^∞_{k=1} one can obtain

(Ŵ^T )^∗y = ∞∑ k=1 y^ks^T_k (·), (7.10)

the series converging in F^T .

One more important object in Ĥ is determined by spectral data. Let l ∈ H be a linear function, l = l(x) = x − x_∗, x ∈ Ω. Its spectral representation may be found explicitly: l̂ = Ul = {λ^{−1}_k φ^′_k(0)x_∗}^∞_{k=1}. (7.11) Indeed, integrating by parts, one has

l^k = (l, φ_k)_H = x_∗∫

0 (x_∗ − x)φ_k(x)ρ(x) dx = −λ^{−1}_k x_∗∫

0 (x_∗ − x)φ^{′′}_k (x) dx = λ^{−1}_k φ^′_k(0)x_∗.

At last, possessing P̂^ξ_w and l̂ one can calculate the power moment ν(·) (see subsec. 1.2):

ν(ξ) = x(ξ)∫

0 (x_∗ − x)^2ρ(x) dx = ‖P^ξl‖^2_H = (see (3.4)) = ‖P^ξ_wl‖^2_H = ‖P̂^ξ_wl̂‖^2_Ĥ. (7.12)

Recall, that ν(·) is connected with function x(·) by relation (1.2).

In accordance with (7.9) the value ξ = T_∗ is selected by condition ν(ξ) ≡ const = ‖l̂‖^2_Ĥ for ξ ≥ T_∗. (7.13)

7.3. Solving of spectral IP, and Wave Visualization. Given spectral data {λ_k; φ^′_k(0)}^∞_{k=1} one can recover ρ in Ω by means of the following procedure: (i) find element l̂ ∈ Ĥ = l_2 by (7.11);

(ii) for all ξ ∈ [0; T ] construct projectors P̂^ξ_w (see Remark 7.1); (iii) find function ν(·) from (7.12), and determine ξ = T_∗ by (7.13);

(iv) find function x(τ ), τ ∈ [0; T_∗], by means of the last equality in (1.2), and, then find eikonal τ = τ (x), x ∈ [0; x_∗];

(v) recover density ρ(x) = ( τ^′(x)

)_2 , x ∈ Ω.

The spectral IP is solved.

In addition to procedure (i)–(v), wave visualization may be carried out in the frameworks of the spectral IP. Indeed, entering in (6.8) operator Π^{T,ξ} may be represented as follows:

Π^{T,ξ} = (W^T )^∗P^ξ_wW^T = (UW^T )^∗UP^ξ_wU^{−1}(UW^T ) = (Ŵ^T )^∗P̂^ξ_wŴ^T ,

i.e., via operators determined by spectral data (see (7.8), Remark 7.1, (7.10)).

The same representation permits to use amplitude integral (see (6.24)). Such a possibility was used in multidimensional spectral problem (see [19]).

8. Numerical Testing

The procedures described in subsec. 5.5 and 7.3 may be used as a basis for elaboration of numerical algorithms.

Numerical testing in spectral IP was first realized by A. Kachalov in [7]. T. Sheronova used relations (5.11) for testing in dynamical IP (see [22]).

For some special kinds of function r(·) providing a simple form of kernel C^T (·, ·) (see (2.28)) GLK-equations may be solved explicitly. Recently S. He used this possibility for testing (see [23]).

Mentioned results demonstrated an efficiency of algorithms based upon the BC-method. It is a reason to hope for its usefulness for applications.

Acknowledgments

The work was fulfilled in the frameworks of EC-Russia Collaboration (Contract ESPRIT P 9282 ACTS) and partially supported by the Project INTAS 93 1815.

The author is very gratefull to Prof. V. Isakov for his kind proposal to write this article and a permanent attention to the work.

References

1 M. I. Belishev, “On an approach to multidimensional inverse problems for the wave equation,” Dokl. Akad.

Nauk SSSR, 297, No. 3, 524–527 (1987); English translation: Soviet Math. Dokl., 36, No. 3 (1988). 2 A. S. Blagovestchenskii, “On a local approach to the solving of dynamical inverse problem for inhomogeneous string,” Trudy MIAN V. A. Steklova, 115, 28–38 (1971).

3 M. G. Krein, “The solving of the Sturm–Liouville inverse problem,” Dokl. Akad. Nauk SSSR, 76, No. 1, 21–24 (1951).

4 M. G. Krein, “On inverse problems for a non-homogeneous string,” Dokl. Akad. Nauk SSSR, 82, No. 5, 669–672 (1952).

5 M. G. Krein, “On a method for the effective solution of the inverse boundary-value problem,” Dokl. Akad.

Nauk SSSR, 95, No. 6, 767–770 (1954).

6 I. S. Kac and M. G. Krein, “On the spectral functions of the string,” Amer. Math. Soc. Transl., 103, No. 2, 19–102 (1974).

7 M. I. Belishev and A. P. Kachalov, “The boundary control method in the spectral inverse problem for inhomogeneous string,” Zap. Nauchn. Semin. LOMI, 179, No. 19, 14–22 (1989).

8 M. I. Belishev, Boundary Control and Wave Fields Continuation, Preprint LOMI P-1-90, (1990). 9 J.-L. Lions, Contrôle Optimal de Systémes Gouvernés par les Équations aux Dérivées Partielles, Dunod Gauthier-Villars, Paris (1968).

10 D. L. Russel, “Controllability and stabilizability theory for linear partial differential equations,” SIAM Review, 20, No. 4, 639–739 (1978).

11 S. A. Avdonin and S. A. Ivanov, Families of Exponentials. The Method of Moments in Controllability Problems for Distributed Parameter Systems, Cambridge, University Press, New York, (1995).

12 M. I. Belishev and S.A. Ivanov, “Boundary control and canonical realization of two-velocity dynamical system,” Zap. Nauchn. Semin. POMI, 222, No. 23, 18–44 (1995).

13 M.I. Belishev, A.S. Blagovestchenskii, and S.A. Ivanov, Inverse Scattering Problem for two-velocity Dynamical System, Inst.for Phys. Res. and Techn., IPRT Preprint No. 64–95, March (1995).

14 I.M. Gelfand and B.M. Levitan, “On the determination of a differential equation from its spectral function,” Izv. Akad. Nauk SSSR, 15, 309–360 (1951).

15 S.A. Avdonin, M.I. Belishev, and S.A. Ivanov, “Boundary control and the matrix inverse problem for the equation utt − uxx + V (x)u = 0,” Mat. Sb., 182, No. 3, 304–331 (1991).

16 M. I. Belishev, “The equations of Gelfand-Levitan type in multidimensional inverse problem for the wave equation,” Zap. Nauchn. Semin. LOMI, 165, No. 17, 15–20 (1987).

17 M. I. Belishev and A. S. Blagovestchenskii, “Multidimensional analog of Gelfand–Levitan–Krein equations in inverse problem for the wave equation Ill-posed problems in mathematical physics and analysis,” Novosibirsk, Nauka, (1992), pp. 50–63.

18 T. Kato, Perturbation theory for linear operators, Springer-Verlag, Berlin-Heidelberg-New York (1966). 19 M. I. Belishev and A. P. Kachalov, “An operator integral in multidimensional spectral inverse problem,” Zap.

Nauchn. Semin. POMI, 215, No. 14, 9–37 (1994).

20 I.C. Gohberg and M.G. Krein, Theory and Applications of Volterra Operators in Hilbert Space, Transl. of Monographs No. 24, Amer. Math. Soc., Providence, Rhode Island, (1970).

21 M. S. Brodskii, Triangular and Jordan’s Representations of Linear Operators [in Russian], Moscow, Nauka, (1969).

22 M. I. Belishev and T. L. Sheronova, “The boundary control method in dynamical inverse problem for inhomogeneous string,” Zap. Nauchn. Semin. LOMI, 186, No. 20, 37–49 (1990).

23 S. He, “An explicit time-domain solution for the reflection from a stratified acoustic half-space obtained by the boundary control method,” Dept. of Electromagnetic Theory, Royal Institute of Technology, Stockholm, TRITA-TET 95–5, December 1, (1995).